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Preface 


Euclid’s Elements is by far the most famous mathematical work of classical antiquity, and also 
has the distinction of being the world’s oldest continuously used mathematical textbook. Little is 
known about the author, beyond the fact that he lived in Alexandria around 300 BCE. The main 
subject of this work is Geometry, which was something of an obsession for the Ancient Greeks. 
Most of the theorems appearing in Euclid’s Elements were not discovered by Euclid himself, 
but were the work of earlier Greek mathematicians such as Pythagoras (and his school), Hip- 
pocrates of Chios, Theaetetus, and Eudoxus of Cnidos. However, Euclid is generally credited 
with arranging these theorems in a logical manner, so as to demonstrate (admittedly, not always 
with the rigour demanded by modern mathematics) that they necessarily follow from five sim- 
ple axioms. Euclid is also credited with devising a number of particularly ingenious proofs of 
previously discovered theorems: e.g., Theorem 48 in Book 1. 


It is natural that anyone with a knowledge of Ancient Greek, combined with a general interest 
in Mathematics, would wish to read the Elements in its original form. It is therefore extremely 
surprizing that, whilst translations of this work into modern languages are easily available, the 
Greek text has been completely unobtainable (as a book) for many years. 


This purpose of this publication is to make the definitive Greek text of Euclid’s Elements—/.e., 
that edited by J.L. Heiberg (1883-1888)—again available to the general public in book form. The 
Greek text is accompanied by my own English translation. 


The aim of my translation is to be as literal as possible, whilst still (approximately) remain- 
ing within the bounds of idiomatic English. Text within square parenthesis (in both Greek and 
English) indicates material identified by Heiberg as being later interpolations to the original text 
(some particularly obvious or unhelpful interpolations are omitted altogether). Text within round 
parenthesis (in English) indicates material which is implied, but but not actually present, in the 
Greek text. 


My thanks goes to Mariusz Wodzicki for advice regarding the typesetting of this work. 
Richard Fitzpatrick; Austin, Texas; December, 2005. 
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ΣΤΟΙΧΕΊΩΝ α΄ 


ELEMENTS BOOK 1 


Fundamentals of plane geometry involving 
straight-lines 


XTOIXEION α΄ 
Ὅροι 


,ὔ 


α΄ Σημεῖόν ἐστιν, οὗ μέρος οὐϑέν. 

β΄ Γραμμὴ δὲ μῆκος ἀπλατές. 

γ΄ Τραμμῆς δὲ πέρατα σημεῖα. 

δ΄ Εὐϑεῖα γραμμή ἐστιν, ἥτις ἐξ ἴσου τοῖς ἐφ᾽ ἑαυτῆς σημείοις κεῖται. 

ε΄ Ἐπιφάνεια δέ ἐστιν, ὃ μῆκος ual πλάτος μόνον ἔχει. 

ς΄ Ἐπιφανείας δὲ πέρατα γραμμαί. 

ζ΄ Ἐπίπεδος ἐπιφάνειά ἐστιν, ἥτις ἐξ ἴσου ταῖς ἐφ᾽ ἑαυτῆς εὐϑείαις κεῖται. 
" 


᾿Επίπεδος δὲ γωνία ἐστὶν ἡ ἐν ἐπιπέδῳ δύο γραμμῶν ἁπτομένων ἀλλήλων καὶ μὴ ἐπ᾽ 
εὐϑείας κειμένων πρὸς ἀλλήλας τῶν γραμμῶν χλίσις. 


ϑ΄ Ὅταν δὲ αἱ περιέχουσαι τὴν γωνίαν γραμμαὶ εὐϑεῖαι ὦσιν, εὐϑύγραμμος καλεῖται ἣ γωνία. 


U Ὅταν δὲ εὐϑεῖα ἐπ᾽ εὐθεῖαν σταϑεῖσα τὰς ἐφεξῆς γωνίας ἴσας ἀλλήλαις ποιῇ, ὀρϑὴ ἑκατέρα 
τῶν ἴσων γωνιῶν ἐστι, καὶ ἣ ἐφεστηκυῖα εὐϑεῖα κάϑετος καλεῖται, ἐφ᾽ ἣν ἐφέστηκεν. 


ix ᾿Αμβλεῖα γωνία ἐστὶν ἡ μείζων ὀρϑῆς. 

ιβ΄ Ὀξεῖα δὲ ἡ ἐλάσσων ὀρϑῆς. 

ty Ὅρος ἐστίν, 6 τινός ἐστι πέρας. 

ιδ΄ Σχῆμά ἐστι τὸ ὑπό τινος H τινων ὅρων περιεχόμενον. 


ιε΄ Κύχλος ἐστὶ σχῆμα ἐπίπεδον ὑπὸ μιᾶς γραμμῆς περιεχόμενον [ἢ καλεῖται περιφέρεια], 
πρὸς ἣν ἀφ᾽ ἑνὸς σημείου τῶν ἐντὸς τοῦ σχήματος κειμένων πᾶσαι αἱ προσπίπτουσαι 
εὐϑεῖαι [πρὸς τὴν τοῦ κύκλου περιφέρειαν] ἴσαι ἀλλήλαις εἰσίν. 


iG Κέντρον δὲ τοῦ κύκλου τὸ σημεῖον καλεῖται. 


ιζ΄ Διάμετρος δὲ τοῦ κύκλου ἐστὶν εὐϑεῖά τις διὰ τοῦ κέντρου Hypévy καὶ περατουμένη ἐφ᾽ 
ἑκάτερα τὰ μέρη ὑπὸ τῆς τοῦ κύκλου περιφερείας, ἥτις καὶ δίχα τέμνει τὸν κύκλον. 


ιη΄ Ἡμικύκλιον δέ ἐστι τὸ περιεχόμενον σχῆμα ὑπό τε τῆς διαμέτρου καὶ τῆς ἀπολαμβα- 
νομένης ὑπ᾽ αὐτῆς περιφερείας. κέντρον δὲ τοῦ ἡμικυκλίου τὸ αὐτό, ὃ καὶ τοῦ κύκλου 
ἐστίν. 

ιϑ΄ Σχήματα εὐϑύγραμμά ἐστι τὰ ὑπὸ εὐϑειῶν περιεχόμενα, τρίπλευρα μὲν τὰ ὑπὸ τριῶν, 

τετράπλευρα δὲ τὰ ὑπὸ τεσσάρων, πολύπλευρα δὲ τὰ ὑπὸ πλειόνων 7 τεσσάρων εὐϑειῶν 

περιεχόμενα. 


ELEMENTS BOOK 1 
Definitions 


1 A point is that of which there is no part. 

2 And a line is a length without breadth. 

3 And the extremities of a line are points. 

4 A straight-line is whatever lies evenly with points upon itself. 

5 And a surface is that which has length and breadth alone. 

6 And the extremities of a surface are lines. 

7 A plane surface is whatever lies evenly with straight-lines upon itself. 


8 Anda plane angle is the inclination of the lines, when two lines in a plane meet one another, 
and are not laid down straight-on with respect to one another. 


9 And when the lines containing the angle are straight then the angle is called rectilinear. 


10 And when a straight-line stood upon (another) straight-line makes adjacent angles (which 
are) equal to one another, each of the equal angles is a right-angle, and the former straight- 
line is called perpendicular to that upon which it stands. 


11 An obtuse angle is greater than a right-angle. 

12 And an acute angle is less than a right-angle. 

13 A boundary is that which is the extremity of something. 

14 A figure is that which is contained by some boundary or boundaries. 


15 A circle is a plane figure contained by a single line [which is called a circumference], (such 
that) all of the straight-lines radiating towards [the circumference] from a single point lying 
inside the figure are equal to one another. 


16 And the point is called the center of the circle. 


17 And a diameter of the circle is any straight-line, being drawn through the center, which 
is brought to an end in each direction by the circumference of the circle. And any such 
(straight-line) cuts the circle in half.! 


18 And a semi-circle is the figure contained by the diameter and the circumference it cuts off. 
And the center of the semi-circle is the same (point) as (the center of) the circle. 


19 Rectilinear figures are those figures contained by straight-lines: trilateral figures being con- 
tained by three straight-lines, quadrilateral by four, and multilateral by more than four. 


This should really be counted as a postulate, rather than as part of a definition. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


x Τῶν δὲ τριπλεύρων σχημάτων ἰσόπλευρον μὲν τρίγωνόν ἐστι τὸ τὰς τρεῖς ἴσας ἔχον 
πλευράς, ἰσοσκελὲς δὲ τὸ τὰς δύο μόνας ἴσας ἔχον πλευράς, σκαληνὸν δὲ τὸ τὰς τρεῖς 
ἀνίσους ἔχον πλευράς. 


ne Ἔτι δὲ τῶν τριπλεύρων σχημάτων ὀρϑογώνιον μὲν τρίγωνόν ἐστι τὸ ἔχον ὀρϑὴν γωνίαν, 
ἀμβλυγώνιον δὲ τὸ ἔχον ἀμβλεῖαν γωνίαν, ὀξυγώνιον δὲ τὸ τὰς τρεῖς ὀξείας ἔχον γωνίας. 


κβ΄ Tov δὲ τετραπλεύρων σχημάτων τετράγωνον μέν ἐστιν, ὃ ἰσόπλευρόν τέ ἐστι καὶ ὀρϑο- 
γώνιον, ἑτερόμηκες δέ, ὃ ὀρϑογώνιον μέν, οὐκ ἰσόπλευρον δέ, ῥόμβος δέ, ὃ ἰσόπλευρον 
μέν, οὐκ ὀρϑογώνιον δέ, ῥομβοειδὲς δὲ τὸ τὰς ἀπεναντίον πλευράς τε καὶ γωνίας ἴσας 
ἀλλήλαις ἔχον, ὃ οὔτε ἰσόπλευρόν ἐστιν οὔτε ὀρϑογώνιον: τὰ δὲ παρὰ ταῦτα τετράπλευρα 
τραπέζια καλείσϑω. 

κγ΄ Παράλληλοί εἰσιν εὐϑεῖαι, αἵτινες ἐν τῷ αὐτῷ ἐπιπέδῳ οὖσαι καὶ ἐκβαλλόμεναι εἰς ἄπειρον 
ἐφ᾽ ἑκάτερα τὰ μέρη ἐπὶ μηδέτερα συμπίπτουσιν ἀλλήλαις. 


ΛΑἰτήματα 


α΄ “HitnoSw ἀπὸ παντὸς σημείου ἐπὶ πᾶν σημεῖον εὐϑεῖαν γραμμὴν ἀγαγεῖν. 

Καὶ πεπερασμένην εὐϑεῖαν κατὰ τὸ συνεχὲς ἐπ᾽ εὐϑείας ἐκβαλεῖν. 

ΚΚαὶ παντὶ κέντρῳ καὶ διαστήματι κύκλον γράφεσϑαι. 

Καὶ πάσας τὰς ὀρϑὰς γωνίας ἴσας ἀλλήλαις εἶναι. 

ε΄ Καὶ ἐὰν εἰς δύο εὐϑείας εὐϑεῖα ἐμπίπτουσα τὰς ἐντὸς καὶ ἐπὶ τὰ αὐτὰ μέρη γωνίας δύο 


ὀρϑῶν ἐλάσσονας ποιῇ, ἐκβαλλομένας τὰς δύο εὐϑείας ἐπ᾽ ἄπειρον συμπίπτειν, ἐφ᾽ ἃ μέρη 
εἰσὶν αἱ τῶν δύο ὀρϑῶν ἐλάσσονες. 


Κοιναὶ ἔννοιαι 


α΄ Tx τῷ αὐτῷ ἴσα καὶ ἀλλήλοις ἐστὶν ἴσα. 

β΄ Καὶ ἐὰν ἴσοις ἴσα προστεϑῇ, τὰ ὅλα ἐστὶν ἴσα. 

γ΄ Καὶ ἐὰν ἀπὸ ἴσων ἴσα ἀφαιρεϑῇ, τὰ καταλειπόμενά ἐστιν ἴσα. 
δ΄ Καὶ τὰ ἐφαρμόζοντα én’ ἀλλήλα ἴσα ἀλλήλοις ἐστίν. 


ε΄ Καὶ τὸ ὅλον τοῦ μέρους μεῖζόν [ἐστιν]. 


20 


21 


22 


23 


1 
2 
3 
4 
5 


1 
2 
3 
4 
2 


ELEMENTS BOOK 1 


And of the trilateral figures: an equilateral triangle is that having three equal sides, an 
isosceles (triangle) that having only two equal sides, and a scalene (triangle) that having 
three unequal sides. 


And further of the trilateral figures: a right-angled triangle is that having a right-angle, an 
obtuse-angled (triangle) that having an obtuse angle, and an acute-angled (triangle) that 
having three acute angles. 


And of the quadrilateral figures: a square is that which is right-angled and equilateral, a 
rectangle that which is right-angled but not equilateral, a rhombus that which is equilateral 
but not right-angled, and a rhomboid that having opposite sides and angles equal to one 
another which is neither right-angled nor equilateral. And let quadrilateral figures besides 
these be called trapezia. 


Parallel lines are straight-lines which, being in the same plane, and being produced to infin- 
ity in each direction, meet with one another in neither (of these directions). 


Postulates 


Let it have been postulated to draw a straight-line from any point to any point. 
And to produce a finite straight-line continuously in a straight-line. 

And to draw a circle with any center and radius. 

And that all right-angles are equal to one another. 


And that if a straight-line falling across two (other) straight-lines makes internal angles 
on the same side (of itself) less than two right-angles, being produced to infinity, the two 
(other) straight-lines meet on that side (of the original straight-line) that the (internal an- 
gles) are less than two right-angles (and do not meet on the other side).” 


Common Notions 


Things equal to the same thing are also equal to one another. 

And if equal things are added to equal things then the wholes are equal. 

And if equal things are subtracted from equal things then the remainders are equal.? 
And things coinciding with one another are equal to one another. 


And the whole [is] greater than the part. 


This postulate effectively specifies that we are dealing with the geometry of flat, rather than curved, space. 
3As an obvious extension of C.N.s 2 & 3—if equal things are added or subtracted from the two sides of an 
inequality then the inequality remains an inequality of the same type. 
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XTOTXEIQN α΄ 


Ἐπὶ τῆς δοϑείσης εὐϑείας πεπερασμένης τρίγωνον ἰσόπλευρον συστήσασϑαι. 


© 


Ἔστω ἡἣ δοϑεῖσα εὐϑεῖα πεπερασμένη ἣ AB. 
Δεῖ δὴ ἐπὶ τῆς AB εὐϑείας τρίγωνον ἰσόπλευρον συστήσασθϑαι. 


Κέντρῳ μὲν τῷ A διαστήματι δὲ τῷ AB κύκλος γεγράφϑω ὁ BIA, ual πάλιν κέντρῳ μὲν τῷ 
Β διαστήματι δὲ τῷ ΒΑ χύχκλος γεγράφϑω 6 ATE, χκαὶ ἀπὸ τοῦ T σημείου, καϑ᾽ ὃ τέμνουσιν 
ἀλλήλους οἱ κύκλοι, ἐπί τὰ A, Β σημεῖα ἐπεζεύχϑωσαν εὐϑεῖαι αἱ ΤΑ, ΤῈ. 


Kot ἐπεὶ τὸ A σημεῖον κέντρον ἐστὶ τοῦ ΓΔΒ κύκλου, ἴση ἐστὶν ἣ AD τῇ ΑΒ’ πάλιν, ἐπεὶ τὸ B 
σημεῖον κέντρον ἐστὶ τοῦ LAE κύκλου, ἴση ἐστὶν ἣ BI τῇ BA. ἐδείχϑη δὲ καὶ ἡ CA τῇ AB 
ἴση ἑκατέρα ἄρα τῶν A, ΓΒ τῇ AB ἐστιν ἴση. τὰ δὲ τῷ αὐτῷ ἴσα καὶ ἀλλήλοις ἐστὶν ἴσα" καὶ 
ἢ TA ἄρα τῇ TB ἐστιν ton: αἱ τρεῖς ἄρα αἱ PA, AB, BI ἴσαι ἀλλήλαις εἰσίν. 


᾿σόπλευρον ἅρα ἐστὶ τὸ ABT τρίγωνον. καὶ συνέσταται ἐπὶ τῆς δοϑείσης εὐϑείας πεπερασμένης 
τῆς AB: ὅπερ ἔδει ποιῆσαι. 
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ELEMENTS BOOK 1 


Proposition 1 


C 


To construct an equilateral triangle on a given finite straight-line. 
Let AB be the given finite straight-line. 
So it is required to construct an equilateral triangle on the straight-line AB. 


Let the circle BCD with center A and radius AB have been drawn [Post. 3], and again let the 
circle ACE with center B and radius BA have been drawn [Post. 3]. And let the straight-lines 
CA and CB have been joined from the point C, where the circles cut one another,’ to the points 
A and B (respectively) [Post. 1]. 


And since the point A is the center of the circle CDB, AC is equal to AB [Def. 1.15]. Again, 
since the point B is the center of the circle CAE, BC is equal to BA [Def. 1.15]. But CA was 
also shown (to be) equal to AB. Thus, C'A and CB are each equal to AB. But things equal to the 
same thing are also equal to one another [C.N. 1]. Thus, ΟἿΑ is also equal to C'B. Thus, the three 
(straight-lines) CA, AB, and BC are equal to one another. 


Thus, the triangle ABC is equilateral, and has been constructed on the given finite straight-line 
AB. (Which is) the very thing it was required to do. 


4The assumption that the circles do indeed cut one another should be counted as an additional postulate. There 
is also an implicit assumption that two straight-lines cannot share a common segment. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


a’ 


Πρὸς τῷ δοϑέντι σημείῳ τῇ δοϑείσῃ εὐϑείᾳ ἴσην εὐϑεῖαν ϑέσϑαι. 


Ἔστω τὸ μὲν δοϑὲν σημεῖον τὸ A, ἣ δὲ δοϑεῖσα εὐθεῖα ἣ ΒΙ" δεῖ δὴ πρὸς τῷ A σημείῳ τῇ 
δοϑείσῃ εὐϑείᾳ τῇ BI ἴσην εὐϑεῖαν ϑέσθϑαι. 


᾿Ἐπεζεύχϑω γὰρ ἀπὸ tod A σημείου ἐπί τὸ Β σημεῖον εὐϑεῖα ἡ ΑΒ, καὶ συνεστάτω ἐπ᾽ αὐτῆς 
τρίγωνον ἰσόπλευρον τὸ ΔΑΒ, χκαὶ ἐκβεβλήσϑωσαν ἐπ᾽ εὐϑείας ταῖς AA, ΔΒ εὐϑεῖαι αἱ AE, ΒΖ, 
nal κέντρῳ μὲν τῷ Β διαστήματι δὲ τῷ BI κύκλος γεγράφϑω 6 THO, καὶ πάλιν κέντρῳ τῷ Δ 
nat διαστήματι τῷ ΔΗ χύχλος γεγράφϑω ὁ HKA. 


"Exel οὖν τὸ Β σημεῖον κέντρον ἐστὶ τοῦ ΓΗΘ, ἴση ἐστὶν ἡ BI τῇ ΒΗ. πάλιν, ἐπεὶ τὸ Δ σημεῖον 
κέντρον ἐστὶ τοῦ ΗΚ Λ χύκλου, ἴση ἐστὶν ἣ AA τῇ AH, ὧν ἡ AA τῇ ΔΒ ἴση ἐστίν. λοιπὴ ἄρα 
ἢ AA λοιπῇ τῇ ΒΗ ἐστιν ἴση. ἐδείχϑη δὲ καὶ ἣ BE τῇ ΒΗ ἴση. ἑκατέρα ἄρα τῶν AA, BI τῇ 
ΒΗ ἐστιν ἴση. τὰ δὲ τῷ αὐτῷ ἴσα καὶ ἀλλήλοις ἐστὶν ἴσα: καὶ ἣ AA ἄρα τῇ BI ἐστιν ἴση. 


Πρὸς ἄρα τῷ δοϑέντι σημείῳ τῷ A τῇ δοϑείσῃ εὐϑείᾳ τῇ BI ἴση εὐϑεῖα κεῖται ἣ ΑΛ’ ὅπερ 
ἔδει ποιῆσαι. 
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ELEMENTS BOOK 1 


Proposition 2° 


To place a straight-line equal to a given straight-line at a given point. 


Let A be the given point, and BC the given straight-line. So it is required to place a straight-line 
at point A equal to the given straight-line BC. 


For let the line AB have been joined from point A to point B [Post. 1], and let the equilateral 
triangle DAB have been been constructed upon it [Prop. 1.1]. And let the straight-lines AE and 
BF have been produced in a straight-line with DA and DB (respectively) [Post. 2]. And let the 
circle CGH with center B and radius BC have been drawn [Post. 3], and again let the circle 
GK L with center D and radius DG have been drawn [Post. 3]. 


Therefore, since the point B is the center of (the circle) CGH, BC is equal to BG [Def. 1.15]. 
Again, since the point D is the center of the circle GK L, DL is equal to DG [Def. 1.15]. And 
within these, DA is equal to DB. Thus, the remainder AL is equal to the remainder BG [C.N. 3]. 
But BC was also shown (to be) equal to BG. Thus, AL and BC are each equal to BG. But things 
equal to the same thing are also equal to one another [C.N. 1]. Thus, AL is also equal to BC. 


Thus, the straight-line AL, equal to the given straight-line BC’, has been placed at the given point 
A. (Which is) the very thing it was required to do. 


°This proposition admits of a number of different cases, depending on the relative positions of the point A and 
the line BC. In such situations, Euclid invariably only considers one particular case—usually, the most difficult—and 
leaves the remaining cases as exercises for the reader. 
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ΣΤΟΙΧΗΊΙΩ͂Ν α΄ 


Ζ 


Δύο δοϑεισῶν εὐϑειῶν ἀνίσων ἀπὸ τῆς μείζονος τῇ ἐλάσσονι ἴσην εὐϑεῖαν ἀφελεῖν. 


Ἔστωσαν αἱ δοϑεῖσαι δύο εὐϑεῖαι ἄνισοι αἱ ΑΒ, T, ὧν μείζων ἔστω ἡ ΑΒ’ δεῖ δὴ ἀπὸ τῆς 
μείζονος τῆς ΑΒ τῇ ἐλάσσονι τῇ 1 ἴσην εὐϑεῖαν ἀφελεῖν. 


Κείσϑω πρὸς τῷ A σημείῳ τῇ 1 εὐϑείᾳ ἴση ἡ ΛΔ’ καὶ κέντρῳ μὲν τῷ A διαστήματι δὲ τῷ AA 
χκύχλος γεγράφϑω ὁ ΔΗΖ. 


Kot ἐπεὶ τὸ A σημεῖον κέντρον ἐστὶ τοῦ AEZ κύκλου, ἴση ἐστὶν ἡ AE τῇ ΑΔ’ ἀλλὰ καὶ ἡ 1 τῇ 
AA ἐστιν ἴση. ἑκατέρα ἄρα τῶν AE, 1 τῇ AA ἐστιν ἴση: ὥστε καὶ ἣ AE τῇ Τ᾿ ἐστιν ἴση. 


Δύο ἄρα δοϑεισῶν εὐϑειῶν ἀνίσων τῶν AB, Τ᾽ ἀπὸ τῆς μείζονος τῆς AB τῇ ἐλάσσονι τῇ 1" ἴση 
ἀφήρηται ἣ ΔΕ’ ὅπερ ἔδει ποιῆσαι. 
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ELEMENTS BOOK 1 


Proposition 3 


C 


F 


For two given unequal straight-lines, to cut off from the greater a straight-line equal to the lesser. 


Let AB and C be the two given unequal straight-lines, of which let the greater be AB. So it is 
required to cut off a straight-line equal to the lesser C from the greater AB. 


Let the line AD, equal to the straight-line Οὐ, have been placed at point A [Prop. 1.2]. And let the 
circle DEF have been drawn with center A and radius AD [Post. 3]. 


And since point A is the center of circle DEF, AE is equal to AD [Def. 1.15]. But, C is also equal 
to AD. Thus, AF and C are each equal to AD. So AE is also equal to C [C.N. 1]. 


Thus, for two given unequal straight-lines, AB and C, the (straight-line) AF, equal to the lesser 
C, has been cut off from the greater AB. (Which is) the very thing it was required to do. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


δ΄ 


B I E Ζ 


᾿ὰν δύο τρίγωνα τὰς δύο πλευρὰς [ταῖς] δυσὶ πλευραῖς ἴσας ἔχῃ ἑκατέραν ἑκατέρᾳ καὶ τὴν 
γωνίαν τῇ γωνίᾳ ἴσην ἔχῃ τὴν ὑπὸ τῶν ἴσων εὐϑειῶν περιεχομένην, καὶ τὴν βάσιν τὴ βάσει ἴσην 
ἕξει, καὶ τὸ τρίγωνον τῷ τριγώνῳ ἴσον ἔσται, καὶ αἱ λοιπαὶ γωνίαι ταῖς λοιπαῖς γωνίαις ἴσαι 
ἔσονται ἑκατέρα ἑκατέραι, ὑφ᾽ ἃς αἱ ἴσαι πλευραὶ ὑποτείνουσιν. 


Ἔστω δύο τρίγωνα τὰ ABT, ΔΕΖ τὰς δύο πλευρὰς τὰς AB, AT ταῖς δυσὶ πλευραῖς ταῖς AE, 
ΔΖ ἴσας ἔχοντα ἑκατέραν ἑκατέρᾳ τὴν μὲν AB τῇ AE τὴν δὲ AT τῇ AZ χαὶ γωνίαν τὴν ὑπὸ 
BAT γωνίᾳ τῇ ὑπὸ ΕΔΖ ἴσην. λέγω, ὅτι καὶ βάσις ἡ BI βάσει τῇ EZ ἴση ἐστίν, καὶ τὸ ABI 
τρίγωνον τῷ ΔΕΖ τριγώνῳ ἴσον ἔσται, καὶ αἱ λοιπαὶ γωνίαι ταῖς λοιπαῖς γωνίαις ἴσαι ἔσονται 
ἑκατέρα ἑκατέρα, bY ἃς αἱ ἴσαι πλευραὶ ὑποτείνουσιν, ἣ μὲν ὑπὸ ABT τῇ ὑπὸ ΔΕΖ, ἣ δὲ ὑπὸ 
ATB τῇ ὑπὸ ΔΖΗ. 


᾿Ἔφαρμοζομένου γὰρ τοῦ ABI τριγώνου ἐπὶ τὸ ΔΕΖ τρίγωνον καὶ τιϑεμένου τοῦ μὲν A 
σημείου ἐπὶ τὸ Δ σημεῖον τῆς δὲ AB εὐϑείας ἐπὶ τὴν AE, ἐφαρμόσει καὶ τὸ Β σημεῖον ἐπὶ τὸ 
E διὰ τὸ ἴσην εἶναι τὴν ΑΒ τῇ ΔΕ’ ἐφαρμοσάσης δὴ τῆς ΑΒ ἐπὶ τὴν ΔΕ ἐφαρμόσει nat ἣ AT 
εὐϑεῖα ἐπὶ τὴν ΔΖ διὰ τὸ ἴσην εἶναι τὴν ὑπὸ BAT γωνίαν τῇ ὑπὸ ΕΔΖ: ὥστε καὶ τὸ T σημεῖον 
ἐπὶ τὸ Ζ σημεῖον ἐφαρμόσει διὰ τὸ ἴσην πάλιν εἶναι τὴν AD τῇ ΔΖ. ἀλλὰ μὴν uot τὸ Β ἐπὶ 
τὸ E ἐφηρμόκει: ὥστε βάσις ἡ BI ἐπὶ βάσιν τὴν ΕΖ ἐφαρμόσει. εἰ γὰρ τοῦ μὲν Β ἐπὶ τὸ E 
ἐφαρμόσαντος τοῦ δὲ I ἐπὶ τὸ Ζ ἣ BI βάσις ἐπὶ τὴν EZ οὐκ ἐφαρμόσει, δύο εὐϑεῖαι χωρίον 
περιέξουσιν: ὅπερ ἐστὶν ἀδύνατον. ἐφαρμόσει ἄρα ἣ BI βάσις ἐπὶ τὴν EZ χαὶ ἴση αὐτῇ ἔσται: 
ὥστε καὶ ὅλον τὸ ABI’ τρίγωνον ἐπὶ ὅλον τὸ AEZ τρίγωνον ἐφαρμόσει καὶ ἴσον αὐτῷ ἔσται, 
nal αἱ λοιπαὶ γωνίαι ἐπὶ τὰς λοιπὰς γωνίας ἐφαρμόσουσι καὶ ἴσαι αὐταῖς ἔσονται, ἣ μὲν ὑπὸ ABI 
τῇ ὑπὸ ΔΕΖ ἣ δὲ ὑπὸ ATVB τῇ ὑπὸ AZE. 


αν ἄρα δύο τρίγωνα τὰς δύο πλευρὰς [ταῖς] δύο πλευραῖς ἴσας ἔχῃ ἑκατέραν ἑκατέρᾳ καὶ 
τὴν γωνίαν τῇ γωνίᾳ ἴσην ἔχῃ τὴν ὑπὸ τῶν ἴσων εὐϑειῶν περιεχομένην, καὶ τὴν βάσιν τὴ βάσει 
ἴσην ἕξει, καὶ τὸ τρίγωνον τῷ τριγώνῳ ἴσον ἔσται, καὶ αἱ λοιπαὶ γωνίαι ταῖς λοιπαῖς γωνίαις ἴσαι 
ἔσονται ἑκατέρα ἑκατέρᾳ, ὑφ᾽ ἃς αἱ ἴσαι πλευραὶ ὑποτείνουσιν᾽ ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 4 


B C £ F 


If two triangles have two corresponding sides equal, and have the angles enclosed by the equal 
sides equal, then they will also have equal bases, and the two triangles will be equal, and the 
remaining angles subtended by the equal sides will be equal to the corresponding remaining 
angles. 


Let ABC and DEF be two triangles having the two sides AB and AC equal to the two sides DE 
and DF, respectively. (That is) AB to DE, and AC to DF. And (let) the angle BAC (be) equal 
to the angle EDF’. I say that the base BC is also equal to the base EF’, and triangle ABC will be 
equal to triangle DEF, and the remaining angles subtended by the equal sides will be equal to 
the corresponding remaining angles. (That is) ABC’ to DEF, and ACB to DFE. 


Let the triangle ABC be applied to the triangle DEF,,° the point A being placed on the point D, 
and the straight-line AB on DE. The point B will also coincide with FE, on account of AB being 
equal to DE. So (because of) AB coinciding with DE, the straight-line AC will also coincide with 
DF, on account of the angle BAC being equal to EDF. So the point C will also coincide with 
the point F’, again on account of AC being equal to DF’. But, point B certainly also coincided 
with point Ε', so that the base BC will coincide with the base ΚΕ Ε΄. For if B coincides with FE, and 
C with F’, and the base BC does not coincide with EF’, then two straight-lines will encompass 
a space. The very thing is impossible [Post. 1].’ Thus, the base BC will coincide with EF, and 
will be equal to it [C.N. 4]. So the whole triangle ABC will coincide with the whole triangle 
DEF, and will be equal to it [C.N. 4]. And the remaining angles will coincide with the remaining 
angles, and will be equal to them [C.N. 4]. (That is) ABC to DEF, and ACB to DFE [C.N. 4]. 


Thus, if two triangles have two corresponding sides equal, and have the angles enclosed by the 
equal sides equal, then they will also have equal bases, and the two triangles will be equal, and 
the remaining angles subtended by the equal sides will be equal to the corresponding remaining 
angles. (Which is) the very thing it was required to show. 


°The application of one figure to another should be counted as an additional postulate. 
7Since Post. 1 implicitly assumes that the straight-line joining two given points is unique. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


Δ Ε 


T@v ἰσοσχκελῶν τριγώνων αἱ τρὸς τῇ βάσει γωνίαι ἴσαι ἀλλήλαις εἰσίν, καὶ προσεκβληϑεισῶν τῶν 
ἴσων εὐϑειῶν αἱ ὑπὸ τὴν βάσιν γωνίαι ἴσαι ἀλλήλαις ἔσονται. 


Ἔστω τρίγωνον ἰσοσκελὲς τὸ ABI ἴσην ἔχον τὴν AB πλευρὰν τῇ AT πλευρᾷ, καὶ προσεκ- 
βεβλήσϑωσαν én’ εὐϑείας ταῖς AB, AT εὐϑεῖαι αἱ ΒΔ, TE λέγω, ὅτι ἣ μὲν ὑπὸ ABT γωνία τῇ 
ὑπὸ ALB ἴση ἐστίν, 7 δὲ ὑπὸ ΓΒΔ τῇ ὑπὸ BIE. 


Εἰλήφϑω γὰρ ἐπὶ τῆς ΒΔ τυχὸν σημεῖον τὸ Ζ, καὶ ἀφῃρήσϑω ἀπὸ τῆς μείζονος τῆς ΛΕ τῇ 
ἐλάσσονι τῇ AZ ἴση ἡ AH, καὶ ἐπεζεύχϑωσαν αἱ ZIP, HB εὐϑεῖαι. 


"Exel οὖν ἴση ἐστὶν ἣ μὲν ΑΖ τῇ AH ἣ δὲ ΑΒ τῇ AT, δύο δὴ αἱ ZA, AT δυσὶ ταῖς HA, AB 
ἴσαι εἰσὶν ἑκατέρα ἑκατέρᾳ" καὶ γωνίαν κοινὴν περιέχουσι τὴν ὑπὸ ΖΛΗ: βάσις ἄρα ἣ ZIV βάσει 
τῇ ΗΒ ἴση ἐστίν, καὶ τὸ AZT τρίγωνον τῷ ΛΗΒ τριγώνῳ ἴσον ἔσται, καὶ αἱ λοιπαὶ γωνίαι ταῖς 
λοιπαῖς γωνίαις ἴσαι ἔσονται ἑκατέρα ἑκατέρα, ὑφ᾽ ἃς αἱ ἴσαι πλευραὶ ὑποτείνουσιν, ἣ μὲν ὑπὸ 
ΑΓΖ τῇ ὑπὸ ABH, ἡἣ δὲ ὑπὸ AZT τῇ ὑπὸ AHB. χαὶ ἐπεὶ ὅλη ἡἣ AZ ὅλῃ τῇ AH ἐστιν ἴση, 
ὧν ἣ ΑΒ τῇ AT ἐστιν ἴση, λοιπὴ ἄρα ἡ ΒΖ λοιπῇ τῇ ΓΗ ἐστιν ἴση. ἐδείχϑη δὲ καὶ ἡ ZT τῇ 
HB ἴση: δύο δὴ αἱ BZ, Ζ1 δυσὶ ταῖς ΤῊ, HB ἰσαι εἰσὶν ἑκατέρα ἑκατέρᾳ: καὶ γωνία ἣ ὑπὸ 
ΒΖ" γωνίᾳ τη ὑπὸ ΤῊΒ ἴση, καὶ βάσις αὐτῶν κοινὴ ἣ ΒΙ" καὶ τὸ BZT ἄρα τρίγωνον τῷ CHB 
τριγώνῳ ἴσον ἔσται, καὶ αἱ λοιπαὶ γωνίαι ταῖς λοιπαῖς γωνίαις ἴσαι ἔσονται ἑκατέρα ἑκατέρᾳ, ὑφ᾽ 
ἃς αἱ ἴσαι πλευραὶ ὑποτείνουσιν: ἴση ἄρα ἐστὶν ἣ μὲν ὑπὸ ZBI τῇ ὑπὸ ΗΓΒ ἡἣ δὲ ὑπὸ BV'Z τῇ 
ὑπὸ ΓΒΗ. ἐπεὶ οὖν ὅλη ἣ ὑπὸ ΑΒΗ γωνία ὅλῃ τῇ ὑπὸ ΑΓΖ γωνίᾳ ἐδείχϑη ἴση, ὧν ἡ ὑπὸ TBH 
τῇ ὑπὸ BIZ ἴση, λοιπὴ ἄρα H ὑπὸ ABI λοιπῇ τῇ ὑπὸ ATB ἐστιν ion καί εἰσι πρὸς τῇ βάσει 
tod ABI τριγώνου. ἐδείχϑη δὲ καὶ ἣ ὑπὸ ZBI τῇ ὑπὸ HIB ton: καί εἰσιν ὑπὸ τὴν βάσιν. 


Ἰῶν ἄρα ἰσοσκελῶν τριγώνων αἱ τρὸς τῇ βάσει γωνίαι ἴσαι ἀλλήλαις εἰσίν, καὶ προσεκβληϑεισῶν 
τῶν ἴσων εὐϑειῶν αἱ ὑπὸ τὴν βάσιν γωνίαι ἴσαι ἀλλήλαις ἔσονται" ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 5 


For isosceles triangles, the angles at the base are equal to one another, and if the equal sides are 
produced then the angles under the base will be equal to one another. 


Let ABC be an isosceles triangle having the side AB equal to the side AC, and let the straight- 
lines BD and CE have been produced in a straight-line with AB and AC (respectively) [Post. 2]. 
I say that the angle ABC is equal to ACB, and (angle) CBD to BCE. 


For let the point F' have been taken somewhere on BD, and let AG have been cut off from the 
greater AF, equal to the lesser AF’ [Prop. 1.3]. Also, let the straight-lines FC and GB have been 
joined [Post. 1]. 


In fact, since AF is equal to AG and AB to AC, the two (straight-lines) ΓΑ, AC are equal to the 
two (straight-lines) G'A, AB, respectively. They also encompass a common angle FAG. Thus, the 
base ΕῸ is equal to the base GB, and the triangle AFC will be equal to the triangle AGB, and 
the remaining angles subtendend by the equal sides will be equal to the corresponding remaining 
angles [Prop. 1.4]. (That is) ACF to ABG, and AFC to AGB. And since the whole of AF is 
equal to the whole of AG, within which AB is equal to AC, the remainder BF is thus equal to 
the remainder CG [C.N. 3]. But ΕΓ was also shown (to be) equal to GB. So the two (straight- 
lines) BF’, FC are equal to the two (straight-lines) CG, GB, respectively, and the angle BFC (is) 
equal to the angle CGB, and the base BC is common to them. Thus, the triangle BF'C will be 
equal to the triangle CGB, and the remaining angles subtended by the equal sides will be equal 
to the corresponding remaining angles [Prop. 1.4]. Thus, F'BC is equal to GCB, and BC'F to 
CBG. Therefore, since the whole angle ABG was shown (to be) equal to the whole angle ACF, 
within which C'BG is equal to BCF,, the remainder ABC is thus equal to the remainder AC'B 
[C.N. 3]. And they are at the base of triangle ABC’. And F BC was also shown (to be) equal to 
GCB. And they are under the base. 


Thus, for isosceles triangles, the angles at the base are equal to one another, and if the equal sides 


are produced then the angles under the base will be equal to one another. (Which is) the very 
thing it was required to show. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


Β 1 


αν τριγώνου αἱ Sbo γωνίαι ἴσαι ἀλλήλαις ὦσιν, καὶ αἱ ὑπὸ τὰς ἴσας γωνίας ὑποτείνουσαι 
πλευραὶ ἴσαι ἀλλήλαις ἔσονται. 


Ἔστω τρίγωνον τὸ ABI ἴσην ἔχον τὴν ὑπὸ ABI’ γωνίαν τῇ ὑπὸ ATB γωνίᾳ: λέγω, ὅτι καὶ 
πλευρὰ ἣ AB πλευρᾷ τῇ AT ἐστιν ἴση. 


ἄνισός ἐστιν ἣ AB τῇ AT, ἡ ἑτέρα αὐτῶν μείζων ἐστίν. ἔστω μείζων H AB, καὶ ἀφηρήσϑω 
ς μείζονος τῆς AB τῇ ἐλάττονι τῇ AT ἴση ἣ AB, καὶ ἐπεζεύχϑω ἡἣ AT. 


"Exel οὖν ἴση ἐστὶν ἣ ΔΒ τῇ AT κοινὴ δὲ ἡ BI, δύο δὴ αἱ AB, ΒΓ δύο ταῖς AT, ΓΒ ἴσαι εἰσὶν 
ἑκατέρα ἑκατέρᾳ, καὶ γωνία ἣ ὑπὸ ABT γωνιᾳ τῇ ὑπὸ ATB ἐστιν ton βάσις ἄρα ἣ ΔΙ᾿ βάσει τῇ 
AB ἴση ἐστίν, καὶ τὸ ABI τρίγωνον τῷ ATB τριγώνῳ ἴσον ἔσται, τὸ ἔλασσον τῷ μείζονι: ὅπερ 
ἄτοπον: οὐκ ἄρα ἄνισός ἐστιν ἣ AB τῇ AI™ ἴση ἄρα. 

᾿ὰν ἄρα τριγώνου αἱ Sbo0 γωνίαι ἴσαι ἀλλήλαις ὦσιν, καὶ αἱ ὑπὸ τὰς ἴσας γωνίας ὑποτείνουσαι 
πλευραὶ ἴσαι ἀλλήλαις ἔσονται ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 6 


A 


B C 


If a triangle has two angles equal to one another then the sides subtending the equal angles will 
also be equal to one another. 


Let ABC be a triangle having the angle ABC equal to the angle ACB. I say that side AB is also 
equal to side AC. 


For if AB is unequal to AC then one of them is greater. Let AB be greater. And let DB, equal to 
the lesser AC, have been cut off from the greater AB [Prop. 1.3]. And let DC have been joined 
[Post. 1]. 


Therefore, since DB is equal to AC, and BC (is) common, the two sides DB, BC are equal to the 
two sides AC’, C'B, respectively, and the angle DBC is equal to the angle AC'B. Thus, the base 
DC is equal to the base AB, and the triangle DBC will be equal to the triangle AC’B [Prop. 1.4], 
the lesser to the greater. The very notion (is) absurd [C.N. 5]. Thus, AB is not unequal to AC. 
Thus, (it is) equal.® 


Thus, if a triangle has two angles equal to one another then the sides subtending the equal angles 
will also be equal to one another. (Which is) the very thing it was required to show. 


8Here, use is made of the previously unmentioned common notion that if two quantities are not unequal then 
they must be equal. Later on, use is made of the closely related common notion that if two quantities are not greater 
than or less than one another, respectively, then they must be equal to one another. 
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XTOTXEIQN α΄ 


ζ 


Α B 


"Ent τῆς αὐτῆς εὐθείας δύο ταῖς αὐταῖς εὐϑείαις ἄλλαι δύο εὐϑεῖαι ἴσαι ἑκατέρα ἑκατέρα οὐ 
συσταϑήσονται πρὸς ἄλλῳ καὶ ἄλλῳ σημείῳ ἐπὶ τὰ αὐτὰ μέρη τὰ αὐτὰ πέρατα ἔχουσαι ταῖς ἐξ 
ἀρχῆς εὐϑείαις. 


Εἰ γὰρ δυνατόν, ἐπὶ τῆς αὐτῆς εὐϑείας τῆς AB δύο ταῖς αὐταῖς εὐϑείαις ταῖς AV, ΓΒ ἄλλαι δύο 
εὐϑεῖαι αἱ AA, ΔΒ ἴσαι ἑκατέρα ἑκατερᾳ συνεστάτωσαν πρὸς ἄλλῳ ual ἄλλῳ σημείῳ τῷ τε TC 
καὶ Δ ἐπὶ τὰ αὐτὰ μέρη τὰ αὐτὰ πέρατα ἔχουσαι, ὥστε ἴσην εἶναι τῆν μὲν DA τῇ AA τὸ αὐτὸ 
πέρας ἔχουσαν αὐτῇ τὸ A, τὴν δὲ ΤῈ τῇ ΔΒ τὸ αὐτὸ πέρας ἔχουσαν αὐτῇ τὸ Β, καὶ ἐπεζεύχϑω 


ἡ ΓΔ. 


"Exel οὖν ἴση ἐστὶν AT τῇ ΑΔ, ἴση ἐστὶ καὶ γωνία ἣ ὑπὸ ATA τῇ ὑπὸ AAT™ μείζων ἄρα ἣ 
ὑπὸ AAT τῆς ὑπὸ ΔΙ: πολλῷ ἄρα ἣ ὑπὸ TAB μείζων ἐστί τῆς ὑπὸ ΔΙ Β. πάλιν ἐπεὶ ἴση ἐστὶν 
7 ΓΒ τῇ ΔΒ, ἴση ἐστὶ καὶ γωνία 7 ὑπὸ TAB γωνίᾳ τῇ ὑπὸ ATB. ἐδείχϑη δὲ αὐτῆς καὶ πολλῷ 
μείζων: ὅπερ ἐστὶν ἀδύατον. 


Οὐκ ἄρα ἐπὶ τῆς αὐτῆς εὐϑείας δύο ταῖς αὐταῖς εὐϑείαις ἄλλαι δύο εὐϑεῖαι ἴσαι ἑκατέρα ἑκατέρᾳ 
συσταϑήσονται πρὸς ἄλλῳ καὶ ἄλλῳ σημείῳ ἐπὶ τὰ αὐτὰ μέρη τὰ αὐτὰ πέρατα ἔχουσαι ταῖς ἐξ 
ἀρχῆς εὐϑείαις" ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 7 


C 


A B 


On the same straight-line, two other straight-lines equal, respectively, to two (given) straight- 
lines (which meet) cannot be constructed (meeting) at different points on the same side (of the 
straight-line), but having the same ends as the given straight-lines. 


For, if possible, let the two straight-lines AD, DB, equal to two (given) straight-lines AC, CB, 
respectively, have been constructed on the same straight-line ΑΒ, meeting at different points, C’ 
and D, on the same side (of AB), and having the same ends (on AB). So CA and DA are equal, 
having the same ends at A, and C'B and DB are equal, having the same ends at B. And let CD 
have been joined [Post. 1]. 


Therefore, since AC is equal to AD, the angle ACD is also equal to angle ADC [Prop. 1.5]. Thus, 
ADC (is) greater than DC'B [C.N. 5]. Thus, CDB is much greater than DC'B [C.N. 5]. Again, 
since C'B is equal to DB, the angle CDB is also equal to angle 6 Β [Prop. 1.5]. But it was 
shown that the former (angle) is also much greater (than the latter). The very thing is impossi- 
ble. 


Thus, on the same straight-line, two other straight-lines equal, respectively, to two (given) straight- 
lines (which meet) cannot be constructed (meeting) at different points on the same side (of the 
straight-line), but having the same ends as the given straight-lines. (Which is) the very thing it 
was required to show. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


1 


Β Ε 


᾿ὰν δύο τρίγωνα τὰς δύο πλευρὰς [ταῖς] δύο πλευραῖς ἴσας ἔχῃ ἑκατέραν ἑκατέρᾳ, ἔχῃ δὲ 
not τὴν βάσιν τῇ βάσει ἴσην, καὶ τὴν γωνίαν τῇ γωνίᾳ ἴσην ἕξει τὴν ὑπὸ τῶν ἴσων εὐϑειῶν 
περιεχομένην. 


Ἔστω δύο τρίγωνα τὰ ABT’, ΔΕΖ τὰς δύο πλευρὰς τὰς AB, AT ταῖς δύο πλευραῖς ταῖς ΔΕ, 
ΔΖ ἴσας ἔχοντα ἑκατέραν ἑκατέρᾳ, τὴν μὲν AB τῇ ΔΕ τὴν δὲ AT τῇ ΔΖ: ἐχέτω δὲ καὶ βάσιν 
τὴν BI βάσει τῇ ΕΖ ἴσην: λέγω, ὅτι καὶ γωνία ἣ ὑπὸ BAT γωνία τῇ ὑπὸ ΕΔΖ ἐστιν ἴση. 


᾿φαρμοζομένου γὰρ tod ABI τριγώνου ἐπὶ τὸ ΔΕΖ τρίγωνον χαὶ τιϑεμένου τοῦ μὲν Β σημείου 
ἐπὶ τὸ E σημεῖον τῆς δὲ BI εὐϑείας ἐπὶ τὴν ΕΖ ἐφαρμόσει καὶ τὸ Τ᾽ σημεῖον ἐπὶ τὸ Ζ διὰ τὸ 
ἴσην εἶναι τὴν ΒΓ τῇ EZ: ἐφαρμοσάσης δὴ τῆς ΒΓ ἐπὶ τὴν EZ ἐφαρμόσουσι χαὶ αἱ BA, ΓᾺ ἐπὶ 
τὰς EA, ΔΖ. εἰ γὰρ βάσις μὲν ἡ BI ἐπὶ βάσιν τὴν ΕΖ ἐφαρμόσει, αἱ δὲ BA, AT πλευραὶ ἐπὶ τὰς 
ΕΔ, ΔΖ οὐκ ἐφαρμόσουσιν ἀλλὰ παραλλάξουσιν ὡς αἱ ΕΗ, ΗΖ, συσταϑήσονται ἐπὶ τῆς αὐτῆς 
εὐϑείας δύο ταῖς αὐταῖς εὐϑείαις ἄλλαι δύο εὐϑεῖαι ἴσαι ἑκατέρα ἑκατέρα πρὸς ἄλλῳ καὶ ἄλλῳ 
σημείῳ ἐπὶ τὰ αὐτὰ μέρη τὰ αὐτὰ πέρατα ἔχουσαι. οὐ συνίστανται δέ: οὐκ ἄρα ἐφαρμοζομένης 
τῆς BI βάσεως ἐπὶ τὴν EZ βάσιν οὐκ ἐφαρμόσουσι χαὶ αἱ BA, AT πλευραὶ ἐπὶ τὰς EA, ΔΖ. 
ἐφαρμόσουσιν ἄρα: ὥστε καὶ γωνία ἣ ὑπὸ BAT ἐπὶ γωνίαν τὴν ὑπὸ EAZ ἐφαρμόσει nat ἴση 
αὐτῇ ἔσται. 

᾿ὰν ἄρα δύο τρίγωνα τὰς δύο πλευρὰς [ταῖς] δύο πλευραῖς ἴσας ἔχῃ ἑκατέραν ἑχατέρα καὶ 
τὴν βάσιν τῇ βάσει ἴσην ἔχῃ, καὶ τὴν γωνίαν τῇ γωνίᾳ ἴσην ἕξει τὴν ὑπὸ τῶν ἴσων εὐϑειῶν 
περιεχομένην: ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 8 


A x G 


B E 


If two triangles have two corresponding sides equal, and also have equal bases, then the angles 
encompassed by the equal straight-lines will also be equal. 


Let ABC and DEF be two triangles having the two sides AB and AC equal to the two sides DE 
and DF’, respectively. (That is) AB to DE, and AC to DF. Let them also have the base BC equal 
to the base EF’. I say that the angle BAC is also equal to the angle EDF. 


For if triangle ABC is applied to triangle DEF’, the point B being placed on point Κ᾽, and the 
straight-line BC on EF, point C will also coincide with Γ΄ on account of BC being equal to EF. 
So (because of) BC coinciding with EF, (the sides) BA and C’A will also coincide with ED and 
DF (respectively). For if base BC coincides with base FF, but the sides AB and AC do not 
coincide with FD and DF (respectively), but miss like EG and GF (in the above figure), then 
we will have constructed upon the same straight-line, two other straight-lines equal, respectively, 
to two (given) straight-lines, and (meeting) at different points on the same side (of the straight- 
line), but having the same ends. But (such straight-lines) cannot be constructed [Prop. 1.7]. 
Thus, the base BC being applied to the base EF’, the sides BA and AC cannot not coincide with 
ED and DF (respectively). Thus, they will coincide. So the angle BAC will also coincide with 
angle EDF, and they will be equal [C.N. 4]. 


Thus, if two triangles have two corresponding sides equal, and have equal bases, then the angles 


encompassed by the equal straight-lines will also be equal. (Which is) the very thing it was 
required to show. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


9΄ 


Α 


Ζ 
B 1 


Ἰὴν δοϑεῖσαν γωνίαν εὐϑύγραμμον δίχα τεμεῖν. 

Ἔστω ἣ δοϑεῖσα γωνία εὐϑύγραμμος 7 ὑπὸ BAT. δεῖ δὴ αὐτὴν δίχα τεμεῖν. 

Εἰλήφϑω ἐπὶ τῆς AB τυχὸν σημεῖον τὸ Δ, καὶ ἀφῃρήσϑω ἀπὸ τῆς AV τῇ AA ἴση ἣ ΔΕ, καὶ 
ἐπεζεύχϑω ἡ AE, καὶ συνεστάτω ἐπὶ τῆς AE τρίγωνον ἰσόπλευρον τὸ ΔΕΖ, nat ἐπεζεύχϑω 7 
ΑΖ: λέγω, ὅτι ἣ ὑπὸ BAT γωνία δίχα τέτμηται ὑπὸ τῆς AZ εὑὐϑείας. 

"Exel γὰρ ἴση ἐστὶν ἣ ΑΔ τῇ AE, χοινὴ δὲ ἣ ΑΖ, δύο δὴ αἱ ΔΑ, ΑΖ δυσὶ ταῖς EA, AZ ἴσαι 
εἰσὶν ἑκατέρα ἑκατέρα. καὶ βάσις ἡ ΔΖ βάσει τῇ EZ ἴση ἐστίν: γωνία ἄρα ἡ ὑπὸ ΔΑΖ γωνίᾳ 


τῇ ὑπὸ EAZ ἴση ἐστίν. 


Ἡ ἄρα δοϑεῖσα γωνία εὐθύγραμμος ἣ ὑπὸ BAT δίχα τέτμηται ὑπὸ τῆς AZ εὐϑείας: ὅπερ ἔδει 
ποιῆσαι. 
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B C 
To cut a given rectilinear angle in half. 
Let BAC be the given rectilinear angle. So it is required to cut it in half. 


Let the point D have been taken somewhere on AB, and let AE, equal to AD, have been cut off 
from AC [Prop. 1.3], and let DE have been joined. And let the equilateral triangle DEF have 
been constructed upon DE [Prop. 1.1], and let AF’ have been joined. I say that the angle BAC 
has been cut in half by the straight-line AF’. 


For since AD is equal to AE, and AF is common, the two (straight-lines) DA, AF are equal to 
the two (straight-lines) EA, AF’, respectively. And the base DF is equal to the base FF’. Thus, 
angle DAF is equal to angle EAF [Prop. 1.8]. 


Thus, the given rectilinear angle BAC has been cut in half by the straight-line AF’. (Which is) 
the very thing it was required to do. 
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Thy δοϑεῖσαν εὐϑεῖαν πεπερασμένην δίχα τεμεῖν. 
Ἔστω ἡἣ δοϑεῖσα εὐϑεῖα πεπερασμένη ἣ AB: δεῖ δὴ τὴν AB εὐϑεῖαν πεπερασμένην δίχα τεμεῖν. 


Συνεστάτω ἐπ᾽ αὐτῆς τρίγωνον ἰσόπλευρον τὸ ABI, καὶ τετμήσϑω ἣ ὑπὸ ATB γωνία δίχα τῇ 
TA εὐϑείᾳ: λέγω, ὅτι ἣ AB εὐϑεῖα δίχα τέτμηται κατὰ τὸ Δ σημεῖον. 


Ἐπεὶ γὰρ ἴση ἐστὶν ἡ AT τῇ ΓΒ, κοινὴ δὲ ἣ ΓΔ, δύο δὴ αἱ AT, VA δύο ταῖς BL, ΓΔ ἴσαι εἰσὶν 
ἑκατέρα ἑκατέρᾳ: καὶ γωνία ἣ ὑπὸ ATA γωνίᾳ τῇ ὑπὸ BIA ἴση ἐστίν: βάσις ἄρα ἡ ΛΔ βάσει 


τῇ ΒΔ ἴση ἐστίν. 


Ἡ ἄρα δοϑεῖσα εὐϑεῖα πεπερασμένη ἡ ΑΒ δίχα τέτμηται κατὰ τὸ Δ’ ὅπερ ἔδει ποιῆσαι. 
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To cut a given finite straight-line in half. 

Let AB be the given finite straight-line. So it is required to cut the finite straight-line AB in half. 
Let the equilateral triangle ABC have been constructed upon (AB) [Prop. 1.1], and let the angle 
ACB have been cut in half by the straight-line CD [Prop. 1.9]. I say that the straight-line AB has 
been cut in half at point D. 

For since AC is equal to CB, and Ο ἢ (is) common, the two (straight-lines) AC’, CD are equal 
to the two (straight-lines) ΒΟ, CD, respectively. And the angle ACD is equal to the angle BCD. 
Thus, the base AD is equal to the base BD [Prop. 1.4]. 


Thus, the given finite straight-line AB has been cut in half at (point) D. (Which is) the very thing 
it was required to do. 
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TY δοϑείσῃ εὐϑείᾳ ἀπὸ τοῦ πρὸς αὐτῃ δοϑέντος σημείου πρὸς ὀρϑὰς γωνίας εὐϑεῖαν γραμμὴν 
ἀγαγεῖν. 


Ἔστω ἣ μὲν δοϑεῖσα εὐθεῖα ἣ ΑΒ τὸ δὲ δοϑὲν σημεῖον ἐπ᾽ αὐτῆς τὸ Τ᾿ δεῖ δὴ ἀπὸ τοῦ Γ 
σημείου τῇ AB εὐϑείᾳ πρὸς ὀρϑὰς γωνίας εὐϑεῖαν γραμμὴν ἀγαγεῖν. 


Εἰλήφϑω ἐπὶ τῆς AV τυχὸν σημεῖον τὸ Δ, καὶ κείσϑω τῇ ΓΔ ἴση 7 VE, καὶ συνεστάτω ἐπὶ τῆς 
AE τρίγωνον ἰσόπλευρον τὸ ΖΔΕ, χαὶ ἐπεζεύχϑω ἣ ZI λέγω, ὅτι τῇ δοϑείσῃ εὐϑείᾳ τῇ AB 
ἀπὸ τοῦ πρὸς αὐτῇ δοϑέντος σημείου τοῦ Γ πρὸς ὀρϑὰς γωνίας εὐϑεῖα γραμμὴ Huta ἣ ΖΓ. 


Ἐπεὶ γὰρ ἴση ἐστὶν ἡ AT τῇ TE, κοινὴ δὲ ἣ ΓΖ, δύο δὴ αἱ AL, ΓΖ δυσὶ ταῖς ED, PZ ἴσαι εἰσὶν 
ἑκατέρα ἑκατέρα" καὶ βάσις ἡἣ ΔΖ βάσει τῇ ΖΕ ἴση ἐστίν: γωνία ἄρα ἣ ὑπὸ AVZ γωνίᾳ τῇ ὑπὸ 
ΕΓΖ ἴση ἐστίν: καί εἰσιν ἐφεξῆς. ὅταν δὲ εὐθεῖα ἐπ᾽ εὐθεῖαν σταϑεῖσα τὰς ἐφεξῆς γωνίας ἴσας 
ἀλλήλαις ποιῇ, ὀρϑὴ ἑκατέρα τῶν ἴσων γωνιῶν ἐστιν: ὀρϑὴ ἄρα ἐστὶν ἑκατέρα τῶν ὑπὸ ΔΙΓΖ, 
ΖΙῊ. 


TY ἄρα δοϑείσῃ εὐϑείᾳ τῇ AB ἀπὸ τοῦ πρὸς αὐτῇ δοϑέντος σημείου τοῦ T° πρὸς ὀρϑὰς γωνίας 
εὐϑεῖα γραμμὴ ἤκται ἡ UZ ὅπερ ἔδει ποιῆσαι. 
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D C Ε 


To draw a straight-line at right-angles to a given straight-line from a given point on it. 


Let AB be the given straight-line, and Οἱ the given point on it. So it is required to draw a straight- 
line from the point C at right-angles to the straight-line AB. 


Let the point D be have been taken somewhere on AC, and let CE be made equal to CD 
[Prop. 1.3], and let the equilateral triangle / DE have been constructed on DE [Prop. 1.1], and 
let FC have been joined. I say that the straight-line Ε΄ has been drawn at right-angles to the 
given straight-line AB from the given point C on it. 


For since DC is equal to CE, and CF is common, the two (straight-lines) DC, CF are equal 
to the two (straight-lines), EC, CF’, respectively. And the base DF is equal to the base ΓΒ. 
Thus, the angle DCF is equal to the angle ECF [Prop. 1.8], and they are adjacent. But when 
a straight-line stood on a(nother) straight-line makes the adjacent angles equal to one another, 
each of the equal angles is a right-angle [Def. 1.10]. Thus, each of the (angles) DCF and FCE 
is a right-angle. 


Thus, the straight-line CF’ has been drawn at right-angles to the given straight-line AB from the 
given point C' on it. (Which is) the very thing it was required to do. 
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Ἐπὶ τὴν δοϑεῖσαν εὐϑεῖαν ἄπειρον ἀπὸ τοῦ δοϑέντος σημείου, ὃ μή ἐστιν én αὐτῆς, κάϑετον 
εὐϑεῖαν γραμμὴν ἀγαγεῖν. 


Ἔστω ἣ μὲν δοϑεῖσα εὐϑεῖα ἄπειρος ἣ AB τὸ δὲ δοϑὲν σημεῖον, ὃ μή ἐστιν ἐπ᾽ αὐτῆς, τὸ T° 
δεῖ δὴ ἐπὶ τὴν δοϑεῖσαν εὐϑεῖαν ἄπειρον τὴν AB ἀπὸ τοῦ δοϑέντος σημείου τοῦ 1", ὃ μή ἐστιν 
én αὐτῆς, κάϑετον εὐθεῖαν γραμμὴν ἀγαγεῖν. 


Εἰλήφϑω γὰρ ἐπὶ τὰ ἕτερα μέρη τῆς AB εὐϑείας τυχὸν σημεῖον τὸ Δ, καὶ κέντρῳ μὲν τῷ 1 
διαστήματι δὲ τῷ ΓΔ κύκλος γεγράφϑω ὁ ΕΖΗ, καὶ τετμήσϑω ἡ EH εὐϑεῖα δίχα κατὰ τὸ Θ, 
nat ἐπεζεύχϑωσαν αἱ ΤῊ, Ὁ, VE εὑὐϑεῖαι: λέγω, ὅτι ἐπὶ τὴν δοϑεῖσαν εὐϑεῖαν ἄπειρον τὴν AB 
ἀπὸ τοῦ δοϑέντος σημείου τοῦ T, ὃ μή ἐστιν ἐπ᾽ αὐτῆς, κάϑετος Huta H ΓΘ. 


"Exel γὰρ ἴση ἐστὶν ἣ ΗΘ τῇ ΘΕ, κοινὴ δὲ ἡ OT, δύο δὴ αἱ ΗΘ, OL δύο ταῖς EO, OL ἴσαι 
slolv ἑκατέρα ἑκατέρα" καὶ βάσις ἡ ΓῊ βάσει τῇ ΤῈ ἐστιν ἴση: γωνία ἄρα ἣ ὑπὸ ΓΘΗ γωνίᾳ τῇ 
ὑπὸ EOL ἐστιν ἴση. καί εἰσιν ἐφεξῆς. ὅταν δὲ εὐϑεῖα ἐπ᾽ εὐθεῖαν σταϑεῖσα τὰς ἐφεξῆς γωνίας 
ἴσας ἀλλήλαις ποιῇ, ὀρϑὴ ἑκατέρα τῶν ἴσων γωνιῶν ἐστιν, καὶ ἣ ἐφεστηχκυῖα εὐϑεῖα κάϑετος 
καλεῖται ἐφ᾽ ἣν ἐφέστηκεν. 


Ἐπὶ τὴν δοϑεῖσαν ἄρα εὐϑεῖαν ἄπειρον τὴν AB ἀπὸ τοῦ δοϑέντος σημείου τοῦ T, ὃ μή ἐστιν 
én αὐτῆς, κάϑετος Hutar ἡ TO: ὅπερ ἔδει ποιῆσαι. 
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To draw a straight-line perpendicular to a given infinite straight-line from a given point which is 
not on it. 


Let AB be the given infinite straight-line and C the given point, which is not on (AB). So it 
is required to draw a straight-line perpendicular to the given infinite straight-line AB from the 
given point C’, which is not on (AB). 


For let point D have been taken somewhere on the other side (to C) of the straight-line AB, and 
let the circle EF'G have been drawn with center C and radius C'D [Post. 3], and let the straight- 
line EG have been cut in half at (point) H [Prop. 1.10], and let the straight-lines CG, CH, and 
CE have been joined. I say that a (straight-line) CH has been drawn perpendicular to the given 
infinite straight-line AB from the given point C’,, which is not on (AB). 


For since G'H is equal to HE, and HC (is) common, the two (straight-lines) GH, HC are equal to 
the two straight-lines EH, HC, respectively, and the base CG is equal to the base CE. Thus, the 
angle CHG is equal to the angle EHC [Prop. 1.8], and they are adjacent. But when a straight- 
line stood on a(nother) straight-line makes the adjacent angles equal to one another, each of the 
equal angles is a right-angle, and the former straight-line is called perpendicular to that upon 
which it stands [Def. 1.10]. 


Thus, the (straight-line) CH has been drawn perpendicular to the given infinite straight-line AB 
from the given point C’, which is not on (AB). (Which is) the very thing it was required to do. 
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᾿Ἐὰν εὐϑεῖα ἐπ᾽ εὐϑεῖαν σταϑεῖσα γωνίας ποιΐ, ἤτοι δύο ὀρϑὰς ἢ δυσὶν ὀρϑαῖς ἴσας ποιήσει. 


Εὐϑεῖα γάρ τις ἣ AB ἐπ᾽ εὐϑεῖαν τὴν ΓΔ σταϑεῖσα γωνίας ποιείτω τὰς ὑπὸ ΓΒΑ, ΑΒΔ’ λέγω, 
ὅτι αἱ ὑπὸ TBA, ABA γωνίαι ἤτοι δύο ὀρϑαί εἰσιν ἢ δυσὶν ὀρϑαῖς ἴσαι. 


Εἰ μὲν οὖν ἴση ἐστὶν ἣ ὑπὸ ΓΒΑ τῇ ὑπὸ ΑΒΔ, δύο ὀρϑαί εἰσιν. εἰ δὲ οὔ, ἤχϑω ἀπὸ τοῦ Β 
σημείου τῇ ΓΔ [εὐϑείᾳ] πρὸς ὀρϑὰς ἡ ΒΕ: αἱ ἄρα ὑπὸ ΓΒΕ, EBA δύο ὀρϑαί εἰσιν’ καὶ ἐπεὶ ἣ 
ὑπὸ ΓΒΕ δυσὶ ταῖς ὑπὸ ΓΒΑ, ABE ἴση ἐστίν, κοινὴ προσκείσϑω ἣ ὑπὸ EBA: αἱ ἄρα ὑπὸ TBE, 
EBA τρισὶ ταῖς ὑπὸ ΓΒΑ, ABE, EBA ἴσαι εἰσίν. πάλιν, ἐπεὶ ἡ ὑπὸ ABA δυσὶ ταῖς ὑπὸ ABE, 
EBA ἴση ἐστίν, κοινὴ προσκείσϑω ἣ ὑπὸ ABI™ αἱ ἄρα ὑπό ABA, ΑΒΓ τρισὶ ταῖς ὑπὸ ABE, 
EBA, ABI ἴσαι εἰσίν. ἐδείχϑησαν δὲ καὶ αἱ ὑπὸ ΓΒΕ, EBA τρισὶ ταῖς αὐταῖς ἴσαι" τὰ δὲ τῷ 
αὐτῷ ἴσα καὶ ἀλλήλοις ἐστὶν ἴσα" καὶ αἱ ὑπὸ ΓΒΕ, EBA ἄρα ταῖς ὑπὸ ABA, ABI ἴσαι εἰσίν" 
ἀλλὰ αἱ ὑπὸ ΓΒΕ, EBA δύο ὀρϑαί εἰσιν’ καὶ αἱ ὑπὸ ABA, ABI’ ἄρα δυσὶν ὀρϑαῖς ἴσαι εἰσίν. 


᾿Ἐὰν ἄρα εὐϑεῖα én’ εὐϑεῖαν σταϑεῖσα γωνίας ποιῇ, ἤτοι δύο ὀρϑὰς ἢ δυσὶν ὀρϑαῖς ἴσας ποιήσει: 


ὅπερ ἔδει δεῖξαι. 
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If a straight-line stood on a(nother) straight-line makes angles, it will certainly either make two 
right-angles, or (angles whose sum is) equal to two right-angles. 


For let some straight-line AB stood on the straight-line CD make the angles CBA and ABD. I 
say that the angles CBA and ABD are certainly either two right-angles, or (have a sum) equal 
to two right-angles. 


In fact, if CBA is equal to ABD then they are two right-angles [Def. 1.10]. But, if not, let BE 
have been drawn from the point B at right-angles to [the straight-line] C'D [Prop. 1.11]. Thus, 
CBE and EBD are two right-angles. And since CBE is equal to the two (angles) CBA and 
ABE, let EBD have been added to both. Thus, the (angles) CBE and EBD are equal to the 
three (angles) CBA, ABE, and EBD [C.N. 2]. Again, since DBA is equal to the two (angles) 
DBE and EBA, let ABC have been added to both. Thus, the (angles) DBA and ABC are equal 
to the three (angles) DBE, EBA, and ABC [C.N. 2]. But CBE and EBD were also shown (to 
be) equal to the same three (angles). And things equal to the same thing are also equal to one 
another [C.N. 1]. Therefore, CBE and EBD are also equal to DBA and ABC. But, CBE and 
EBD are two right-angles. Thus, ABD and ABC are also equal to two right-angles. 


Thus, if a straight-line stood on a(nother) straight-line makes angles, it will certainly either make 


two right-angles, or (angles whose sum is) equal to two right-angles. (Which is) the very thing it 
was required to show. 
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᾿Ἐὰν πρός τινι εὐϑείᾳ καὶ τῷ πρὸς αὐτῇ σημείῳ δύο εὐϑεῖαι μὴ ἐπὶ τὰ αὐτὰ μέρη χείμεναι τὰς 
ἐφεξῆς γωνίας δυσὶν ὀρϑαῖς ἴσας ποιῶσιν, én’ εὐϑείας ἔσονται ἀλλήλαις αἱ εὐϑεῖαι. 


Πρὸς γάρ τινι εὐθείᾳ τῇ AB καὶ τῷ πρὸς αὐτῇ σημείῳ τῷ B δύο εὐϑεῖαι αἱ BI, ΒΔ μὴ ἐπὶ τὰ 
αὐτὰ μέρη κείμεναι τὰς ἐφεξῆς γωνίας τὰς ὑπὸ ABI, ΑΒΔ δύο ὀρϑαῖς ἴσας ποιείτωσαν λέγω, 
ὅτι én εὐϑείας ἐστὶ τῇ ΓΒ ἣ ΒΔ. 


Εἰ γὰρ pn ἐστι τῇ ΒΙ én’ εὐϑείας ἡ ΒΔ, ἔστω τῇ ΓΒ ἐπ᾽ εὐϑείας ἡ BE. 


"Exel οὖν εὐϑεῖα ἣ ΑΒ ἐπ᾽ εὐϑεῖαν τὴν ΓΒΕ ἐφέστηκεν, αἱ ἄρα ὑπὸ ΑΒΓ, ABE γωνίαι δύο 
ὀρϑοαῖς ἴσαι εἰσίν" εἰσὶ δὲ καὶ αἱ ὑπὸ ΑΒ], ABA δύο ὀρϑαῖς ἴσαι: αἱ ἄρα ὑπὸ TBA, ABE ταῖς 
ὑπὸ ΓΒΑ, ABA ἴσαι εἰσίν. κοινὴ ἀφῃρήσϑω ἣ ὑπὸ ΓΒΔ: λοιπὴ ἄρα ἣ ὑπὸ ABE λοιπῇ τῇ ὑπὸ 
ΑΒΔ ἐστιν ἴση, ἣ ἐλάσσων τῇ μείζονι: ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα ἐπ᾽ εὐϑείας ἐστὶν ἣ BE τῇ 
ΓΒ. ὁμοίως δὴ δείξομεν, ὅτι οὐδὲ ἄλλη τις πλὴν τῆς BA’ ἐπ᾽ εὐϑείας ἄρα ἐστὶν ἣ ΓΒ τῇ ΒΔ. 


᾿ὰν ἄρα πρός τινι εὐϑείᾳ καὶ τῷ πρὸς αὐτῇ σημείῳ δύο εὐϑεῖαι μὴ ἐπὶ αὐτὰ μέρη κείμεναι 


τὰς ἐφεξῆς γωνίας δυσὶν ὀρϑαῖς ἴσας ποιῶσιν, ἐπ᾽ εὐϑείας ἔσονται ἀλλήλαις αἱ εὐϑεῖαι" ὅπερ ἔδει 


δεῖξαι. 
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If two straight-lines, not lying on the same side, make adjacent angles equal to two right-angles at 
the same point on some straight-line, then the two straight-lines will be straight-on (with respect) 
to one another. 


For let two straight-lines BC and BD, not lying on the same side, make adjacent angles ABC 
and ABD equal to two right-angles at the same point B on some straight-line AB. I say that BD 
is straight-on with respect to CB. 


For if BD is not straight-on to BC then let BE be straight-on to CB. 


Therefore, since the straight-line AB stands on the straight-line CBE, the angles ABC and ABE 
are thus equal to two right-angles [Prop. 1.13]. But ABC and ABD are also equal to two right- 
angles. Thus, (angles) CBA and ABE are equal to (angles) CBA and ABD [C.N. 1]. Let (angle) 
CBA have been subtracted from both. Thus, the remainder ABE is equal to the remainder ABD 
[C.N. 3], the lesser to the greater. The very thing is impossible. Thus, BE is not straight-on with 
respect to C'B. Similarly, we can show that neither (is) any other (straight-line) than BD. Thus, 
CB is straight-on with respect to BD. 


Thus, if two straight-lines, not lying on the same side, make adjacent angles equal to two right- 


angles at the same point on some straight-line, then the two straight-lines will be straight-on 
(with respect) to one another. (Which is) the very thing it was required to show. 
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"Edy δύο εὐϑεῖαι τέμνωσιν ἀλλήλας, τὰς κατὰ κορυφὴν γωνίας ἴσας ἀλλήλαις ποιοῦσιν. 


Δύο γὰρ εὐϑεῖαι αἱ AB, TA τεμνέτωσαν ἀλλήλας κατὰ τὸ E σημεῖον" λέγω, ὅτι ἴση ἐστὶν ἣ μὲν 
ὑπὸ AED γωνία τῇ ὑπὸ AEB, ἣ δὲ ὑπὸ ΤῈΒ τῇ ὑπὸ AEA, 


"Exel γὰρ εὐϑεῖα ἡ AE ἐπ᾽ εὐϑεῖαν τὴν TA ἐφέστηκε γωνίας ποιοῦσα τὰς ὑπὸ TEA, AEA, αἱ 
ἄρα ὑπὸ TEA, AEA γωνίαι δυσὶν ὀρϑαῖς ἴσαι εἰσίν. πάλιν, ἐπεὶ εὐϑεῖα 4 AE én εὐϑεῖαν τὴν 
AB ἐφέστηκε γωνίας ποιοῦσα τὰς ὑπὸ AEA, AEB, αἱ ἄρα ὑπὸ AEA, ΔΕΒ γωνίαι δυσὶν ὀρϑαῖς 
ἴσαι εἰσίν. ἐδείχϑησαν δὲ καὶ αἱ ὑπὸ TEA, AEA δυσὶν ὀρϑαῖς ἴσαι: a ἄρα ὑπὸ TEA, AEA ταῖς 
ὑπὸ ABA, AEB ἴσαι εἰσίν. κοινὴ ἀφῃρήσϑω ἣ ὑπὸ AEA: λοιπὴ ἄρα ἣ ὑπὸ TEA λοιπῇ τῇ ὑπὸ 
BEA ἴση ἐστίν: ὁμοίως δὴ δειχϑήσεται, ὅτι καὶ αἱ ὑπὸ ΓΕΒ, AEA ἴσαι εἰσίν. 


᾿ὰν ἄρα δύο εὐϑεῖαι τέμνωσιν ἀλλήλας, τὰς κατὰ κορυφὴν γωνίας ἴσας ἀλλήλαις ποιοῦσιν: ὅπερ 


ἔδει δεῖξαι. 
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If two straight-lines cut one another then they make the vertically opposite angles equal to one 
another. 


For let the two straight-lines AB and C’D cut one another at the point ΚΕ". I say that angle AEC is 
equal to (angle) DEB, and (angle) CEB to (angle) AED. 


For since the straight-line AF stands on the straight-line CD, making the angles CEA and AED, 
the angles CEA and AED are thus equal to two right-angles [Prop. 1.13]. Again, since the 
straight-line DE stands on the straight-line AB, making the angles AED and DEB, the angles 
AED and DEB are thus equal to two right-angles [Prop. 1.13]. But CEA and AED were also 
shown (to be) equal to two right-angles. Thus, CEA and AED are equal to AED and DEB 
[C.N. 1]. Let AED have been subtracted from both. Thus, the remainder ΟἽΑ is equal to the 
remainder BED [C.N. 3]. Similarly, it can be shown that CEB and DEA are also equal. 


Thus, if two straight-lines cut one another then they make the vertically opposite angles equal to 
one another. (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


iS 


H 


Παντὸς τριγώνου μιᾶς τῶν πλευρῶν προσεκβληϑείσης ἣ ἐκτὸς γωνία ἑκατέρας τῶν ἐντὸς καὶ 
ἀπεναντίον γωνιῶν μείζων ἐστίν. 


Ἔστω τρίγωνον τὸ ΑΒ], καὶ προσεκβεβλήσϑω αὐτοῦ μία πλευρὰ 7 BY ἐπὶ τὸ Δ’ λέγω, ὅτι ἣ 
ἐκτὸς γωνία ἣ ὑπὸ AVA μείζων ἐστὶν ἑκατέρας τῶν ἐντὸς καὶ ἀπεναντίον τῶν ὑπὸ TBA, BAT 
γωνιῶν. 


Ἰετμήσϑω ἣ AT δίχα κατὰ τὸ E, καὶ ἐπιζευχϑεῖσα ἡ BE ἐκβεβλήσϑω ἐπ᾽ εὐϑείας ἐπὶ τὸ Ζ, καὶ 
γχείσϑω τῇ ΒΕ ἴση ἣ ΕΖ, καὶ ἐπεζεύχϑω ἣ ZV, καὶ διήχϑω 7 AT ἐπὶ τὸ Η. 


"Enel οὖν ἴση ἐστὶν ἣ μὲν AE τῇ ET, ἣ δὲ BE τῇ ΕΖ, δύο δὴ αἱ AE, EB δυσὶ ταῖς TE, EZ 
ἴσαι εἰσὶν ἑκατέρα ἑκατέρα" καὶ γωνία ἣ ὑπὸ AEB γωνίᾳ τῇ ὑπὸ ZET ἴση ἐστίν: κατὰ κορυφὴν 
γάρ: βάσις ἄρα ἣ AB βάσει τῇ ZT ἴση ἐστίν, καὶ τὸ ABE τρίγωνον τῷ ΖΕ] τριγώνῳ ἐστὶν 
ἴσον, καὶ αἱ λοιπαὶ γωνίαι ταῖς λοιπαῖς γωνίαις ἴσαι εἰσὶν ἑκατέρα ἑκατέρᾳ, ὑφ᾽ ἃς αἱ ἴσας πλευραὶ 
ὑποτείνουσιν" ἴση ἄρα ἐστὶν ἡ ὑπὸ BAE τῇ ὑπὸ Ε΄ “Ζ. μείζων δέ ἐστιν ἡἣ ὑπὸ EVA τῆς ὑπὸ EVZ: 
μείζων ἄρα ἣ ὑπὸ ATA τῆς ὑπὸ BAE. Ὁμοίως δὴ τῆς BI τετμημένης δίχα δειχϑήσεται καὶ ἣ 
ὑπὸ BIH, τουτέστιν 7 ὑπὸ ATA, μείζων καὶ τῆς ὑπὸ ABI. 


Παντὸς ἄρα τριγώνου μιᾶς τῶν πλευρῶν προσεμβληϑείσης ἣ ἐκτὸς γωνία ἑκατέρας τῶν ἐντὸς 
καὶ ἀπεναντίον γωνιῶν μείζων ἐστίν: ὅπερ ἔδει δεῖξαι. 
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Proposition 16 


A Ε 


G 


For any triangle, when one of the sides is produced, the external angle is greater than each of the 
internal and opposite angles. 


Let ABC be a triangle, and let one of its sides BC have been produced to D. I say that the 
external angle AC'D is greater than each of the internal and opposite angles, CBA and BAC. 


Let the (straight-line) AC’ have been cut in half at (point) & [Prop. 1.10]. And BE being joined, 
let it have been produced in a straight-line to (point) Ε΄. And let EF be made equal to BE 
[Prop. 1.3], and let FC have been joined, and let AC’ have been drawn through to (point) G. 


Therefore, since AF is equal to EC, and BE to EF, the two (straight-lines) AE, ΕΒ are equal to 
the two (straight-lines) CE, EF, respectively. Also, angle ΑΕΒ is equal to angle FEC, for (they 
are) vertically opposite [Prop. 1.15]. Thus, the base AB is equal to the base FC, and the triangle 
ABE is equal to the triangle FEC, and the remaining angles subtended by the equal sides are 
equal to the corresponding remaining angles [Prop. 1.4]. Thus, BAE is equal to ECF’. But ECD 
is greater than ECF’. Thus, AC D is greater than BAF. Similarly, by having cut BC in half, it can 
be shown (that) BCG—that is to say, AC D—(is) also greater than ABC. 


Thus, for any triangle, when one of the sides is produced, the external angle is greater than each 
of the internal and opposite angles. (Which is) the very thing it was required to show. 


°The implicit assumption that the point F lies in the interior of the angle ABC should be counted as an additional 
postulate. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


ιζ΄ 


B 1 Δ 


Παντὸς τριγώνου αἱ δύο γωνίαι δύο ὀρϑῶν ἐλάσσονές εἰσι πάντῇ μεταλαμβανόμεναι. 


Ἔστω τρίγωνον τὸ ABI™ λέγω, ὅτι τοῦ ABT’ τριγώνου αἱ δύο γωνίαι δύο ὀρϑῶν ἐλάττονές εἰσι 
πάντῃ μεταλαμβανόμεναι. 


᾿Ἐχβεβλήσϑω γὰρ ἣ BI ἐπὶ τὸ Δ. 


Kot ἐπεὶ τριγώνου tod ABI ἐκτός ἐστι γωνία ἣ ὑπὸ ATA, μείζων ἐστὶ τῆς ἐντὸς καὶ ἀπεναντίον 
τῆς ὑπὸ ABI. κοινὴ προσχείσϑω ἣ ὑπὸ ΑΓΒ’ αἱ ἄρα ὑπὸ ATA, ΑΓΒ τῶν ὑπὸ ABI, BVA 
μείζονές εἰσιν. ἀλλ᾽ αἱ ὑπὸ ATA, ΑΓΒ δύο ὀρϑαῖς ἴσαι εἰσίν: αἱ ἄρα ὑπὸ ABT, ΒΓΑ δύο ὀρϑῶν 
ἐλάσσονές εἰσιν. ὁμοίως δὴ δείξομεν, ὅτι καὶ αἱ ὑπὸ BAT’, ΑΓΒ δύο ὀρϑῶν ἐλάσσονές εἰσι καὶ 
ἔτι αἱ ὑπὸ ΓΑΒ, ABI. 


Παντὸς ἄρα τριγώνου αἱ δύο γωνίαι δύο ὀρϑῶν ἐλάσσονές εἰσι πάντῃ μεταλαμβανόμεναι: ὅπερ 


ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 17 


B C D 


For any triangle, (any) two angles are less than two right-angles, (the angles) being taken up in 
any (possible way). 


Let ABC be a triangle. I say that (any) two angles of triangle ABC are less than two right-angles, 
(the angles) being taken up in any (possible way). 


For let BC have been produced to D. 


And since the angle AC D is external to triangle ABC, it is greater than the internal and opposite 
angle ABC [Prop. 1.16]. Let AC'B have been added to both. Thus, the (angles) ACD and ACB 
are greater than the (angles) ABC and BCA. But, ACD and ACB are equal to two right-angles 
[Prop. 1.13]. Thus, ABC and BCA are less than two right-angles. Similarly, we can show that 
BAC and ACB are also less than two right-angles, and again CAB and ABC (are less than two 
right-angles). 


Thus, for any triangle, (any) two angles are less than two right-angles, (the angles) being taken 
up in any (possible way). (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


΄ὔ 


Oi 


Παντὸς τριγώνου ἣ μείζων πλευρὰ THY μείζονα γωνίαν ὑποτείνει. 


Ἔστω γὰρ τρίγωνον τὸ ABT μείζονα ἔχον τὴν AV πλευρὰν τῆς AB: λέγω, ὅτι καὶ γωνία ἣ ὑπὸ 
ABT μείζων ἐστὶ τῆς ὑπὸ BIA: 


"Exel γὰρ μείζων ἐστὶν ἣ AT τῆς ΑΒ, κείσϑω τῇ AB ἴση ἣ AA, καὶ ἐπεζεύχϑω ἡ ΒΔ. 
Kot ἐπεὶ τριγώνου tod BLA ἐκτός ἐστι γωνία ἣ ὑπὸ ΑΔΒ, μείζων ἐστὶ τῆς ἐντὸς καὶ ἀπεναντίον 
τῆς ὑπὸ ΔΙ Β’ ἴση δὲ ἡἣ ὑπὸ ΑΔΒ τῇ ὑπὸ ABA, ἐπεὶ καὶ πλευρὰ 7 AB τῇ AA ἐστιν ton: μείζων 
ἄρα καὶ ἣ ὑπὸ ABA τῆς ὑπὸ ΑΓΒ’ πολλῷ ἄρα H ὑπὸ ABT μείζων ἐστὶ τῆς ὑπὸ ATB. 


Παντὸς ἄρα τριγώνου ἣ μείζων πλευρὰ τὴν μείζονα γωνίαν ὑποτείνει’ ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 18 


B C 
For any triangle, the greater side subtends the greater angle. 


For let ABC be a triangle having side AC greater than AB. I say that angle ABC is also greater 
than BCA. 


For since AC is greater than AB, let AD be made equal to AB [Prop. 1.3], and let BD have been 
joined. 

And since angle ADB is external to triangle BCD, it is greater than the internal and opposite 
(angle) DCB. But ADB (is) equal to ABD, since side AB is also equal to side AD [Prop. 1.5]. 
Thus, ABD is also greater than ACB. Thus, ABC is much greater than ACB. 


Thus, for any triangle, the greater side subtends the greater angle. (Which is) the very thing it 
was required to show. 
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ιϑ΄ 


Παντὸς τριγώνου ὑπὸ τὴν μείζονα γωνίαν ἡ μείζων πλευρὰ ὑποτείνει. 


Ἔστω τρίγωνον τὸ ABI μείζονα ἔχον τὴν ὑπὸ ABT’ γωνίαν τῆς ὑπὸ BLA’ λέγω, ὅτι καὶ πλευρὰ 
ἢ AT πλευρᾶς τῆς AB μείζων ἐστίν. 

Εἰ γὰρ μή, Ator ἴση ἐστὶν ἣ AT τῇ ΑΒ ἢ ἐλάσσων: ἴση μὲν οὖν οὐκ ἔστιν ἣ AT τῇ ΑΒ’ ἴση γὰρ 
ἂν Ἦν χαὶ γωνία ἣ ὑπὸ ΑΒΓ τῇ ὑπὸ ΑΓΒ’ οὐκ ἔστι δέ: οὐκ ἄρα ἴση ἐστὶν ἣ AT τῇ ΑΒ. οὐδὲ 
μὴν ἐλάσσων ἐστὶν ἣ AT τῆς ΑΒ’ ἐλάσσων γὰρ ἂν ἣν καὶ γωνία ἣ ὑπὸ ABI τῆς ὑπὸ ΑΓΒ: οὐχ 
ἔστι δέ: οὐκ ἄρα ἐλάσσων ἐστὶν ἡ AT τῆς AB. ἐδείχϑη δέ, ὅτι οὐδὲ ἴση ἐστίν. μείζων ἄρα ἐστὶν 
ἡ AT τῆς AB. 


Παντὸς ἄρα τριγώνου ὑπὸ τὴν μείζονα γωνίαν ἣ μείζων πλευρὰ ὑποτείνει: ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 19 


A 


ς 


For any triangle, the greater angle is subtended by the greater side. 


Let ABC bea triangle having the angle ABC greater than BCA. I say that side AC is also greater 
than side AB. 


For if not, AC is certainly either equal to or less than AB. In fact, AC is not equal to AB. For 
then angle ABC would also have been equal to ACB [Prop. 1.5]. But it is not. Thus, AC is not 
equal to AB. Neither, indeed, is AC less than AB. For then angle ABC would also have been less 
than AC'B [Prop. 1.18]. But it is not. Thus, AC is not less than AB. But it was shown that (AC) 
is also not equal (to AB). Thus, AC is greater than AB. 


Thus, for any triangle, the greater angle is subtended by the greater side. (Which is) the very 
thing it was required to show. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


Β Tr 
Παντὸς τριγώνου αἱ δύο πλευραὶ τῆς λοιπῆς μείζονές εἰσι πάντῃ μεταλαμβανόμεναι. 


Ἔστω γὰρ τρίγωνον τὸ ABI™ λέγω, ὅτι τοῦ ABT τριγώνου αἱ δύο πλευραὶ τῆς λοιπῆς μείζονές 
εἰσι πάντῃ μεταλαμβανόμεναι, αἱ μὲν BA, AT τῆς BL, αἱ δὲ AB, ΒΤ τῆς AT, αἱ δὲ BI, ΤᾺ τῆς 
ΑΒ. 


Διήχϑω γὰρ ἣ BA ἐπὶ τὸ Δ σημεῖον, καὶ κείσϑω τῇ VA ἴση ἡ AA, not ἐπεζεύχϑω 7 AT. 


"Enel οὖν ἴση ἐστὶν ἣ AA τῇ AT, ἴση ἐστὶ καὶ γωνία ἣ ὑπὸ AAT τῇ ὑπὸ ΑΓΔ’ μείζων ἄρα ἣ 
ὑπὸ BVA τῆς ὑπὸ AAT™ χαὶ ἐπεὶ τρίγωνόν ἐστι τὸ ΔΙῚ μείζονα ἔχον τὴν ὑπὸ BLA γωνίαν τῆς 
ὑπὸ BAT, ὑπὸ δὲ τὴν μείζονα γωνίαν ἣ μείζων πλευρὰ ὑποτείνει, 7 ΔΒ ἄρα τῆς BI ἐστι μείζων. 
ἴση δὲ ἣ AA tH AI μείζονες ἄρα αἱ BA, AV τῆς BI™ ὁμοίως δὴ δείξομεν, ὅτι καὶ αἱ μὲν AB, 
BI τῆς VA μείζονές εἰσιν, αἱ δὲ BI, ΤᾺ τῆς AB. 


Παντὸς ἄρα τριγώνου αἱ δύο πλευραὶ τῆς λοιπῆς μείζονές εἰσι πάντῃ μεταλαμβανόμεναι: ὅπερ 


ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 
Proposition 20 


D 


B C 


For any triangle, (any) two sides are greater than the remaining (side), (the sides) being taken 
up in any (possible way). 


For let ABC be a triangle. I say that for triangle ABC (any) two sides are greater than the 
remaining (side), (the sides) being taken up in any (possible way). (So), BA and AC (are 
greater) than BC, AB and BC than AC, and BC and CA than AB. 


For let BA have been drawn through to point D, and let AD be made equal to C’A [Prop. 1.3], 
and let DC have been joined. 


Therefore, since DA is equal to AC, the angle ADC is also equal to AC'D [Prop. 1.5]. Thus, 
BCD is greater than ADC. And since triangle DCB has the angle BC'D greater than BDC, and 
the greater angle subtends the greater side [Prop. 1.19], DB is thus greater than BC’. But DA is 
equal to AC. Thus, BA and AC are greater than BC. Similarly, we can show that AB and BC 
are also greater than C'A, and BC and CA than AB. 


Thus, for any triangle, (any) two sides are greater than the remaining (side), (the sides) being 
taken up in any (possible way). (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


ux 


B Ι 


᾿Ἐὰν τριγώνου ἐπὶ μιᾶς τῶν πλευρῶν ἀπὸ τῶν περάτων δύο εὐϑεῖαι ἐντὸς συσταϑῶσιν, αἱ συ- 
σταϑεῖσαι τῶν λοιπῶν τοῦ τριγώνου δύο πλευρῶν ἐλάττονες μὲν ἔσονται, μείζονα δὲ γωνίαν 
περιέξουσιν. 


Teryovov γὰρ tod ABI ἐπὶ μιᾶς τῶν πλευρῶν τῆς BI ἀπὸ τῶν περάτων τῶν Β, Τ᾿ δύο εὐϑεῖαι 
ἐντὸς συνεστάτωσαν αἱ ΒΔ, ΔΙ᾽ λέγω, ὅτι αἱ BA, ΔΙ᾿ τῶν λοιπῶν τοῦ τριγώνου δύο πλευρῶν 
τῶν BA, AT ἐλάσσονες μέν εἰσιν, μείζονα δὲ γωνίαν περιέχουσι τὴν ὑπὸ BAT τῆς ὑπὸ BAT. 


Διήχϑω γὰρ 7 ΒΔ ἐπὶ τὸ E. καὶ ἐπεὶ παντὸς τριγώνου αἱ δύο πλευραὶ τῆς λοιπῆς μείζονές εἰσιν, 
τοῦ ABE ἄρα τριγώνου αἱ δύο πλευραὶ αἱ AB, AE τῆς ΒΕ μείζονές εἰσιν: κοινὴ προσκείσϑω ἣ 
EI™ αἱ ἄρα BA, AT τῶν BE, ED μείζονές εἰσιν. πάλιν, ἐπεὶ τοῦ TEA τριγώνου αἱ δύο πλευραὶ 
αἱ ΤῈ, EA τῆς TA μείζονές εἰσιν, κοινὴ προσχείσϑω ἣ ΔΒ’ αἱ ΤῈ, EB ἄρα τῶν VA, ΔΒ μείζονές 
εἰσιν. ἀλλὰ τῶν BE, ED μείζονες ἐδείχϑησαν αἱ ΒΑ, AI™ πολλῷ ἄρα αἱ BA, AT τῶν ΒΔ, AT 
μείζονές εἰσιν. 

Πάλιν, ἐπεὶ παντὸς τριγώνου ἣ ἐκτὸς γωνία τῆς ἐντὸς καὶ ἀπεναντίον μείζων ἐστίν, τοῦ ΓΔΕ 
ἄρα τριγώνου ἣ ἐκτὸς γωνία ἡ ὑπὸ BAT μείζων ἐστὶ τῆς ὑπὸ TEA. διὰ ταὐτὰ τοίνυν καὶ τοῦ 
ABE τριγώνου ἣ ἐχτὸς γωνία ἣ ὑπὸ [EB μείζων ἐστὶ τῆς ὑπὸ BAT. ἀλλὰ τῆς ὑπὸ TEB μείζων 
ἐδείχϑη 7 ὑπὸ ΒΔΙ πολλῷ ἄρα ἣ ὑπὸ BAT μείζων ἐστὶ τῆς ὑπὸ BAT. 


3 Ἂ yg ΄ὔ ᾿ς Ἃ ~ ~ ~ 2 N ~ / s ) ~ 2 N ~ 
Eayv XOX τριγώνου ETL μιᾶς τῶν πλευρῶν απὸ τῶν περάτων δύο εὐϑεῖαι εντος συσταϑῶσιν, 


αἱ συσταϑεῖσαι τῶν λοιπῶν τοῦ τριγώνου δύο πλευρῶν ἐλάττονες μέν εἰσιν, μείζονα δὲ γωνίαν 
περιέχουσιν" ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 21 


A 


B C 


If two internal straight-lines are constructed on one of the sides of a triangle, from its ends, the 
constructed (straight-lines) will be less than the two remaining sides of the triangle, but will 
encompass a greater angle. 


For let the two internal straight-lines BD and DC have been constructed on one of the sides BC 
of the triangle ABC, from its ends B and C (respectively). I say that BD and DC are less than 
the two remaining sides of the triangle BA and AC, but encompass an angle BDC greater than 
BAC. 


For let BD have been drawn through to ΚΕ. And since for every triangle (any) two sides are 
greater than the remaining (side) [Prop. 1.20], for triangle ABE the two sides AB and AE are 
thus greater than BE. Let EC’ have been added to both. Thus, BA and AC are greater than BE 
and EC’. Again, since in triangle CED the two sides CE and ED are greater than CD, let DB 
have been added to both. Thus, CE and ΕΒ are greater than CD and DB. But, BA and AC 
were shown (to be) greater than BE and EC. Thus, BA and AC are much greater than BD and 
DC. 


Again, since for every triangle the external angle is greater than the internal and opposite (angles) 
[Prop. 1.16], for triangle CDE the external angle BDC is thus greater than CED. Accordingly, 
for the same (reason), the external angle CEB of the triangle ABE is also greater than BAC. 
But, BDC was shown (to be) greater than CEB. Thus, BDC is much greater than BAC. 


Thus, if two internal straight-lines are constructed on one of the sides of a triangle, from its 


ends, the constructed (straight-lines) are less than the two remaining sides of the triangle, but 
encompass a greater angle. (Which is) the very thing it was required to show. 
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κβ΄ 


" Ὁ» 


"Ex τριῶν εὐϑειῶν, αἵ εἰσιν ἴσαι τρισὶ ταῖς δοϑείσαις [εὐϑείαις], τρίγωνον συστήσασϑαι: δεῖ δὲ 
τὰς δύο τῆς λοιπῆς μείζονας εἶναι πάντῃ μεταλαμβανομένας [διὰ τὸ καὶ παντὸς τριγώνου τὰς 
δύο πλευρὰς τῆς λοιπῆς μείζονας εἰναι πάντῃ μεταλαμβανομένας!]. 


Ἔστωσαν αἱ δοϑεῖσαι τρεῖς εὐθεῖαι αἱ A, B, T, ὧν αἱ δύο τῆς λοιπῆς μείζονες ἔστωσαν πάντῃ 
μεταλαμβανόμεναι, αἱ μὲν A, Β τῆς 1", αἱ δὲ A, Τ᾽ τῆς Β, καὶ ἔτι αἱ Β, Τ᾽ τῆς Av δεῖ δὴ ἐκ τῶν 
ἴσων ταῖς A, Β, Τ᾿ τρίγωνον συστήσασθαι. 


᾿Ἐκκείσϑω τις εὐϑεῖα ἣ AE πεπερασμένη μὲν κατὰ τὸ Δ ἄπειρος δὲ κατὰ τὸ E, καὶ κείσϑω τῇ 
μὲν A ἴση ἡ ΔΖ, τῇ δὲ Β ἴση ἡ ΖΗ, τῇ δὲ T ἴση ἣ ΗΘ: χαὶ κέντρῳ μὲν τῷ Ζ, διαστήματι 
δὲ τῷ ΖΔ κύκλος γεγράφϑω ὁ AKA: πάλιν κέντρῳ μὲν τῷ Η, διαστήματι δὲ τῷ HO χύχκλος 
γεγράφϑω 6 KAO, χαὶ ἐπεζεύχϑωσαν αἱ KZ, ΚΗ: λέγω, ὅτι ἐκ τριῶν εὐθειῶν τῶν ἴσων ταῖς A, 
Β, Τ᾽ τρίγωνον συνέσταται τὸ ΚΖΗ. 


‘Exel γὰρ τὸ Ζ σημεῖον κέντρον ἐστὶ τοῦ AKA χύχλου, ἴση ἐστὶν ἣ ΖΔ τῇ ZK: ἀλλὰ ἣ ΖΔ τῇ 
A ἐστιν ἴση. καὶ ἣ ΚΖ ἄρα τῇ A ἐστιν ἴση. πάλιν, ἐπεὶ τὸ Η σημεῖον κέντρον ἐστὶ τοῦ ΛΚΘ 
χκύχλου, ἴση ἐστὶν ἣ ΗΘ τῇ ΗΚ’ ἀλλὰ 7 ΗΘ τῇ 1 ἐστιν ton καὶ ἡ ΚΗ ἄρα τῇ TV ἐστιν ἴση. 
ἐστὶ δὲ καὶ ἣ ΖΗ τῇ Bion: αἱ τρεῖς ἄρα εὐϑεῖαι αἱ KZ, ZH, HK τρισὶ ταῖς A, B, Τ᾿ ἴσαι εἰσίν. 


"Ex τριῶν ἄρα εὐϑειῶν τῶν ΚΖ, ΖΗ, HK, αἵ εἰσιν ἴσαι τρισὶ ταῖς δοϑείσαις εὐϑείαις ταῖς A, B, 
1), τρίγωνον συνέσταται τὸ KZH: ὅπερ ἔδει ποιῆσαι. 
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Proposition 22 


A 
B 
C 
K 
D τ G H E 
L 


To construct a triangle from three straight-lines which are equal to three given [straight-lines]. It 
is necessary for two (of the straight-lines) to be greater than the remaining (one), (the straight- 
lines) being taken up in any (possible way) [on account of the (fact that) for every triangle (any) 
two sides are greater than the remaining (one), (the sides) being taken up in any (possible way) 
[Prop. 1.20] |. 


Let A, B, and C be the three given straight-lines, of which let (any) two be greater than the 
remaining (one), (the straight-lines) being taken up in (any possible way). (Thus), A and B (are 
greater) than C, A and C than B, and also B and C than A. So it is required to construct a 
triangle from (straight-lines) equal to A, B, and C. 


Let some straight-line DE be set out, terminated at D, and infinite in the direction of E. And let 
DF made equal to A [Prop. 1.3], and F'G equal to B [Prop. 1.3], and GH equal to C [Prop. 1.3]. 
And let the circle DK L have been drawn with center F and radius FD. Again, let the circle K LH 
have been drawn with center G and radius GH. And let kK F and KG have been joined. I say that 
the triangle Καὶ FG has been constructed from three straight-lines equal to A, B, and C. 


For since point F is the center of the circle DAL, ΕΠ) is equal to Fk. But, ΕΠ) is equal to A. 
Thus, KF is also equal to A. Again, since point G is the center of the circle LK H, GH is equal to 
GK. But, GH is equal to Οὐ. Thus, KG is also equal to Οὐ. And FG is equal to B. Thus, the three 
straight-lines KF’, FG, and GK are equal to A, B, and C (respectively). 


Thus, the triangle A FG has been constructed from the three straight-lines KF’, FG, and Gk, 


which are equal to the three given straight-lines A, B, and (Οἱ (respectively). (Which is) the very 
thing it was required to do. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


ὙΥ 


ie H B 


Πρὸς τῇ δοϑείσῃ εὐϑείᾳ καὶ τῷ πρὸς αὐτῃ σημείῳ TH δοϑείσῃ γωνία εὐθυγράμμῳ ἴσην γωνίαν 
εὐθύγραμμον συστήσασϑαι. 


Ἔστω ἣ μὲν δοϑεῖσα εὐθεῖα ἡ AB, τὸ δὲ πρὸς αὐτῇ σημεῖον τὸ A, H δὲ δοϑεῖσα γωνία 
εὐθύγραμμος ἣ ὑπὸ ATE: δεῖ δὴ πρὸς τῇ δοϑεῖσῃ εὐθείᾳ τῇ AB χκαὶ τῷ πρὸς αὐτῇ σημείῳ τῷ 
A τῇ δοϑείσῃ γωνίᾳ εὐθυγράμμῳ τῇ ὑπὸ ATE ἴσην γωνίαν εὐϑύγραμμον συστήσασθϑαι. 

Εἰλήφϑω ἐφ᾽ ἑκατέρας τῶν ΓΔ, TE τυχόντα σημεῖα τὰ Δ, E, καὶ ἐπεζεύχϑω ἣ AE’ καὶ ἐκ τριῶν 
εὐϑειῶν, αἵ εἰσιν ἴσαι τρισὶ ταῖς ΓΔ, ΔΕ, ΤῈ, τρίγωνον συνεστάτω τὸ ΑΖΗ, ὥστε ἴσην εἶναι τὴν 


μὲν ΓΔ τῇ ΑΖ, τὴν δὲ VE τῇ AH, not ἔτι τὴν AE τῇ ΖΗ. 


"Exel οὖν δύο αἱ AT, TE δύο ταῖς ZA, AH ἴσαι εἰσὶν ἑκατέρα ἑκατέρα, καὶ βάσις ἣ ΔΕ βάσει 
τῇ ΖΗ ἴση, γωνία ἄρα ἣ ὑπὸ ALE γωνίᾳ τῇ ὑπὸ ΖΛΗ ἐστιν ἴση. 


Πρὸς ἄρα τῇ δοϑείσῃ εὐθείᾳ τῇ AB καὶ τῷ πρὸς αὐτῇ σημείῳ τῷ A τῇ δοϑείσῃ γωνίᾳ 
εὐθυγράμμῳ τῇ ὑπὸ ATE ἴση γωνία εὐϑύγραμμος συνέσταται ἣ ὑπὸ ΖΛΗ: ὅπερ ἔδει ποιῆσαι. 
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ELEMENTS BOOK 1 


Proposition 23 


D 


x G B 


To construct a rectilinear angle equal to a given rectilinear angle at a (given) point on a given 
straight-line. 


Let AB be the given straight-line, A the (given) point on it, and DC E the given rectilinear angle. 
So it is required to construct a rectilinear angle equal to the given rectilinear angle DC'E at the 
(given) point A on the given straight-line AB. 


Let the points D and EF have been taken somewhere on each of the (straight-lines) CD and CE 
(respectively), and let DE have been joined. And let the triangle AF'G have been constructed 
from three straight-lines which are equal to CD, DE, and CE, such that ΟἿ is equal to AF, CE 
to AG, and also DE to FG [Prop. 1.22]. 


Therefore, since the two (straight-lines) DC, CE are equal to the two straight-lines ΓΑ, AG, 
respectively, and the base DE is equal to the base F'G, the angle DC E is thus equal to the angle 
FAG [Prop. 1.8]. 


Thus, the rectilinear angle Γ᾿ AG, equal to the given rectilinear angle DC'E, has been constructed 
at the (given) point A on the given straight-line 4B. (Which is) the very thing it was required to 
do. 
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XTOIXEION α΄ 
κδ΄ 


Α Δ 


Ζ 
I H 


᾿ὰν δύο τρίγωνα τὰς δύο πλευρὰς [ταῖς] δύο πλευραῖς ἴσας ἔχῃ ἑκατέραν ἑκατέρᾳ, τὴν δὲ 
γωνίαν τῆς γωνίας μείζονα ἔχῃ τὴν ὑπὸ τῶν ἴσων εὐϑειῶν περιεχομένην, καὶ τὴν βάσιν τῆς 
βάσεως μείζονα ἕξει. 


Ἔστω δύο τρίγωνα τὰ ABI, ΔΕΖ τὰς δύο πλευρὰς τὰς AB, AT ταῖς δύο πλευραῖς ταῖς ΔΕ, 
ΔΖ ἴσας ἔχοντα ἑκατέραν ἑκατέρᾳ, τὴν μὲν AB τῇ AE τὴν δὲ AT τῇ AZ, ἡ δὲ πρὸς τῷ A 
γωνία τῆς πρὸς τῷ Δ γωνίας μείζων ἔστω: λέγω, ὅτι καὶ βάσις H BI βάσεως τῆς ΕΖ μείζων 
ἐστίν. 


"Exel γὰρ μείζων ἣ ὑπὸ BAT γωνία τῆς ὑπὸ ΕΔΖ γωνίας, συνεστάτω πρὸς τῇ AE εὐϑείᾳ καὶ 
τῷ πρὸς αὐτῇ σημείῳ τῷ A τῇ ὑπὸ BAT γωνίᾳ ἴση ἡ ὑπὸ EAH, χαὶ κείσϑω ὁποτέρᾳ τῶν AT, 
ΔΖ ἴση ἣ AH, uct ἐπεζεύχϑωσαν αἱ EH, ΖΗ. 


"Exel οὖν ἴση ἐστὶν ἣ μὲν AB τῇ ΔΕ, ἡ δὲ AT τῇ ΔΗ, δύο δὴ αἱ BA, AT δυσὶ ταῖς ΕΔ, AH 
ἴσαι εἰσὶν ἑκατέρα ἑκατέρα καὶ γωνία ἣ ὑπὸ BAT γωνίᾳ τῇ ὑπὸ EAH ἴση: βάσις ἄρα ἣ BI 
βάσει τῇ EH ἐστιν ἴση. πάλιν, ἐπεὶ ἴση ἐστὶν 7 ΔΖ τῇ ΔΗ, ἴση ἐστὶ καὶ ἣ ὑπὸ AHZ γωνία τῇ 
ὑπὸ ΔΖΗ: μείζων ἄρα ἣ ὑπὸ ΔΖΗ τῆς ὑπὸ ΕΗΖ’ πολλῷ ἄρα μείζων ἐστὶν ἡ ὑπὸ ΕΖΗ τῆς 
ὑπὸ ΕΗΖ. not ἐπεὶ τρίγωνόν ἐστι τὸ EZH μείζονα ἔχον τὴν ὑπὸ ΕΖΗ γωνίαν τῆς ὑπὸ ΕΗΖ, 
ὑπὸ δὲ τὴν μείζονα γωνίαν ἣ μείζων πλευρὰ ὑποτείνει, μείζων ἄρα καὶ πλευρὰ ἣ EH τῆς ΕΖ. 
ἴση δὲ ἣ EH τῇ BI” μείζων ἄρα καὶ 7 BE τῆς ΕΖ. 


Ἐὰν ἄρα δύο τρίγωνα τὰς δύο πλευρὰς δυσὶ πλευραῖς ἴσας ἔχῃ ἑκατέραν ἑκατέρα, τὴν δὲ 


γωνίαν τῆς γωνίας μείζονα ἔχῃ τὴν ὑπὸ τῶν ἴσων εὐϑειῶν περιεχομένην, καὶ τὴν βάσιν τῆς 
βάσεως μείζονα ἕξει: ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 24 


A D 


F 
C G 


If two triangles have two sides equal to two sides, respectively, but (one) has the angle encom- 
passed by the equal straight-lines greater than the (corresponding) angle (in the other), then (the 
former triangle) will also have a base greater than the base (of the latter). 


Let ABC and DEF be two triangles having the two sides AB and AC equal to the two sides DE 
and DF’, respectively. (That is), AB to DE, and AC to DF. Let them also have the angle at A 
greater than the angle at D. I say that the base BC is greater than the base EF’. 


For since angle BAC is greater than angle EDF, let (angle) EDG, equal to angle BAC, have 
been constructed at point D on the straight-line DE [Prop. 1.23]. And let DG be made equal to 
either of AC or DF [Prop. 1.3], and let EG and FG have been joined. 


Therefore, since AB is equal to DE and AC to DG, the two (straight-lines) BA, AC are equal to 
the two (straight-lines) ED, DG, respectively. Also the angle BAC is equal to the angle EDG. 
Thus, the base BC is equal to the base EG [Prop. 1.4]. Again, since DF is equal to DG, angle 
DGF is also equal to angle DFG [Prop. 1.5]. Thus, DFG (is) greater than EGF. Thus, FFG 
is much greater than EGF’. And since triangle EF'G has angle EFG greater than EGF’, and the 
greater angle subtends the greater side [Prop. 1.19], side EG (is) thus also greater than EF’. But 
EG (is) equal to BC. Thus, BC (is) also greater than EF’. 


Thus, if two triangles have two sides equal to two sides, respectively, but (one) has the angle 
encompassed by the equal straight-lines greater than the (corresponding) angle (in the other), 
then (the former triangle) will also have a base greater than the base (of the latter). (Which is) 
the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


ue 


ΕΗ Ζ 


᾿ὰν δύο τρίγωνα τὰς δύο πλευρὰς δυσὶ πλευραῖς ἴσας ἔχῃ ἑκατέραν ἑκατέρα, τὴν δὲ βασίν 
τῆς βάσεως μείζονα ἔχῃ, καὶ τὴν γωνίαν τῆς γωνίας μείζονα ἕξει τὴν ὑπὸ τῶν ἴσων εὐϑειῶν 
περιεχομένην. 


Ἔστω δύο τρίγωνα τὰ ABT, ΔΕΖ τὰς δύο πλευρὰς τὰς AB, AV ταῖς δύο πλευραῖς ταῖς AE, ΔΖ 
ἴσας ἔχοντα ἑκατέραν ἑκατέρᾳ, τὴν μὲν AB τῇ AE, τὴν δὲ AT τῇ ΔΖ: βάσις δὲ ἡ BI βάσεως 
τῆς ΕΖ μείζων ἔστω: λέγω, ὅτι καὶ γωνία ἡἣ ὑπὸ BAT γωνίας τῆς ὑπὸ HAZ μείζων ἐστίν. 


Εἰ γὰρ μή, Ἦτοι ἴση ἐστὶν αὐτῇ Ἦ ἐλάσσων: ἴση μὲν οὖν οὐκ ἔστιν ἣ ὑπὸ BAT τῇ ὑπὸ ΕΔΖ’ ἴση 
γὰρ ἂν ἣν nat βάσις ἡἣ ΒΓ βάσει τῇ ΕΖ: οὐκ ἔστι δέ. οὐκ ἄρα ἴση ἐστὶ γωνία ἣ ὑπὸ BAT τῇ 
ὑπὸ ΕΔΖ: οὐδὲ μὴν ἐλάσσων ἐστὶν ἣ ὑπὸ BAT τῆς ὑπὸ ΕΔΖ" ἐλάσσων γὰρ ἂν Ἦν καὶ βάσις 
ἢ BI βάσεως τῆς EZ: οὐκ ἔστι δέ: οὐκ ἄρα ἐλάσσων ἐστὶν ἣ ὑπὸ BAT γωνία τῆς ὑπὸ ΕΔΖ. 


ἐδείχϑη δέ, ὅτι οὐδὲ ἴση" μείζων ἄρα ἐστὶν ἡ ὑπὸ BAT τῆς ὑπὸ ΕΔΖ. 
᾿Ἐὰν ἄρα δύο τρίγωνα τὰς δύο πλευρὰς δυσὶ πλευραῖς ἴσας ἔχῃ ἑκατέραν ἑκάτερα, τὴν δὲ βασίν 


τῆς βάσεως μείζονα ἔχῃ, καὶ τὴν γωνίαν τῆς γωνίας μείζονα ἕξει τὴν ὑπὸ τῶν ἴσων εὐϑειῶν 
περιεχομένην: ὅπερ ἔδει δεῖξαι. 
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Proposition 25 


A 


E F 


If two triangles have two sides equal to two sides, respectively, but (one) has a base greater than 
the base (of the other), then (the former triangle) will also have the angle encompassed by the 
equal straight-lines greater than the (corresponding) angle (in the latter). 


Let ABC and DEF be two triangles having the two sides AB and AC equal to the two sides DE 
and DF, respectively (That is), AB to DE, and AC to DF. And let the base BC be greater than 
the base EF’. I say that angle BAC is also greater than EDF. 


For if not, (BAC) is certainly either equal to or less than (EDF). In fact, BAC is not equal to 
EDF. For then the base BC would also have been equal to EF [Prop. 1.4]. But it is not. Thus, 
angle BAC is not equal to EDF’. Neither, indeed, is BAC less than EDF. For then the base BC 
would also have been less than EF [Prop. 1.24]. But it is not. Thus, angle BAC is not less than 
EDF. But it was shown that (BAC is) also not equal (to EDF). Thus, BAC is greater than 
EDF. 


Thus, if two triangles have two sides equal to two sides, respectively, but (one) has a base greater 
than the base (of the other), then (the former triangle) will also have the angle encompassed by 
the equal straight-lines greater than the (corresponding) angle (in the latter). (Which is) the very 
thing it was required to show. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


΄ 


ue 
A 
A 
᾿ Ε Ζ 
Β ἘΠ: 


᾿Ἐὰν δύο τρίγωνα τὰς δύο γωνίας δυσὶ γωνίαις ἴσας ἔχῃ ἑκαρέραν ἑκαρέρᾳ καὶ μίαν πλευρὰν μιᾷ 
πλευρᾷ ἴσην ἤτοι τὴν πρὸς ταῖς ἴσαις γωνίαις ἢ τὴν ὑποτείνουσαν ὑπὸ μίαν τῶν ἴσων γωνιῶν, καὶ 
τὰς λοιπὰς πλευρὰς ταῖς λοιπαῖς πλευραῖς ἴσας ἕξει [ἑκατέραν ἑκατέρᾳ] καὶ τὴν λοιπὴν γωνίαν 
τῇ λοιπῇ γωνίᾳ. 


Ἔστω δύο τρίγωνα τὰ ABT, AEZ τὰς δύο γωνίας τὰς ὑπὸ ABIL, BVA δυσὶ ταῖς ὑπὸ ΔΕΖ, 
ΕΖΔ ἴσας ἔχοντα ἑκατέραν ἑκατέρᾳ, τὴν μὲν ὑπὸ ABI τῇ ὑπὸ ΔΕΖ, τὴν δὲ ὑπὸ ΒΙᾺΑ τῇ ὑπὸ 
ΕΖΔ: ἐχέτω δὲ καὶ μίαν πλευρὰν μιᾷ πλευρᾷ ἴσην, πρότερον τὴν πρὸς ταῖς ἴσαις γωνίαις τὴν 
BI’ τῇ ΕΖ: λέγω, ὅτι καὶ τὰς λοιπὰς πλευρὰς ταῖς λοιπαῖς πλευραῖς ἴσας ἕξει ἑκατέραν ἑκατέρᾳ, 
τὴν μὲν AB τῇ AE τὴν δὲ AT τῇ ΔΖ, καὶ τὴν λοιπὴν γωνίαν τῇ λοιπῇ γωνίᾳ, τὴν ὑπὸ BAT τῇ 
ὑπὸ ΕΔΖ. 


Εἰ γὰρ ἄνισός ἐστιν ἣ AB τῇ AE, μία αὐτῶν μείζων ἐστίν. ἔστω μείζων ἡ AB, χαὶ κείσϑω τῇ 
AE ἴση 7 ΒΗ, καὶ ἐπεζεύχϑω ἣ HI. 


"Exel οὖν ἴση ἐστὶν ἣ μὲν ΒΗ τῇ ΔΕ, ἣ δὲ ΒΓ τῇ ΕΖ, δύο δὴ αἱ ΒΗ, ΒΓ δυσὶ ταῖς AE, EZ 
ἴσαι εἰσὶν ἑκατέρα ἑκατέρᾳ" καὶ γωνία 7 ὑπὸ HBT γωνίᾳ τῇ ὑπὸ ΔΕΖ ἴση ἐστίν: βάσις ἄρα ἣ 
HI βάσει τῇ ΔΖ ἴση ἐστίν, καὶ τὸ ΗΒ] τρίγωνον τῷ ΔΕΖ τριγώνῳ ἴσον ἐστίν, καὶ αἱ λοιπαὶ 
γωνίαι ταῖς λοιπαῖς γωνίαις ἴσαι ἔσονται, ὑφ᾽ ἃς αἱ ἴσας πλευραὶ ὑποτείνουσιν: ἴση ἄρα ἣ ὑπὸ 
HIB γωνία τῇ ὑπὸ ΔΖΗ. ἀλλὰ ἣ ὑπὸ ΔΖΕ τῇ ὑπὸ BLA ὑπόκειται ἴση καὶ ἣ ὑπὸ ΒΙῊ ἄρα τῇ 
ὑπὸ BLA ἴση ἐστίν, ἣ ἐλάσσων τῇ μείζονι: ὅπερ ἀδύνατον. οὐκ ἄρα ἄνισός ἐστιν ἣ AB τῇ AE. 
ton ἄρα. ἔστι δὲ καὶ ἡ BE τῇ ΕΖ ἴση δύο δὴ αἱ AB, BI’ δυσὶ ταῖς AE, EZ ἴσαι εἰσὶν ἑκατέρα 
ἑκατέρα" καὶ γωνία ἣ ὑπὸ ABI γωνίᾳ τῇ ὑπὸ AEZ ἐστιν ἴση: βάσις ἄρα ἣ AV βάσει τῇ ΔΖ ἴση 


ς N 


ἐστίν, καὶ λοιπὴ γωνία ἣ ὑπὸ BAT τῇ λοιπῇ γωνία τῇ ὑπὸ ΕΔΖ ἴση ἐστίν. 
᾿Αλλὰ δὴ πάλιν ἔστωσαν αἱ ὑπὸ τὰς ἴσας γωνίας πλευραὶ ὑποτείνουσαι ἴσαι, ὡς ἣ AB τῇ ΔΕ’ 


λέγω πάλιν, ὅτι καὶ αἱ λοιπαὶ πλευραὶ ταῖς λοιπαῖς πλευραῖς ἴσας ἔσονται, ἣ μὲν AT τῇ AZ, ἣ 
δὲ BY τῇ ΕΖ καὶ ἔτι ἣ λοιπὴ γωνία ἣ ὑπὸ BAT τῇ λοιπῇ γωνίᾳ τῇ ὑπὸ ΕΔΖ ἴση ἐστίν. Εἰ γὰρ 
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Proposition 26 


D 


E F 


B WC 


If two triangles have two angles equal to two angles, respectively, and one side equal to one 
side—in fact, either that by the equal angles, or that subtending one of the equal angles—then 
(the triangles) will also have the remaining sides equal to the [corresponding] remaining sides, 
and the remaining angle (equal) to the remaining angle. 


Let ABC and DEF be two triangles having the two angles ABC’ and BC'A equal to the two 
(angles) DEF and EF 'D, respectively. (That is) ABC to DEF, and BCA to ΕΕ ἢ. And let them 
also have one side equal to one side. First of all, the (side) by the equal angles. (That is) BC 
(equal) to EF’. I say that the remaining sides will be equal to the corresponding remaining sides. 
(That is) AB to DE, and AC to DF. And the remaining angle (will be equal) to the remaining 
angle. (That is) BAC to EDF. 


For if AB is unequal to DE then one of them is greater. Let AB be greater, and let BG be made 
equal to DE [Prop. 1.3], and let GC have been joined. 


Therefore, since BG is equal to DE, and BC to EF, the two (straight-lines) GB, BC '° are 
equal to the two (straight-lines) DE, EF, respectively. And angle GBC is equal to angle DEF. 
Thus, the base GC is equal to the base DF’, and triangle GBC is equal to triangle DEF, and the 
remaining angles subtended by the equal sides will be equal to the (corresponding) remaining 
angles [Prop. 1.4]. Thus, GCB (is equal) to DFE. But, DF'E was assumed (to be) equal to 
BCA. Thus, BCG is also equal to BCA, the lesser to the greater. The very thing (is) impossible. 
Thus, AB is not unequal to DE. Thus, (it is) equal. And BC is also equal to EF’. So the two 
(straight-lines) AB, BC are equal to the two (straight-lines) DE, EF’, respectively. And angle 
ABC is equal to angle DEF. Thus, the base AC is equal to the base DF’, and the remaining 
angle BAC is equal to the remaining angle EDF [Prop. 1.4]. 


But again, let the sides subtending the equal angles be equal: for instance, (let) AB (be equal) to 
DE. Again, I say that the remaining sides will be equal to the remaining sides. (That is) AC’ to 


l0The Greek text has “BG, BC”, which is obviously a mistake. 
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΄ 


us 


ἄνισός ἐστιν ἣ BI τῇ EZ, μία αὐτῶν μείζων ἐστίν. ἔστω μείζων, εἰ δυνατόν, ἡ BI, καὶ κείσϑω 
τῇ ΕΖ ἴση ἣ BO, χαὶ ἐπεζεύχϑω ἣ ΑΘ. καὶ ἐπὲι ἴση ἐστὶν ἣ μὲν ΒΘ τῇ EZ ἣ δὲ ΑΒ τῇ AE, 
δύο δὴ αἱ AB, ΒΘ δυσὶ ταῖς ΔΕ, EZ ἴσαι εἰσὶν ἑκατέρα ἑκαρέρα᾽ καὶ γωνίας ἴσας περιέχουσιν" 
βάσις ἄρα ἣ ΛΘ βάσει τῇ AZ ἴση ἐστίν, καὶ τὸ ABO τρίγωνον τῷ ΔΕΖ, τριγώνῳ ἴσον ἐστίν, 
καὶ αἱ λοιπαὶ γωνίαι ταῖς λοιπαῖς γωνίαις ἴσαι ἔσονται, by ἃς αἱ ἴσας πλευραὶ ὑποτείνουσιν᾽ ἴση 
ἄρα ἐστὶν ἣ ὑπὸ BOA γωνία τῇ ὑπὸ ΕΖΔ. ἀλλὰ ἡ ὑπὸ ΕΖΔ τῇ ὑπὸ BIA ἐστιν ἴση" τριγώνου 
δὴ τοῦ AOL ἣ ἐκτὸς γωνία ἣ ὑπὸ BOA ἴση ἐστὶ τῇ ἐντὸς καὶ ἀπεναντίον τῇ ὑπὸ BIA’ ὅπερ 
ἀδύνατον. οὐκ ἄρα ἄνισός ἐστιν ἡ BI’ τῇ EZ: ἴση ἄρα. ἐστὶ δὲ καὶ ἣ AB τῇ AE ἴση. δύο δὴ αἱ 
AB, ΒΓ δύο ταῖς AE, EZ ἴσαι εἰσὶν ἑκατέρα ἑκατέρᾳ" καὶ γωνίας ἴσας περιέχουσι: βάσις ἄρα ἣ 
AT βάσει τῇ ΔΖ ἴση ἐστίν, καὶ τὸ ABI τρίγωνον τῷ AEZ τριγώνῳ ἴσον καὶ λοιπὴ γωνία ἣ ὑπὸ 
BAT τῇ λοιπὴ γωνίᾳ τῇ ὑπὸ EAZ ἴση. 


᾿Ἐὰν ἄρα δύο τρίγωνα τὰς δύο γωνίας δυσὶ γωνίαις ἴσας ἔχῃ ἑκαρέραν ἑκαρέρᾳ καὶ μίαν πλευρὰν 
μιᾷ πλευρᾷ ἴσην ἤτοι τὴν πρὸς ταῖς ἴσαις γωνίαις, ἢ τὴν ὑποτείνουσαν ὑπὸ μίαν τῶν ἴσων γωνιῶν, 
nal τὰς λοιπὰς πλευρὰς ταῖς λοιπαῖς πλευραῖς ἴσας ἕξει καὶ τὴν λοιπὴν γωνίαν τῇ λοιπῇ γωνίᾳ" 


ὅπερ ἔδει δεῖξαι. 
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DF, and BC to EF. Furthermore, the remaining angle BAC is equal to the remaining angle 
EDF. For if BC is unequal to EF then one of them is greater. If possible, let BC be greater. And 
let BH be made equal to E'F [Prop. 1.3], and let AH have been joined. And since BH is equal 
to EF, and AB to DE, the two (straight-lines) AB, BH are equal to the two (straight-lines) DE, 
EF, respectively. And the angles they encompass (are also equal). Thus, the base AH is equal 
to the base DF’, and the triangle ABH is equal to the triangle DEF’, and the remaining angles 
subtended by the equal sides will be equal to the (corresponding) remaining angles [Prop. 1.4]. 
Thus, angle BH A is equal to ΚΕ). But, EF'D is equal to BCA. So, for triangle AHC, the exter- 
nal angle BH A is equal to the internal and opposite angle BC'A. The very thing (is) impossible 
[Prop. 1.16]. Thus, BC is not unequal to EF’. Thus, (it is) equal. And AB is also equal to DE. So 
the two (straight-lines) AB, BC are equal to the two (straight-lines) DE, EF’, respectively. And 
they encompass equal angles. Thus, the base AC is equal to the base DF’, and triangle ABC (is) 
equal to triangle DEF’, and the remaining angle BAC (is) equal to the remaining angle EDF 
[Prop. 1.4]. 


Thus, if two triangles have two angles equal to two angles, respectively, and one side equal to one 
side—in fact, either that by the equal angles, or that subtending one of the equal angles—then 
(the triangles) will also have the remaining sides equal to the (corresponding) remaining sides, 
and the remaining angle (equal) to the remaining angle. (Which is) the very thing it was required 
to show. 
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᾿Ἐὰν εἰς δύο εὐϑείας εὐϑεῖα ἐμπίπτουσα τὰς ἐναλλὰξ γωνίας ἴσας ἀλλήλαις ποιῇ, παράλληλοι 
ἔσονται ἀλλήλαις αἱ εὐϑεῖαι. 


Εἰς γὰρ δύο εὐϑείας τὰς AB, PA εὐϑεῖα ἐμπίπτουσα ἣ ΕΖ τὰς ἐναλλὰξ γωνίας τὰς ὑπὸ AEZ, 
ΕΖΔ ἴσας ἀλλήλαις ποιείτω" λέγω, ὅτι παράλληλός ἐστιν ἣ ΛΒ τῇ TA. 


Εἰ γὰρ μή, ἐκβαλλόμεναι αἱ AB, TA συμπεσοῦνται ἤτοι ἐπὶ τὰ Β, Δ μέρη ἢ ἐπὶ τὰ A, T. 
ἐκβεβλήσϑωσαν καὶ συμπιπτέτωσαν ἐπὶ τὰ Β, Δ μέρη κατὰ τὸ Η. τριγώνου δὴ τοῦ ΗΕΖ ἣ 
ἐκτὸς γωνία ἡ ὑπὸ AEZ ἴση ἐστὶ τῇ ἐντὸς καὶ ἀπεναντίον τῇ ὑπὸ ΕΖΗ: ὅπερ ἐστὶν ἀδύνατον" 
οὐκ ἄρα αἱ AB, AT ἐκβαλλόμεναι συμπεσοῦνται ἐπὶ τὰ B, A μέρη. ὁμοίως δὴ δειχϑήσεται, ὅτι 
οὐδὲ ἐπὶ τὰ A, Τ᾿ αἱ δὲ ἐπὶ μηδέτερα τὰ μέρη συμπίπτουσαι παράλληλοί εἰσιν: παράλληλος ἄρα 
ἐστὶν ἣ AB τῇ VA. 


᾿ὰν ἄρα εἰς δύο εὐϑείας εὐϑεῖα ἐμπίπτουσα τὰς ἐναλλὰξ γωνίας ἴσας ἀλλήλαις NOH, παράλληλοι 
ἔσονται αἱ εὐϑεῖαι" ὅπερ ἔδει δεῖξαι. 
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Proposition 27 


If a straight-line falling across two straight-lines makes the alternate angles equal to one another 
then the (two) straight-lines will be parallel to one another. 


For let the straight-line EF’, falling across the two straight-lines AB and (1), make the alternate 
angles AFF and EF'D equal to one another. I say that AB and CD are parallel. 


For if not, being produced, AB and C'D will certainly meet together: either in the direction of B 
and D, or (in the direction) of A and C [Def. 1.23]. Let them have been produced, and let them 
meet together in the direction of B and D at (point) G. So, for the triangle GEF,, the external 
angle AEF is equal to the interior and opposite (angle) EF'G. The very thing is impossible 
[Prop. 1.16]. Thus, being produced, AB and DC will not meet together in the direction of B and 
D. Similarly, it can be shown that neither (will they meet together) in (the direction of) A and C. 
But (straight-lines) meeting in neither direction are parallel [Def. 1.23]. Thus, AB and CD are 
parallel. 


Thus, if a straight-line falling across two straight-lines makes the alternate angles equal to one 


another then the (two) straight-lines will be parallel (to one another). (Which is) the very thing 
it was required to show. 


65 


ΣΤΟΙΧΗΙΩ͂Ν α΄ 


΄ὔ 


χη 


2 


Ἐὰν εἰς δύο εὐϑείας εὐϑεῖα ἐμπίπτουσα τὴν ἐκτὸς γωνίαν τῇ ἐντὸς καὶ ἀπεναντίον καὶ ἐπὶ τὰ 
αὐτὰ μέρη ἴσην ποιῇ ἢ τὰς ἐντὸς καὶ ἐπὶ τὰ αὐτὰ μέρη δυσὶν ὀρϑαῖς ἴσας, παράλληλοι ἔσονται 
ἀλλήλαις αἱ εὐϑεῖαι. 


Εἰς γὰρ δύο εὐϑείας τὰς AB, VA εὐϑεῖα ἐμπίπτουσα ἡ EZ τὴν ἐκτὸς γωνίαν τὴν ὑπὸ ΕΗΒ τῇ 


ἐντὸς καὶ ἀπεναντίον γωνίᾳ τῇ ὑπὸ ΗΘΔ ἴσην ποιείτω H τὰς ἐντὸς καὶ ἐπὶ τὰ αὐτὰ μέρη τὰς 
ὑπὸ ΒΗΘ, ΗΘΔ δυσὶν ὀρϑαῖς ἴσας: λέγω, ὅτι παράλληλός ἐστιν ἣ AB τῇ TA. 


᾿πεὶ γὰρ ἴση ἐστὶν ἣ ὑπὸ ΕΗΒ τῇ ὑπὸ ΗΘΔ, ἀλλὰ ἣ ὑπὸ ΕΗΒ τῇ ὑπὸ ΑΗΘ ἐστιν ἴση, καὶ ἣ 


ὑπὸ ΛΗΘ ἄρα τῇ ὑπὸ ΗΘΔ ἐστιν ἴση: καί εἰσιν ἐναλλάξ: παράλληλος ἄρα ἐστὶν ἡ AB τῇ TA. 
Πάλιν, ἐπεὶ αἱ ὑπὸ ΒΗΘ, ΗΘΔ δύο ὀρϑαῖς ἴσαι εἰσίν, εἰσὶ δὲ καὶ αἱ ὑπὸ ΛΗΘ, ΒΗΘ δυσὶν 
ὀρϑοαῖς ἴσαι, αἱ ἄρα ὑπὸ AHO, ΒΗΘ ταῖς ὑπὸ ΒΗΘ, ΗΘΔ ἴσαι εἰσίν: κοινὴ ἀφῃρήσϑω ἣ ὑπὸ 
ΒΗΘ: λοιπὴ ἄρα ἡἣ ὑπὸ ΛΗΘ λοιπῇ τῇ ὑπὸ ΗΘΔ ἐστιν ἴση: καί εἰσιν ἐναλλάξ: παράλληλος 
ἄρα ἐστὶν ἣ AB τῇ TA. 


"Ey ἄρα εἰς δύο εὐϑείας εὐϑεῖα ἐμπίπτουσα τὴν ἐκτὸς γωνίαν τῇ ἐντὸς καὶ ἀπεναντίον καὶ ἐπὶ τὰ 


αὐτὰ μέρη ἴσην ποιῇ ἢ τὰς ἐντὸς καὶ ἐπὶ τὰ αὐτὰ μέρη δυσὶν ὀρϑαῖς ἴσας, παράλληλοι ἔσονται 
αἱ εὐϑεῖαι: ὅπερ ἔδει δεῖξαι. 
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Proposition 28 


F 


If a straight-line falling across two straight-lines makes the external angle equal to the internal 
and opposite angle on the same side, or (makes) the internal (angles) on the same side equal to 
two right-angles, then the (two) straight-lines will be parallel to one another. 


For let EF’, falling across the two straight-lines AB and (1), make the external angle EGB equal 
to the internal and opposite angle GHD, or the internal (angles) on the same side, BG'H and 
GHD, equal to two right-angles. I say that AB is parallel to CD. 


For since (in the first case) EGB is equal to GHD, but EGB is equal to AGH [Prop. 1.15], 
AGH is thus also equal to GHD. And they are alternate (angles). Thus, AB is parallel to CD 
[Prop. 1.27]. 


Again, since (in the second case) BGH and GHD are equal to two right-angles, and AG'H and 
BGH are also equal to two right-angles [Prop. 1.13], AGH and BGH are thus equal to BGH 
and GHD. Let BGH have been subtracted from both. Thus, the remainder AGH is equal to the 
remainder GHD. And they are alternate (angles). Thus, AB is parallel to CD [Prop. 1.27]. 


Thus, if a straight-line falling across two straight-lines makes the external angle equal to the 
internal and opposite angle on the same side, or (makes) the internal (angles) on the same side 
equal to two right-angles, then the (two) straight-lines will be parallel (to one another). (Which 
is) the very thing it was required to show. 
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Ἡ εἰς τὰς παραλλήλους εὐϑείας εὐϑεῖα ἐμπίπτουσα τάς te ἐναλλὰξ γωνίας ἴσας ἀλλήλαις ποιεῖ 
nal τὴν ἐκτὸς τῇ ἐντὸς καὶ ἀπεναντίον ἴσην καὶ τὰς ἐντὸς καὶ ἐπὶ τὰ αὐτὰ μέρη δυσὶν ὀρϑαῖς 
ἴσας. 


Εἰς γὰρ παραλλήλους εὐϑείας τὰς ΑΒ, ΓΔ εὐϑεῖα ἐμπιπτέτω ἡ EZ: λέγω, ὅτι τὰς ἐναλλὰξ γωνίας 
τὰς ὑπὸ AHO, ΗΘΔ ἴσας ποιεῖ καὶ τὴν ἐκτὸς γωνίαν τὴν ὑπὸ EHB τῇ ἐντὸς καὶ ἀπεναντίον τῇ 
ὑπὸ ΗΘΔ ἴσην uct τὰς ἐντὸς καὶ ἐπὶ τὰ αὐτὰ μέρη τὰς ὑπὸ ΒΗΘ, ΗΘΔ δυσὶν ὀρϑαῖς ἴσας. 


Εἰ γὰρ ἄνισός ἐστιν ἣ ὑπὸ ΛΗΘ τῇ ὑπὸ HOA, μία αὐτῶν μείζων ἐστίν. ἔστω μείζων 7 
ὑπὸ ΛΗΘ: χοινὴ προσχείσϑω ἡ ὑπὸ BHO: αἱ ἄρα ὑπὸ AHO, ΒΗΘ τῶν ὑπὸ ΒΗΘ, ΗΘΔ 
μείζονές εἰσιν. ἀλλὰ αἱ ὑπὸ ΛΗΘ, ΒΗΘ δυσὶν ὀρϑαῖς ἴσαι εἰσίν. [καὶ] αἱ ἄρα ὑπὸ ΒΗΘ, 
ΗΘΔ δύο ὀρϑῶν ἐλάσσονές εἰσιν. αἱ δὲ ἀπ᾿ ἐλασσόνων ἢ δύο ὀρϑῶν ἐκβαλλόμεναι εἰς ἄπειρον 
συμπίπουσιν: αἱ ἄρα AB, ΓΔ ἐκβαλλόμεναι εἰς ἄπειρον συμπεσοῦνται: οὐ συμπίπτουσι δὲ διὰ 
τὸ παραλλήλους αὑτὰς ὑποχεῖσϑαι: οὐκ ἄρα ἄνισός ἐστιν ἣ ὑπὸ ΛΗΘ τῇ ὑπὸ HOA: ἴση ἄρα. 
ἀλλὰ 7 ὑπὸ ΛΗΘ τῇ ὑπὸ ΕΗΒ ἐστιν ἴση καὶ ἣ ὑπὸ ΕΗΒ ἄρα τῇ ὑπὸ ΗΘΔ ἐστιν ton’ κοινὴ 
προσχείσϑω ἣ ὑπὸ BHO: αἱ ἄρα ὑπὸ ΕΗΒ, ΒΗΘ ταῖς ὑπὸ ΒΗΘ, ΗΘΔ ἴσαι εἰσίν. ἀλλὰ αἱ 
ὑπὸ EHB, ΒΗΘ δύο ὀρϑαῖς ἴσαι εἰσίν: καὶ αἱ ὑπὸ ΒΗΘ, HOA ἄρα δύο ὀρϑαῖς ἴσαι εἰσίν. 


Ἡ ἄρα εἰς τὰς παραλλήλους εὐϑείας εὐϑεῖα ἐμπίπτουσα τάς τε ἐναλλὰξ γωνίας ἴσας ἀλλήλαις 


ποιεῖ καὶ τὴν ἐκτὸς τῇ ἐντὸς καὶ ἀπεναντίον ἴσην καὶ τὰς ἐντὸς καὶ ἐπὶ τὰ αὐτὰ μέρη δυσὶν 
ὀρϑοαῖς ἴσας" ὅπερ ἔδει δεῖξαι. 
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Proposition 29 
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A straight-line falling across parallel straight-lines makes the alternate angles equal to one an- 
other, the external (angle) equal to the internal and opposite (angle), and the internal (angles) 
on the same side equal to two right-angles. 


For let the straight-line EF fall across the parallel straight-lines AB and (1). I say that it makes 
the alternate angles, AGH and GHD, equal, the external angle EG'B equal to the internal and 
opposite (angle) GH D, and the internal (angles) on the same side, BGH and GHD, equal to two 
right-angles. 


For if AGH is unequal to GHD then one of them is greater. Let AGH be greater. Let BGH have 
been added to both. Thus, AGH and BGH are greater than BGH and GHD. But, AGH and 
BGH are equal to two right-angles [Prop 1.13]. Thus, BGH and GHD are [also] less than two 
right-angles. But (straight-lines) being produced to infinity from (internal angles) less than two 
right-angles meet together [Post.5]. Thus, ΑΒ and CD, being produced to infinity, will meet 
together. But they do not meet, on account of them (initially) being assumed parallel (to one 
another) [Def. 1.23]. Thus, AGH is not unequal to GH D. Thus, (it is) equal. But, AGH is equal 
to EGB [Prop. 1.15]. And EGB is thus also equal to GHD. Let BGH be added to both. Thus, 
EGB and BGH are equal to BGH and GHD. But, EGB and BGH are equal to two right-angles 
[Prop. 1.13]. Thus, BGH and GHD are also equal to two right-angles. 


Thus, a straight-line falling across parallel straight-lines makes the alternate angles equal to one 


another, the external (angle) equal to the internal and opposite (angle), and the internal (angles) 
on the same side equal to two right-angles. (Which is) the very thing it was required to show. 
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Al τῇ αὐτῇ εὐϑείᾳ παράλληλοι καὶ ἀλλήλαις εἰσὶ παράλληλοι. 

Ἔστω ἑκατέρα τῶν AB, TA τῇ ΕΖ παράλληλος: λέγω, ὅτι καὶ ἣ AB τῇ VA ἐστι παράλληλος. 
᾿Εμπιπτέτω γὰρ εἰς αὐτὰς εὐθεῖα ἣ ΗΚ. 

Kot ἐπεὶ εἰς παραλλήλους εὐϑείας τὰς ΑΒ, EZ εὐϑεῖα ἐμπέπτωκεν 7 ΗΚ, ἴση ἄρα ἣ ὑπὸ AHK 
τῇ ὑπὸ ΗΘΖ. πάλιν, ἐπεὶ εἰς παραλλήλους εὐϑείας τὰς EZ, TA εὐϑεῖα ἐμπέπτωκεν ἡ HK, ἴση 
ἐστὶν ἣ ὑπὸ ΗΘΖ τῇ ὑπὸ ΗΚΖΔ. ἐδείχϑη δὲ καὶ ἣ ὑπὸ AHK τῇ ὑπὸ ΗΘΖ ἴση. καὶ ἣ ὑπὸ 
ΛΗΚ ἄρα τῇ ὑπὸ ΗΚΔ ἐστιν ton: καί etow ἐναλλάξ. παράλληλος ἄρα ἐστὶν ἣ AB τῇ TA. 


[Αἱ ἄρα τῇ αὐτῇ εὐθείᾳ παράλληλοι καὶ ἀλλήλαις εἰσὶ παράλληλοι: ὅπερ ἔδει δεῖξαι. 
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(Straight-lines) parallel to the same straight-line are also parallel to one another. 


Let each of the (straight-lines) AB and CD be parallel to EF’. I say that AB is also parallel to 
CD. 


For let the straight-line GK fall across (AB, CD, and EF). 


And since GK has fallen across the parallel straight-lines AB and EF, (angle) AGK (is) thus 
equal to GHF [Prop. 1.29]. Again, since G'K has fallen across the parallel straight-lines FF’ and 
CD, (angle) GHF is equal to GK ἢ [Prop. 1.29]. But AGK was also shown (to be) equal to 
GHF. Thus, AGK is also equal to Gk D. And they are alternate (angles). Thus, AB is parallel 
to CD |[Prop. 1.27]. 


[Thus, (straight-lines) parallel to the same straight-line are also parallel to one another.] (Which 
is) the very thing it was required to show. 
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Διὰ τοῦ δοϑέντος σημείου τῇ δοϑείσῃ εὐϑείᾳ παράλληλον εὐϑεῖαν γραμμὴν ἀγαγεῖν. 


Ἔστω τὸ μὲν δοϑὲν σημεῖον τὸ A, ἣ δὲ δοϑεῖσα εὐθεῖα ἡ BI δεῖ δὴ διὰ tod A σημείου τῇ 
ΒΤ εὐϑείᾳ παράλληλον εὐϑεῖαν γραμμὴν ἀγαγεῖν. 


Εἰλήφϑω ἐπὶ τῆς BV τυχὸν σημεῖον τὸ Δ, καὶ ἐπεζεύχϑω ἡ ΑΔ’ χκαὶ συνεστάτω πρὸς τῇ AA 
εὐϑείᾳ καὶ τῷ πρὸς αὐτῇ σημείῳ TH A τῇ ὑπὸ AAT γωνίᾳ ἴση ἡἣ ὑπὸ ΔΑΝ: καὶ ἐκβεβλήσϑω ἐπ᾽ 


εὐϑείας τῇ EA εὐϑεῖα ἡ ΑΖ. 


Καὶ ἐπεὶ εἰς δύο εὐϑείας τὰς BI, EZ εὐϑεῖα ἐμπίπτουσα 7 AA τὰς ἐναλλὰξ γωνίας τὰς ὑπὸ 
EAA, AAT ἴσας ἀλλήλαις πεποίηκεν, παράλληλος ἄρα ἐστὶν ἡ EAZ τῇ BI. 


Διὰ τοῦ δοϑέντος ἄρα σημείου τοῦ A τῇ δοϑείσῃ εὐθείᾳ τῇ BI παράλληλος εὐϑεῖα γραμμὴ 
Ἦχκται ἣ ΕΑΖ’ ὅπερ ἔδει ποιῆσαι. 
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To draw a straight-line parallel to a given straight-line through a given point. 


Let A be the given point, and BC the given straight-line. So it is required to draw a straight-line 
parallel to the straight-line BC through the point A. 


Let the point D have been taken somewhere on BC, and let AD have been joined. And let 
(angle) DAE, equal to angle ADC, have been constructed at the point A on the straight-line DA 
[Prop. 1.23]. And let the straight-line AF have been produced in a straight-line with EA. 


And since the straight-line AD, (in) falling across the two straight-lines BC and EF’, has made the 
alternate angles HAD and ADC equal to one another, F'AF is thus parallel to BC’ [Prop. 1.27]. 


Thus, the straight-line /AF has been drawn parallel to the given straight-line BC through the 
given point A. (Which is) the very thing it was required to do. 
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Παντὸς τριγώνου μιᾶς TOV πλευρῶν προσεμβληϑείσης ἣ ἐχτὸς γωνία δυσὶ ταῖς ἐντὸς nal ἀπε - 
ναντίον ἴση ἐστίν, καὶ αἱ ἐντὸς τοῦ τριγώνου τρεῖς γωνίαι δυσὶν ὀρϑαῖς ἴσαι εἰσίν. 


Ἔστω τρίγωνον τὸ ABIL, καὶ προσεκβεβλήσϑω αὐτοῦ μία πλευρὰ ἣ BI ἐπὶ τὸ Δ’ λέγω, ὅτι ἣ 
ἐκτὸς γωνία ἣ ὑπὸ ATA ἴση ἐστὶ δυσὶ ταῖς ἐντὸς καὶ ἀπεναντίον ταῖς ὑπὸ TAB, ABI, καὶ αἱ 
ἐντὸς τοῦ τριγώνου τρεῖς γωνίαι αἱ ὑπὸ ABI, BIA, ΓᾺΒ δυσὶν ὀρϑαῖς ἴσαι εἰσίν. 


Ἤχϑω γὰρ διὰ τοῦ T σημείου τῇ AB εὐϑείᾳ παράλληλος ἣ ΤῊ. 


Kot ἐπεὶ παράλληλός ἐστιν ἣ AB τῇ VE, χαὶ εἰς αὐτὰς ἐμπέπτωκεν ἡ AT, αἱ ἐναλλὰξ γωνίαι αἱ 
ὑπὸ BAT, ATE ἴσαι ἀλλήλαις εἰσίν. πάλιν, ἐπεὶ παράλληλός ἐστιν ἣ AB τῇ ΤῊ, καὶ εἰς αὐτὰς 
ἐμπέπτωκεν εὐϑεῖα ἣ ΒΔ, ἣ ἐκτὸς γωνία ἡ ὑπὸ ΕΔ ἴση ἐστὶ τῇ ἐντὸς καὶ ἀπεναντίον τῇ ὑπὸ 
ABT. ἐδείχϑη δὲ καὶ ἣ ὑπὸ ATE τῇ ὑπὸ BAT ἴση: ὅλη ἄρα H ὑπὸ ATA γωνία ἴση ἐστὶ δυσὶ 
ταῖς ἐντὸς καὶ ἀπεναντίον ταῖς ὑπὸ BAT, ABIL. 


Kowy προσκείσϑω 7 ὑπὸ ΑἸΓΒ’ αἱ ἄρα ὑπὸ ATA, ATVB τρισὶ ταῖς ὑπὸ ΑΒ], ΒΙΑ, ΓᾺΒ ἴσαι 
εἰσίν. ἀλλ᾽ αἱ ὑπὸ ΑΓΔ, ATB δυσὶν ὀρϑαῖς ἴσαι εἰσίν: καὶ αἱ ὑπὸ APB, ΓΒΑ, TAB ἄρα δυσὶν 
ὀρϑοαῖς ἴσαι εἰσίν. 

Παντὸς ἄρα τριγώνου μιᾶς τῶν πλευρῶν προσεχβληϑείσης ἣ ἐκτὸς γωνία δυσὶ ταῖς ἐντὸς καὶ 


ἀπεναντίον ἴση ἐστίν, καὶ αἱ ἐντὸς τοῦ τριγώνου τρεῖς γωνίαι δυσὶν ὀρϑαῖς ἴσαι εἰσίν: ὅπερ ἔδει 


δεῖξαι. 
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For any triangle, (if) one of the sides (is) produced (then) the external angle is equal to the two 
internal and opposite (angles), and the three internal angles of the triangle are equal to two 
right-angles. 


Let ABC be a triangle, and let one of its sides BC have been produced to D. I say that the 
external angle ACD is equal to the two internal and opposite angles CAB and ABC, and the 
three internal angles of the triangle—ABC,, BCA, and CAB—are equal to two right-angles. 


For let CE have been drawn through point C parallel to the straight-line AB [Prop. 1.31]. 


And since AB is parallel to CE, and AC has fallen across them, the alternate angles BAC’ and 
ACE are equal to one another [Prop. 1.29]. Again, since AB is parallel to CE, and the straight- 
line BD has fallen across them, the external angle ECD is equal to the internal and opposite 
(angle) ABC [Prop. 1.29]. But ACE was also shown (to be) equal to BAC. Thus, the whole 
angle ACD is equal to the two internal and opposite (angles) BAC and ABC. 


Let AC'B have been added to both. Thus, ACD and ACB are equal to the three (angles) ABC, 
BCA, and CAB. But, ACD and ACB are equal to two right-angles [Prop. 1.13]. Thus, ACB, 
CBA, and CAB are also equal to two right-angles. 


Thus, for any triangle, (if) one of the sides (is) produced (then) the external angle is equal to the 


two internal and opposite (angles), and the three internal angles of the triangle are equal to two 
right-angles. (Which is) the very thing it was required to show. 
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At τὰς ἴσας τε καὶ παραλλήλους ἐπὶ τὰ αὐτὰ μέρη ἐπιζευγνύουσαι εὐϑεῖαι καὶ αὐταὶ ἴσας τε καὶ 
παράλληλοί εἰσιν. 


Ἔστωσαν ἴσαι τε καὶ παράλληλοι αἱ AB, TA, not ἐπιζευγνύτωσαν αὐτὰς ἐπὶ τὰ αὐτὰ μέρη 
εὐϑεῖαι αἱ AD, ΒΔ’ λέγω, ὅτι καὶ αἱ AD, ΒΔ ἴσαι τε καὶ παράλληλοί εἰσιν. 


᾿Επεζεύχϑω 4 BI. καὶ ἐπεὶ παράλληλός ἐστιν ἣ ΑΒ τῇ TA, καὶ εἰς αὐτὰς ἐμπέπτωκεν ἣ BI, αἱ 
ἐναλλὰξ γωνίαι αἱ ὑπὸ ABI, BVA ἴσαι ἀλλήλαις εἰσίν. καὶ ἐπεὶ ἴση ἐστὶν ἡ AB τῇ ΓΔ χοινὴ δὲ 
ἣ BI, δύο δὴ αἱ AB, BI δύο ταῖς BL, VA ἴσαι εἰσίν: καὶ γωνία ἣ ὑπὸ ABT γωνίᾳ τῇ ὑπὸ BVA 
ton βάσις ἄρα 7 AV βάσει τῇ ΒΔ ἐστιν ἴση, καὶ τὸ ABI τρίγωνον τῷ BLA τριγώνῳ ἴσον ἐστίν, 
καὶ αἱ λοιπαὶ γωνίαι ταῖς λοιπαῖς γωνίαις ἴσαι ἔσονται ἑκατέρα ἑκατέρα,, ὑφ᾽ ἃς αἱ ἴσαι πλευραὶ 
ὑποτείνουσιν: ἴση ἄρα ἣ ὑπὸ ATB γωνία τῇ ὑπὸ TBA. καὶ ἐπεὶ εἰς δύο εὐϑείας τὰς AT, BA 
εὐϑεῖα ἐμπίπτουσα ἣ BI τὰς ἐναλλὰξ γωνίας ἴσας ἀλλήλαις πεποίηκεν, παράλληλος ἄρα ἐστὶν ἣ 
ΑΤ τῇ ΒΔ. ἐδείχϑη δὲ αὐτῇ καὶ ἴση. 


At ἄρα τὰς ἴσας τε καὶ παραλλήλους ἐπὶ τὰ αὐτὰ μέρη ἐπιζευγνύουσαι εὐϑεῖαι καὶ αὐταὶ ἴσαι τε 
nal παράλληλοί εἰσιν’ ὅπερ ἔδει δεῖξαι. 
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Straight-lines joining equal and parallel (straight-lines) on the same sides are themselves also 
equal and parallel. 


Let AB and ΟἿ) be equal and parallel (straight-lines), and let the straight-lines AC and BD join 
them on the same sides. I say that AC and BD are also equal and parallel. 


Let BC have been joined. And since AB is parallel to CD, and BC has fallen across them, the 
alternate angles ABC and BCD are equal to one another [Prop. 1.29]. And since AB and CD are 
equal, and BC is common, the two (straight-lines) AB, BC are equal to the two (straight-lines) 
DC, CB." And the angle ABC is equal to the angle BCD. Thus, the base AC is equal to the base 
BD, and triangle ABC is equal to triangle ACD, and the remaining angles will be equal to the 
corresponding remaining angles subtended by the equal sides [Prop. 1.4]. Thus, angle ACB is 
equal to CBD. Also, since the straight-line BC, (in) falling across the two straight-lines AC’ and 
BD, has made the alternate angles (ACB and CBD) equal to one another, AC is thus parallel to 
BD [Prop. 1.27]. And (AC) was also shown (to be) equal to (BD). 


Thus, straight-lines joining equal and parallel (straight-lines) on the same sides are themselves 
also equal and parallel. (Which is) the very thing it was required to show. 


The Greek text has “BC, C.D”, which is obviously a mistake. 
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ΣΤΟΙΧΗΙΩΝ α΄ 


λδ΄ 


1 Δ 


Ἰῶν παραλληλογράμμων χωρίων αἱ ἀπεναντίον πλευραί τε καὶ γωνίαι ἴσαι ἀλλήλαις εἰσίν, καὶ ἣ 
διάμετρος αὐτὰ δίχα τέμνει. 


Ἔστω παραλληλόγραμμον χωρίον τὸ ΑΙΔΒ, διάμετρος δὲ αὐτοῦ ἡ BI™ λέγω, ὅτι τοῦ ATAB 
παραλληλογράμμου αἱ ἀπεναντίον πλευραί τε καὶ γωνίαι ἴσαι ἀλλήλαις εἰσίν, καὶ ἣ BI διάμετρος 
αὐτὸ δίχα τέμνει. 


‘Enel γὰρ παράλληλός ἐστιν ἣ ΑΒ τῇ TA, καὶ εἰς αὐτὰς ἐμπέπτωχεν εὐϑεῖα ἡ BI, αἱ ἐναλλὰξ 
γωνιάι αἱ ὑπὸ ABI, BVA ἴσαι ἀλλήλαις εἰσίν. πάλιν ἐπεὶ παράλληλός ἐστιν ἡ AT τῇ ΒΔ, καὶ 
εἰς αὐτὰς ἐμπέπτωκεν ἣ BI, αἱ ἐναλλὰξ γωνίαι αἱ ὑπὸ ΑΓΒ, ΓΒΔ ἴσας ἀλλήλαις εἰσίν. δύο δὴ 
τρίγωνά ἐστι τὰ ABI, BVA τὰς δύο γωνίας τὰς ὑπὸ ABI, BVA δυσὶ ταῖς ὑπὸ BVA, ΓΒΔ ἴσας 
ἔχοντα ἑκατέραν ἑκατέρᾳ καὶ μίαν πλευρὰν μιᾷ πλευρᾷ ἴσην τὴν πρὸς ταῖς ἴσαις γωνίαις κοινὴν 
αὐτῶν τὴν BI™ uat τὰς λοιπὰς ἄρα πλευρὰς ταῖς λοιπαῖς ἴσας ἕξει ἑκατέραν ἑκατέρᾳ nol τὴν 
λοιπὴν γωνίαν τῇ λοιπῇ γωνίᾳ’ ἴση ἄρα ἣ μὲν AB πλευρὰ tH TA, 7 δὲ AV τῇ ΒΔ, καὶ ἔτι ἴση 
ἐστὶν ἣ ὑπὸ BAT γωνία τῇ ὑπὸ ΓΔΒ. καὶ ἐπεὶ ἴση ἐστὶν ἣ μὲν ὑπὸ ABT γωνία τῇ ὑπὸ BIA, 7 
δὲ ὑπὸ ΓΒΔ τῇ ὑπὸ ΑΓΒ, ὅλη ἄρα ἡ ὑπὸ ABA ὅλῃ τῇ ὑπὸ ATA ἐστιν ἴση. ἐδείχϑη δὲ ual ἣ 
ὑπὸ BAT τῇ ὑπὸ ΓΔΒ ἴση. 

Ἰῶν ἄρα παραλληλογράμμων χωρίων αἱ ἀπεναντίον πλευραί τε καὶ γωνίαι ἴσαι ἀλλήλαις εἰσίν. 
Λέγω δή, ὅτι καὶ ἣ διάμετρος αὐτὰ δίχα τέμνει. ἐπεὶ γὰρ ἴση ἐστὶν ἣ AB τῇ TA, κοινὴ δὲ ἣ 
BI, δύο δὴ αἱ AB, BI δυσὶ ταῖς PA, BI ἴσαι εἰσὶν ἑκατέρα ἑκατέρᾳ" καὶ γωνία ἣ ὑπὸ ABI 
γωνίᾳ τῇ ὑπὸ ΒΓΔ ἴση. καὶ βάσις ἄρα ἣ AV τῇ AB ἴση. καὶ τὸ ABI [ἄρα] τρίγωνον τῷ ΒΙ Δ 


τριγώνῳ ἴσον ἐστίν. 


Ἡ ἄρα BI διάμετρος δίχα τέμνει τὸ ΑΒΓΔ παραλληλόγραμμον: ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 34 


C D 


For parallelogrammic figures, the opposite sides and angles are equal to one another, and a diag- 
onal cuts them in half. 


Let ACDB be a parallelogrammic figure, and BC its diagonal. I say that for parallelogram 
ACDB, the opposite sides and angles are equal to one another, and the diagonal BC cuts it in 
half. 


For since AB is parallel to CD, and the straight-line BC has fallen across them, the alternate 
angles ABC and BCD are equal to one another [Prop. 1.29]. Again, since AC is parallel to BD, 
and BC has fallen across them, the alternate angles ACB and C'BD are equal to one another 
[Prop. 1.29]. So ABC and BCD are two triangles having the two angles ABC and BCA equal 
to the two (angles) BCD and CBD, respectively, and one side equal to one side—the (one) 
common to the equal angles, (namely) BC. Thus, they will also have the remaining sides equal 
to the corresponding remaining (sides), and the remaining angle (equal) to the remaining angle 
[Prop. 1.26]. Thus, side AB is equal to CD, and AC to BD. Furthermore, angle BAC is equal 
to CDB. And since angle ABC is equal to BCD, and CBD to ACB, the whole (angle) ABD is 
thus equal to the whole (angle) ACD. And BAC was also shown (to be) equal to CDB. 


Thus, for parallelogrammic figures, the opposite sides and angles are equal to one another. 


And, I also say that a diagonal cuts them in half. For since AB is equal to CD, and BC (is) 
common, the two (straight-lines) 4B, BC are equal to the two (straight-lines) DC, CB,’ re- 
spectively. And angle ABC is equal to angle BCD. Thus, the base AC (is) also equal to DB 
[Prop. 1.4]. Also, triangle ABC is equal to triangle BC D [Prop. 1.4]. 


Thus, the diagonal BC cuts the parallelogram AC DB 15 in half. (Which is) the very thing it was 
required to show. 


!2The Greek text has “CD, BC”, which is obviously a mistake. 
13The Greek text has “ABCD”, which is obviously a mistake. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


λε΄ 


Β 


Tx παραλληλόγραμμα τὰ ἐπὶ τῆς αὐτῆς βάσεως ὄντα καὶ ἐν ταῖς αὐταῖς παραλλήλοις ἴσα 
ἀλλήλοις ἐστίν. 


Ἔστω παραλληλόγραμμα τὰ ΑΒΙ Δ, EBVZ ἐπὶ τῆς αὐτῆς βάσεως τῆς BI καὶ ἐν ταῖς αὐταῖς 
παραλλήλοις ταῖς AZ, BI™ λέγω, ὅτι ἴσον ἐστὶ τὸ ΑΒΙΔ τῷ EBV'Z παραλληλογράμμῳ. 


"Exel γὰρ παραλληλόγραμμόν ἐστι τὸ ABTA, ἴση ἐστὶν ἣ ΑΔ τῇ BI. διὰ τὰ αὐτὰ δὴ καὶ ἣ 
ΕΖ τῇ BI ἐστιν ton ὥστε καὶ ἣ AA τῇ ΕΖ ἐστιν ἴση" καὶ κοινὴ ἣ ΔΕ: ὅλη ἄρα 7 ΛΕ ὅλῃ 
τῇ ΔΖ ἐστιν ἴση. ἔστι δὲ καὶ ἣ AB τῇ AT ἴση δύο δὴ αἱ EA, ΑΒ δύο ταῖς ΖΔ, AT ἴσαι εἰσὶν 
ἑκατέρα ἑκατέρᾳ" καὶ γωνία ἣ ὑπὸ ΖΔΙ γωνίᾳ τῇ ὑπὸ EAB ἐστιν ἴση ἣ ἐκτὸς τῇ ἐντός: βάσις 
ἄρα ἣ EB βάσει τῇ ZI ἴση ἐστίν, καὶ τὸ EAB τρίγωνον τῷ AZT τριγώνῳ ἴσον ἔσται κοινὸν 
ἀφῃρήσϑω τὸ AHE: λοιπὸν ἄρα τὸ ABHA τραπέζιον λοιπῷ τῷ ΕΗΖ τραπεζίῳ ἐστὶν ἴσον" 
κοινὸν προσχείσϑω τὸ HBT τρίγωνον: ὅλον ἄρα τὸ ΑΒΙ Δ παραλληλόγραμμον ὅλῳ τῷ ΕΒΙ“Ζ 
παραλληλογράμμῳ ἴσον ἐστίν. 


Ἰὰ ἄρα παραλληλόγραμμα τὰ ἐπὶ τῆς αὐτῆς βάσεως ὄντα ual ἐν ταῖς αὐταῖς παραλλήλοις ἴσα 
ἀλλήλοις ἐστίν: ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 35 


A D E F 


B C 


Parallelograms which are on the same base and between the same parallels are equal'* to one 
another. 


Let ABCD and EBCF be parallelograms on the same base BC, and between the same parallels 
AF and BC. I say that ABCD is equal to parallelogram EBCF. 


For since ABCD is a parallelogram, AD is equal to BC [Prop. 1.34]. So, for the same (reasons), 
EF is also equal to BC. So AD is also equal to EF. And DE is common. Thus, the whole 
(straight-line) AF is equal to the whole (straight-line) DF’. And AB is also equal to DC. So 
the two (straight-lines) L.A, AB are equal to the two (straight-lines) ΓΕ), DC, respectively. And 
angle FDC is equal to angle EAB, the external to the internal [Prop. 1.29]. Thus, the base ΕΒ 
is equal to the base ΕΓ, and triangle EAB will be equal to triangle DFC [Prop. 1.4]. Let DGE 
have been taken away from both. Thus, the remaining trapezium ABGD is equal to the remaining 
trapezium EGCF’. Let triangle GBC have been added to both. Thus, the whole parallelogram 
ABCD is equal to the whole parallelogram EBCF. 


Thus, parallelograms which are on the same base and between the same parallels are equal to 
one another. (Which is) the very thing it was required to show. 


4Here, for the first time, “equal” means “equal in area”, rather than “congreunt”. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


B i Z. H 


Tax παραλληλόγραμμα τὰ ἐπὶ ἴσων βάσεων ὄντα uni ἐν ταῖς αὐταῖς παραλλήλοις ἴσα ἀλλήλοις 
ἐστίν. 


Ἔστω παραλληλόγραμμα τὰ ΑΒΙΔ, ἘΖΗΘ ἐπὶ ἴσων βάσεων ὄντα τῶν BI, ΖΗ καὶ ἐν ταῖς 
αὐταῖς παραλλήλοις ταῖς ΑΘ, ΒΗ: λέγω, ὅτι ἴσον ἐστὶ τὸ ABTA παραλληλόγραμμον τῷ ΕΖΗΘ. 


᾿Ἐπεζεύχϑωσαν γὰρ αἱ BE, TO. καὶ ἐπεὶ ἴση ἐστὶν ἣ BI τῇ ΖΗ, ἀλλὰ ἡἣ ΖΗ τῇ ΕΘ ἐστιν ἴση, 
nat ἡ BI ἄρα τῇ ΕΘ ἐστιν ἴση. εἰσὶ δὲ καὶ παράλληλοι. καὶ ἐπιζευγνύουσιν αὐτὰς αἱ EB, ΘΙ" 
αἱ δὲ τὰς ἴσας τε καὶ παραλλήλους ἐπὶ τὰ αὐτὰ μέρη ἐπιζευγνύουσαι ἴσαι τε καὶ παράλληλοί εἰσι 
[καὶ αἱ EB, OL ἄρα ἴσας τέ εἰσι καὶ παράλληλοι]. παραλληλόγραμμον ἄρα ἐστὶ τὸ ΕΒ] Θ. καί 
ἐστιν ἴσον τῷ ABTA: βάσιν τε γὰρ αὐτῷ τὴν αὐτὴν ἔχει τὴν BI, καὶ ἐν ταῖς αὐταῖς παραλλήλοις 
ἐστὶν αὐτῷ ταῖς BI, ΑΘ. Sia τὰ αὐτὰ δὴ καὶ τὸ EZHO τῷ αὐτῷ τῷ ΕΒΙῸ ἐστιν ἴσον: ὥστε 
nat τὸ ΛΒΓ Δ παραλληλόγραμμον τῷ ΕΖΗΘ ἐστιν ἴσον. 


Tx ἄρα παραλληλόγραμμα τὰ ἐπὶ ἴσων βάσεων ὄντα καὶ ἐν ταῖς αὐταῖς παραλλήλοις ἴσα ἀλλήλοις 
ἐστίν: ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 36 


A D Ε Η 


ΨΩ 
“| 


B C F G 


Parallelograms which are on equal bases and between the same parallels are equal to one another. 


Let ABCD and EFGH be parallelograms which are on the equal bases BC’ and FG, and (are) 
between the same parallels AH and BG. I say that the parallelogram ABCD is equal to EFGH. 


For let BE and CH have been joined. And since BC and FG are equal, but FG and EH are 
equal [Prop. 1.34], BC and FH are thus also equal. And they are also parallel, and EB and 
HC join them. But (straight-lines) joining equal and parallel (straight-lines) on the same sides 
are (themselves) equal and parallel [Prop. 1.33] [thus, ΕΒ and HC are also equal and parallel]. 
Thus, EBCH is ἃ parallelogram [Prop. 1.34], and is equal to ABCD. For it has the same base, 
BC, as (ABCD), and is between the same parallels, BC and AH, as (ABCD) [Prop. 1.35]. So, 
for the same (reasons), EF'GH is also equal to the same (parallelogram) EH BCH [Prop. 1.34]. 
So that the parallelogram ABCD is also equal to EFGH. 


Thus, parallelograms which are on equal bases and between the same parallels are equal to one 
another. (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


λζ 


Ἰὰ τρίγωνα τὰ ἐπὶ τῆς αὐτῆς βάσεως ὄντα ual ἐν ταῖς αὐταῖς παραλλήλοις ἴσα ἀλλήλοις ἐστίν. 


Ἔστω τρίγωνα τὰ ABI, ABT ἐπὶ τῆς αὐτῆς βάσεως τῆς BI uci ἐν ταῖς αὐταῖς παραλλήλοις ταῖς 
AA, BI™ λέγω, ὅτι ἴσον ἐστὶ τὸ ABT τρίγωνον τῷ ABI τριγώνῳ. 


᾿Ἔχβεβλήσϑω ἣ ΑΔ ἐφ᾽ ἑκάτερα τὰ μέρη ἐπὶ τὰ E, Ζ, καὶ διὰ μὲν τοῦ Β τῇ TA παράλληλος 
ἤχϑω ἣ BE, δὶα δὲ τοῦ 1 τῇ ΒΔ παράλληλος ἤχϑω ἣ 12. παραλληλόγραμμον ἄρα ἐστὶν 
ἑκάτερον τῶν ΕΒΙΑ, ΔΒΙ Ζ: καί εἰσιν ἴσα" ἐπί τε γὰρ τῆς αὐτῆς βάσεώς εἰσι τῆς BI καὶ ἐν ταῖς 
αὐταῖς παραλλήλοις ταῖς BI, EZ: καί ἐστι τοῦ μὲν ΕΒΙ ΠΑ παραλληλογράμμου ἥμισυ τὸ ABI 
τρίγωνον: ἣ γὰρ ΛΒ διάμετρος αὐτὸ δίχα τέμνει: τοῦ δὲ ΔΒΙΖ παραλληλογράμμου ἥμισυ τὸ 
ABI τρίγωνον: ἣ γὰρ ΔΙ διάμετρος αὐτὸ δίχα τέμνει. [τὰ δὲ τῶν ἴσων ἡμίση ἴσα ἀλλήλοις 
ἐστίν]. ἴσον ἄρα ἐστὶ τὸ ABI τρίγωνον τῷ ABI τριγώνῳ. 


Tax ἄρα τρίγωνα τὰ ἐπὶ τῆς αὐτῆς βάσεως ὄντα nal ἐν ταῖς αὐταῖς παραλλήλοις ἴσα ἀλλήλοις 
ἐστίν: ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 37 


A D 


B C 


Triangles which are on the same base and between the same parallels are equal to one another. 


Let ABC and DBC be triangles on the same base BC, and between the same parallels AD and 
BC. I say that triangle ABC is equal to triangle DBC. 


Let AD have been produced in each direction to F and F’,, and let the (straight-line) BE have been 
drawn through B parallel to CA [Prop. 1.31], and let the (straight-line) CF’ have been drawn 
through C parallel to BD [Prop. 1.31]. Thus, EBC'A and DBCF are both parallelograms, and 
are equal. For they are on the same base BC, and between the same parallels BC’ and EF 
[Prop. 1.35]. And the triangle ABC is half of the parallelogram EBC'A. For the diagonal AB 
cuts the latter in half [Prop. 1.34]. And the triangle DBC (is) half of the parallelogram DBCF. 
For the diagonal DC cuts the latter in half [Prop. 1.34]. [And the halves of equal things are equal 
to one another.]!° Thus, triangle ABC is equal to triangle DBC. 


Thus, triangles which are on the same base and between the same parallels are equal to one 
another. (Which is) the very thing it was required to show. 


ISThis is an additional common notion. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


Ἰὰ τρίγωνα τὰ ἐπὶ ἴσων βάσεων ὄντα χαὶ ἐν ταῖς αὐταῖς παραλλήλοις ἴσα ἀλλήλοις ἐστίν. 


Ἔστω τρίγωνα τὰ ABI, ΔΕΖ ἐπὶ ἴσων βάσεων τῶν BI, ΕΖ uci ἐν ταῖς αὐταῖς παραλλήλοις 
ταῖς ΒΖ, AA: λέγω, ὅτι ἴσον ἐστὶ τὸ ABT’ τρίγωνον τῷ AEZ τριγώνῳ. 


"ExBeBAnoSw γὰρ ἣ ΑΔ ἐφ᾽ ἑκάτερα τὰ μέρη ἐπὶ τὰ H, Θ, καὶ διὰ μὲν τοῦ Β τῇ ΓᾺ παράλληλος 
ἤχϑω ἣ BH, δὶα δὲ tod Z τῇ ΔΕ παράλληλος ἤχϑω 7 ΖΘ. παραλληλόγραμμον ἄρα ἐστὶν 
ἑκάτερον τῶν ΗΒΙ Δ, ΔΗΖΘ: καὶ ἴσον τὸ ΗΒΙᾺ τῷ ΔΕΖΘ’: ἐπί τε γὰρ ἴσων βάσεών εἰσι τῶν 
BI, ΕΖ καὶ ἐν ταῖς αὐταῖς παραλλήλοις ταῖς ΒΖ, ΗΘ’ και΄ ἐστι τοῦ μὲν ΗΒΙΑ παραλλη- 
λογράμμου ἥμισυ TO ABI τρίγωνον. ἣ γὰρ ΑΒ διάμετρος αὐτὸ δίχα τέμνει: τοῦ δὲ AEZO 
παραλληλογράμμου ἥμισυ τὸ ΖΕΔ τρίγωνον’ ἣ γὰρ ΔΖ δίαμετρος αὐτὸ δίχα τέμνει [τὰ δὲ τῶν 
ἴσων ἡμίση ἴσα ἀλλήλοις ἐστίν]. ἴσον ἄρα ἐστὶ τὸ ABI τρίγωνον τῷ ΔΕΖ τριγώνῳ. 


Tx ἄρα τρίγωνα τὰ ἐπὶ ἴσων βάσεων ὄντα καὶ ἐν ταῖς αὐταῖς παραλλήλοις ἴσα ἀλλήλοις ἐστίν’ 


ὅπερ ἔδει δεῖξαι. 


86 


ELEMENTS BOOK 1 


Proposition 38 


G A D H 


B C Ε Ε 


Triangles which are on equal bases and between the same parallels are equal to one another. 


Let ABC and DEF be triangles on the equal bases BC and EF, and between the same parallels 
BF and AD. 1 say that triangle ABC is equal to triangle DEF. 


For let AD have been produced in each direction to G and H, and let the (straight-line) BG have 
been drawn through B parallel to CA [Prop. 1.31], and let the (straight-line) / H have been 
drawn through F parallel to DE [Prop. 1.31]. Thus, GBCA and DEF H are each parallelograms. 
And GBCA is equal to DEFH. For they are on the equal bases BC and EF’, and between 
the same parallels BF and GH [Prop. 1.36]. And triangle ABC is half of the parallelogram 
GBCA. For the diagonal AB cuts the latter in half [Prop. 1.34]. And triangle FED (is) half 
of parallelogram DEFH. For the diagonal DF cuts the latter in half. [And the halves of equal 
things are equal to one another]. Thus, triangle ABC is equal to triangle DEF. 


Thus, triangles which are on equal bases and between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


AY 


B 1 


> ας 


Tx ἴσα τρίγωνα τὰ ἐπὶ τῆς αὐτῆς βάσεως ὄντα καὶ ἐπὶ τὰ αὐτὰ μέρη καὶ ἐν ταῖς αὐταῖς πα- 
ραλλήλοις ἐστίν. 


oN / 


Ἔστω ἴσα τρίγωνα τὰ ABI, ABI ἐπὶ τῆς αὐτῆς βάσεως ὄντα uni ἐπὶ τὰ αὐτὰ μέρη τῆς BI™ 


λέγω, ὅτι καὶ ἐν ταῖς αὐταῖς παραλλήλοις ἐστίν. 
᾿Επεζεύχϑω γὰρ ἣ ΛΔ’ λέγω, ὅτι παράλληλός ἐστιν ἡ ΑΔ τῇ BI. 


Εἰ γὰρ μή, ἤχϑω διὰ tod A σημείου τῇ BI εὐϑείᾳ παράλληλος 7 AE, καὶ ἐπεζεύχϑω ἣ ΕἸ. 
ἴσον ἄρα ἐστὶ τὸ ABI τρίγωνον τῷ EBL τριγώνῳ: ἐπί τε γὰρ τῆς αὐτῆς βάσεώς ἐστιν αὐτῷ τῆς 
BI χαὶ ἐν ταῖς αὐταῖς παραλλήλοις. ἀλλὰ τὸ ABI’ τῷ ABI’ ἐστιν ἴσον: καὶ τὸ ABV ἄρα τῷ EBT 
ἴσον ἐστὶ τὸ μεῖζον τῷ ἐλάσσονι: ὅπερ ἐστὶν ἀδύνατον: οὐκ ἄρα παράλληλός ἐστιν ἣ AE τῇ BI. 
ὁμοίως δὴ δείξομεν, ὅτι οὐδ᾽ ἄλλη τις πλὴν τῆς ΑΔ’ ἣ ΑΔ ἄρα τῇ BI ἐστι παράλληλος. 

Tax ἄρα ἴσα τρίγωνα τὰ ἐπὶ τῆς αὐτῆς βάσεως ὄντα χαὶ ἐπὶ τὰ αὐτὰ μέρη καὶ ἐν ταῖς αὐταῖς 
παραλλήλοις ἐστίν: ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 39 


B C 


Equal triangles which are on the same base, and on the same side, are also between the same 
parallels. 


Let ABC and DBC be equal triangles which are on the same base BC, and on the same side. I 
say that they are also between the same parallels. 


For let AD have been joined. I say that AD and AC are parallel. 


For, if not, let AE have been drawn through point A parallel to the straight-line BC [Prop. 1.31], 
and let EC have been joined. Thus, triangle ABC is equal to triangle EBC. For it is on the same 
base to it, BC’, and between the same parallels [Prop. 1.37]. But ABC is equal to DBC. Thus, 
DBC is also equal to EBC, the greater to the lesser. The very thing is impossible. Thus, AF is 
not parallel to BC. Similarly, we can show that neither (is) any other (straight-line) than AD. 
Thus, AD is parallel to BC. 


Thus, equal triangles which are on the same base, and on the same side, are also between the 
same parallels. (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩ͂Ν α΄ 


B r ΕΗ 


Tx ἴσα τρίγωνα τὰ ἐπὶ ἴσων βάσεων ὄντα nual ἐπὶ τὰ αὐτὰ μέρη UI ἐν ταῖς αὐταῖς παραλλήλοις 
ἐστίν. 


Ἔστω ἴσα τρίγωνα τὰ ABI, ΤΔΗΕ ἐπὶ ἴσων βάσεων τῶν BI, ΤῈ καὶ ἐπὶ τὰ αὐτὰ μέρη. λέγω, 
ὅτι καὶ ἐν ταῖς αὐταῖς παραλλήλοις ἐστίν. 


᾿Επεζεύχϑω γὰρ ἣ AA: λέγω, ὅτι παράλληλός ἐστιν ἣ AA τῇ ΒΗ. 


Εἰ γὰρ py, ἤχϑω διὰ tod A τῇ ΒΕ παράλληλος ἣ ΛΖ, καὶ ἐπεζεύχϑω ἡ ΖΗ. ἴσον ἄρα ἐστὶ τὸ 
ABT τρίγωνον τῷ ZTE τριγώνῳ: ἐπί τε γὰρ ἴσων βάσεών εἰσι τῶν BI, ΤῈ καὶ ἐν ταῖς αὐταῖς 
παραλλήλοις ταῖς BE, AZ. ἀλλὰ τὸ ABI τρίγωνον ἴσον ἐστὶ τῷ ATE [τρίγωνῳ] καὶ τὸ AVE 
ἄρα [τρίγωνον] ἴσον ἐστὶ τῷ ZTE τριγώνῳ τὸ μεῖζον τῷ ἐλάσσονι: ὅπερ ἐστὶν ἀδύνατον’ οὐκ 
ἄρα παράλληλος ἡ AZ τῇ BE. ὁμοίως δὴ δείξομεν, ὅτι οὐδ᾽ ἄλλη τις πλὴν τῆς ΑΔ’ ἡ ΑΔ ἄρα 
τῇ ΒΕ ἐστι παράλληλος. 

Tx ἄρα ἴσα τρίγωνα τὰ ἐπὶ ἴσων βάσεων ὄντα καὶ ἐπὶ τὰ αὐτὰ μέρη καὶ ἐν ταῖς αὐταῖς πα- 
ραλλήλοις ἐστίν: ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 1 


Proposition 40 1° 


B Ὁ Ε 


Equal triangles which are on equal bases, and on the same side, are also between the same 
parallels. 


Let ABC and CDE be equal triangles on the equal bases BC and CE (respectively), and on the 
same side. I say that they are also between the same parallels. 


For let AD have been joined. I say that AD is parallel to BE. 


For if not, let AF have been drawn through A parallel to BE [Prop. 1.31], and let FE have 
been joined. Thus, triangle ABC is equal to triangle / CE. For they are on equal bases, BC and 
CE, and between the same parallels, BE and AF [Prop. 1.38]. But, triangle ABC is equal to 
[triangle] DCE. Thus, [triangle] DCE is also equal to triangle ΓΟ, the greater to the lesser. 
The very thing is impossible. Thus, AF is not parallel to BE. Similarly, we can show that neither 
(is) any other (straight-line) than AD. Thus, AD is parallel to BE. 


Thus, equal triangles which are on equal bases, and on the same side, are also between the same 
parallels. (Which is) the very thing it was required to show. 


l6This whole proposition is regarded by Heiberg as a relatively early interpolation to the original text. 
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"Exy παραλληλόγραμμον τριγώνῳ βάσιν τε ἔχῃ τὴν αὐτὴν καὶ ἐν ταῖς αὐταῖς παραλλήλοις 7, 
διπλάσιόν ἐστί τὸ παραλληλόγραμμον τοῦ τριγώνου. 

Παραλληλόγραμμον γὰρ τὸ ΑΒΙΔ τριγώνῳ τῷ EBT βάσιν τε ἐχέτω τὴν αὐτὴν τὴν BI καὶ 
ἐν ταῖς αὐταῖς παραλλήλοις ἔστω ταῖς BI, ΛΗ λέγω, ὅτι διπλάσιόν ἐστι τὸ ΛΒΙΔ παραλ- 
ληλόγραμμον τοῦ BET τριγώνου. 

᾿Επεζεύχϑω γὰρ ἣ AL. ἴσον δή ἐστι τὸ ABI τρίγωνον τῷ EBT τριγώνῳ: ἐπί τε γὰρ τῆς αὐτῆς 
βάσεώς ἐστιν αὐτῷ τῆς BI’ καὶ ἐν ταῖς αὐταῖς παραλλήλοις ταῖς BI, AE. ἀλλὰ τὸ ΑΒΓΔ πα- 
ραλληλόγραμμον διπλάσιόν ἔστι τοῦ ABI τριγώνου: ἣ γὰρ AT διάμετρος αὐτὸ δίχα τέμνει" 
ὥστε τὸ ABLA παραλληλόγραμμον χαὶ τοῦ EBT τριγώνου ἐστὶ διπλάσιον. 


᾿ὰν ἄρα παραλληλόγραμμον τριγώνῳ βάσιν τε ἔχῃ τὴν αὐτὴν καὶ ἐν ταῖς αὐταῖς παραλλήλοις 
ἢ, διπλάσιόν ἐστί τὸ παραλληλόγραμμον τοῦ τριγώνου: ὅπερ ἔδει δεῖξαι. 
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Proposition 41 


A D Ε 


Β ς 


If a parallelogram has the same base as a triangle, and is between the same parallels, then the 
parallelogram is double (the area) of the triangle. 


For let parallelogram ABCD have the same base BC as triangle EBC, and let it be between 
the same parallels, BC and AF. I say that parallelogram ABCD is double (the area) of triangle 
BEC, 


For let AC have been joined. So triangle ABC is equal to triangle EBC. For it is on the same 
base, BC, as (E BC), and between the same parallels, BC and AE [Prop. 1.37]. But, parallelo- 
gram ABCD is double (the area) of triangle ABC. For the diagonal AC cuts the former in half 
[Prop. 1.34]. So parallelogram ABCD is also double (the area) of triangle EBC. 


Thus, if a parallelogram has the same base as a triangle, and is between the same parallels, then 


the parallelogram is double (the area) of the triangle. (Which is) the very thing it was required 
to show. 
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μβ΄ 
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Τῷ δοϑέντι τριγώνῳ ἴσον παραλληλόγραμμον συστήσασϑαι ἐν τῇ δοϑείσῃ γωνίᾳ εὐθυγράμμῳ. 


Ἔστω τὸ μὲν δοϑὲν τρίγωνον τὸ ABI, ἡ δὲ δοϑεῖσα γωνία εὐθύγραμμος ἣ Δ’ δεῖ δὴ τῷ ABI 
τριγώνῳ ἴσον παραλληλόγραμμον συστήσασϑαι ἐν τῇ Δ γωνίᾳ εὐϑυγράμμῳ. 


Ἰετμήσϑω ἣ BI δίχα κατὰ τὸ E, καὶ ἐπεζεύχϑω ἡ ΔΕ, καὶ συνεστάτω πρὸς τῇ ED εὐϑείᾳ not 
τῷ πρὸς αὐτῃ σημείῳ τῷ Ε τῇ Δ γωνίᾳ ἴση ἣ ὑπὸ ΤῈΖ, not διὰ μὲν tod A τῇ ED παράλληλος 
ἤχϑω ἣ AH, διὰ δὲ τοῦ 1 τῇ ΕΖ παράλληλος ἤχϑω ἣ ΓΗ: παραλληλόγραμμον ἄρα ἐστὶ τὸ 
ZETH. καὶ ἐπεὶ ἴση ἐστὶν 7 BE τῇ ET, ἴσον ἐστὶ καὶ τὸ ABE τρίγωνον τῷ AED τριγώνῳ: ἐπί 
τε γὰρ ἴσων βάσεών εἰσι τῶν BE, ED καὶ ἐν ταῖς αὐταῖς παραλλήλοις ταῖς BI, ΛΗ: διπλάσιον 
ἄρα ἐστὶ τὸ ABI τρίγωνον τοῦ ΛΕ] τριγώνου. ἔστι δὲ καὶ τὸ ΖΕΙ Ἢ παραλληλόγραμμον 
διπλάσιον τοῦ AET τριγώνου: βάσιν τε γὰρ αὐτῷ τὴν αὐτὴν ἔχει καὶ ἐν ταῖς αὐταῖς ἐστιν αὐτῳ 
παραλλήλοις: ἴσον ἄρα ἐστὶ τὸ ΖΕΓῊ παραλληλόγραμμον τῷ ABI τριγώνῳ. καὶ ἔχει τὴν ὑπὸ 
TEZ γωνίαν ἴσην τῇ δοϑείσῃ τῇ Δ. 


Τῷ ἄρα δοϑέντι τριγώνῳ τῷ ABI ἴσον παραλληλόγραμμον συνέσταται τὸ ZETH ἐν γωνίᾳ τῇ 
ὑπὸ ΓΕΖ, τις ἐστὶν ἴση τῇ A ὅπερ ἔδει ποιῆσαι. 
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Proposition 42 


B E C 


To construct a parallelogram equal to a given triangle in a given rectilinear angle. 


Let ABC be the given triangle, and D the given rectilinear angle. So it is required to construct a 
parallelogram equal to triangle ABC in the rectilinear angle D. 


Let ΒΟ have been cut in half at & [Prop. 1.10], and let AF have been joined. And let (an- 
gle) CEF have been constructed, equal to angle D, at the point F on the straight-line EC 
[Prop. 1.23]. And let AG have been drawn through A parallel to EC [Prop. 1.31], and let CG 
have been drawn through C parallel to EF [Prop. 1.31]. Thus, FECG is a parallelogram. And 
since BE is equal to EC, triangle ABE is also equal to triangle AEC. For they are on the equal 
bases, BE and EC, and between the same parallels, BC and AG [Prop. 1.38]. Thus, triangle 
ABC is double (the area) of triangle AEC. And parallelogram F'ECG is also double (the area) 
of triangle AEC. For it has the same base as (AEC), and is between the same parallels as (AEC) 
[Prop. 1.41]. Thus, parallelogram F'ECG is equal to triangle ABC. (FX ECG) also has the angle 
CEF equal to the given (angle) D. 


Thus, parallelogram /- ECG, equal to the given triangle ABC, has been constructed in the angle 
CEF, which is equal to D. (Which is) the very thing it was required to do. 
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B H T 


Παντὸς παραλληλογράμμου τῶν περὶ THY διάμετρον παραλληλογράμμων τὰ παραπληρώματα 
ἴσα ἀλλήλοις ἐστίν. 


Ἔστω παραλληλόγραμμον τὸ ΛΑΒΙ Δ, διάμετρος δὲ αὐτοῦ ἡ AT, περὶ δὲ τὴν ALT παραλ- 
ληλόγραμμα μὲν ἔστω τὰ ΕΘ, ZH, τὰ δὲ λεγόμενα παραπληρώματα τὰ BK, KA’ λέγω, ὅτι 
ἴσον ἐστὶ τὸ ΒΚ παραπλήρωμα τῷ ΚΔ παραπληρώματι. 


᾿Επεὶ γὰρ παραλληλόγραμμόν ἐστι τὸ ABTA, διάμετρος δὲ αὐτοῦ ἣ AT, ἴσον ἐστὶ τὸ ABI 
τρίγωνον τῷ ATA τριγώνῳ. πάλιν, ἐπεὶ παραλληλόγραμμόν ἐστι TO ΕΘ, διάμετρος δὲ αὐτοῦ 
ἐστιν ἣ ΑΚ, ἴσον ἐστὶ τὸ ΛΗ Κ τρίγωνον τῷ ΑΘΚ τριγώνῳ. διὰ τὰ αὐτὰ δὴ καὶ τὸ KZT 
τρίγωνον τῷ ΚΗΓ ἐστιν ἴσον. ἐπεὶ οὖν τὸ μὲν AEK τρίγωνον τῷ ΑΘΚ τριγώνῳ ἐστὶν ἴσον, 
τὸ δὲ ΚΖ] τῷ ΚΗΙ, τὸ AEK τρίγωνον μετὰ τοῦ ΚΗΤ᾿ ἴσον ἐστὶ τῷ ΑΘΚ τριγώνῳ μετὰ τοῦ 
KZIT™ ἔστι δὲ καὶ ὅλον τὸ ABI τρίγωνον ὅλῳ τῷ AAT ἴσον: λοιπὸν ἄρα τὸ BK παραπλήρωμα 
λοιπῷ τῷ ΚΔ παραπληρώματί ἐστιν ἴσον. 


Παντὸς ἄρα παραλληλογράμμου χωρίου τῶν περὶ τὴν διάμετρον παραλληλογράμμων τὰ πα- 
ραπληρώματα ἴσα ἀλλήλοις ἐστίν: ὅπερ ἔδει δεῖξαι. 
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Proposition 43 


A H D 


B G C 


For any parallelogram, the complements of the parallelograms about the diagonal are equal to 
one another. 


Let ABCD be a parallelogram, and AC its diagonal. And let EH and FG be the parallelograms 
about AC, and Bk and Καὶ the so-called complements (about AC). I say that the complement 
BK is equal to the complement Καὶ Ὁ. 


For since ABCD is a parallelogram, and AC its diagonal, triangle ABC is equal to triangle ACD 
[Prop. 1.34]. Again, since FH is a parallelogram, and AK is its diagonal, triangle ΑΕ K is equal to 
triangle AH Καὶ [Prop. 1.34]. So, for the same (reasons), triangle Καὶ ΕῸ is also equal to (triangle) 
KGC. Therefore, since triangle ΑΕ Καὶ is equal to triangle AHK, and KFC to KGC, triangle 
AEK plus KGC is equal to triangle AH Καὶ plus KFC. And the whole triangle ABC is also equal 
to the whole (triangle) ADC. Thus, the remaining complement Bk is equal to the remaining 
complement Kk ἢ. 


Thus, for any parallelogramic figure, the complements of the parallelograms about the diagonal 
are equal to one another. (Which is) the very thing it was required to show. 
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Θ Α Λ 


Παρὰ τὴν δοϑεῖσαν εὐϑεῖαν τῷ δοϑέντι τριγώνῳ ἴσον παραλληλόγραμμον παραβαλεῖν ἐν τῇ 
δοϑείσῃ γωνίᾳ εὐθυγράμμῳ. 


Ἔστω ἣ μὲν δοϑεῖσα εὐϑεῖα ἡ AB, τὸ δὲ δοϑὲν τρίγωνον τὸ I, ἣ δὲ δοϑεῖσα γωνία εὐϑύγραμμος 
ἢ A δεῖ δὴ παρὰ τὴν δοϑεῖσαν εὐθεῖαν τὴν AB τῷ δοϑέντι τριγώνῳ τῷ T° ἴσον παραλ- 
ληλόγραμμον παραβαλείν ἐν ἴσῃ τῇ Δ γωνίᾳ. 


Συνεστάτω τῷ T τριγώνῳ ἴσον παραλληλόγραμμον τὸ BEZH ἐν γωνίᾳ τῇ ὑπὸ ΕΒΗ, ἣ ἐστιν 
ἴση τῇ Δ’ καὶ κείσϑω ὥστε én εὐϑείας εἶναι τὴν BE τὴ AB, καὶ διήχϑω ἣ ΖΗ ἐπὶ τὸ Θ, χαὶ 
διὰ tod A ὁποτέρᾳ τῶν ΒΗ, EZ παράλληλος ἤχϑω ἣ AO, uot ἐπεζεύχϑω 7 ΘΒ. καὶ ἐπεὶ 
εἰς παραλλήλους τὰς ΑΘ, EZ εὐϑεῖα ἐνέπεσεν ἡ ΘΖ, αἱ ἄρα ὑπὸ ΑΘΖ, OZE γωνίαι δυσὶν 
ὀρϑοαῖς εἰσιν ἴσαι. αἱ ἄρα ὑπὸ ΒΘΗ, HZE δύο ὀρϑῶν ἐλάσσονές εἰσιν’ αἱ δὲ ἀπὸ ἐλασσόνων 
H δύο ὀρϑῶν εἰς ἄπειρον ἐκβαλλόμεναι συμπίπτουσιν: αἱ ΘΒ, ΖΕ ἄρα ἐκβαλλόμεναι ovp- 
πεσοῦνται. ἐχκβεβλήσϑωσαν καὶ συμπιπτέτωσαν κατὰ τὸ K, καὶ διὰ τοῦ Κ σημείου ὁποτέρα 
τῶν EA, ΖΘ παράλληλος ἤχϑω ἣ KA, καὶ ἐκβεβλήσθωσαν αἱ ΘΑ, ΗΒ ἐπὶ τὰ A, Μ σημεῖα. 
παραλληλόγραμμον ἄρα ἐστὶ τὸ ΘΛΚΖ, διάμετρος δὲ αὐτοῦ ἡ OK, περὶ δὲ τὴν ΘΚ παραλ- 
ληλόγραμμα μὲν τὰ AH, MB, τὰ δὲ λεγόμενα παραπληρώματα τὰ AB, BZ ἴσον ἄρα ἐστὶ τὸ 
ΛΒ τῷ ΒΖ. ἀλλὰ τὸ ΒΖ τῷ T τριγώνῳ ἐστὶν ἴσον: καὶ τὸ ΛΒ ἄρα τῷ 1" ἐστιν ἴσον. καὶ ἐπεὶ ἴση 
ἐστὶν ἣ ὑπὸ HBE γωνία τῇ ὑπὸ ABM, ἀλλὰ ἣ ὑπὸ HBE τῇ Δ ἐστιν ἴση, καὶ ἣ ὑπὸ ABM ἄρα 
τῇ Δ γωνία ἐστὶν ἴση. 


Παρὰ thy δοϑεῖσαν ἄρα εὐθεῖαν τὴν AB τῷ δοϑέντι τριγώνῳ τῷ T° ἴσον παραλληλόγραμμον 
παραβέβληται τὸ ΛΒ ἐν γωνίᾳ τῇ ὑπὸ ABM, ἣ ἐστιν ἴση τῇ Δ’ ὅπερ ἔδει ποιῆσαι. 
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ELEMENTS BOOK 1 


Proposition 44 


“4; 


To apply a parallelogram equal to a given triangle to a given straight-line in a given rectilinear 
angle. 


Let AB be the given straight-line, C' the given triangle, and D the given rectilinear angle. So it is 
required to apply a parallelogram equal to the given triangle C to the given straight-line AB in 
an angle equal to D. 


Let the parallelogram BE FG, equal to the triangle Οὐ, have been constructed in the angle E BG, 
which is equal to D [Prop. 1.42]. And let it have been placed so that BE is straight-on to AB.'” 
And let /'G have been drawn through to H, and let AH have been drawn through A parallel to 
either of BG or EF [Prop. 1.31], and let HB have been joined. And since the straight-line HF’ 
falls across the parallel-lines AH and EF, the angles AHF and HFEF are thus equal to two right- 
angles [Prop. 1.29]. Thus, BHG and GFE are less than two right-angles. And (straight-lines) 
produced to infinity from (internal angles) less than two right-angles meet together [Post. 5]. 
Thus, being produced, HB and F'E will meet together. Let them have been produced, and let 
them meet together at A. And let KL have been drawn through point Kk parallel to either of EA 
or F'H [Prop. 1.31]. And let HA and GB have been produced to points L and M (respectively). 
Thus, HLKF is a parallelogram, and HK its diagonal. And AG and WE (are) parallelograms, 
and LB and BF the so-called complements, about Hk. Thus, LB is equal to BF [Prop. 1.43]. 
But, BF is equal to triangle C. Thus, LB is also equal to C. Also, since angle GBE is equal to 
ABM [Prop. 1.15], but GBE is equal to D, ABM is thus also equal to angle D. 


Thus, the parallelogram LB, equal to the given triangle Οὐ, has been applied to the given straight- 
line AB in the angle ABM, which is equal to D. (Which is) the very thing it was required to 
do. 


17This can be achieved using Props. 1.3, 1.23, and 1.31. 
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Τὼ δοϑέντι εὐθυγράμμῳ ἴσον παραλληλόγραμμον συστήσασϑαι ἐν τῇ δοϑείσῃ γωνίᾳ εὐθυγράμμῳ. 


Ἔστω τὸ μὲν δοϑὲν εὐϑύγραμμον τὸ ΑΒΙ(Δ, 7 δὲ δοϑεῖσα γωνία εὐθύγραμμος H E δεῖ δὴ τῷ 
ABLA εὐθυγράμμῳ ἴσον παραλληλόγραμμον συστήσασϑαι ἐν τῇ δοϑείσῃ γωνίᾳ τῇ E. 


᾿Επεζεύχϑω ἣ AB, καὶ συνεστάτω τῷ ΑΒΔ τριγώνῳ ἴσον παραλληλόγραμμον τὸ ΖΘ ἐν τῇ ὑπὸ 
ΘΚΖ γωνίᾳ, ἣἥ ἐστιν ἴση τῇ E καὶ παραβεβλήσϑω παρὰ τὴν ΗΘ εὐϑεῖαν τῷ ABI τριγώνῳ 
ἴσον παραλληλόγραμμον τὸ ΗΜ ἐν τῇ ὑπὸ ΗΘΜ γωνίᾳ, ἣ ἐστιν ἴση τῇ E. καὶ ἐπεὶ ἣ E γωνία 
ἑκατέρα τῶν ὑπὸ ΘΚΖ, ΗΘΜ ἐστιν ἴση, καὶ ἣ ὑπὸ ΘΚΖ ἄρα τῇ ὑπὸ ΗΘΜ ἐστιν ἴση. κοινὴ 
προσπείσϑω 7 ὑπὸ ΚΘΗ: αἱ ἄρα ὑπὸ ΖΚΘ, KOH ταῖς ὑπὸ ΚΘΗ, HOM ἴσαι εἰσίν. ἀλλ᾽ αἱ 
ὑπὸ ΖΚΘ, ΚΘΗ δυσὶν ὀρϑαῖς ἴσαι εἰσίν: καὶ αἱ ὑπὸ ΚΘΗ, ΗΘΜ ἄρα δύο ὀρϑαῖς ἴσας εἰσίν. 
πρὸς SH τινι εὐθεῖα τῇ HO χκαὶ τῷ πρὸς αὐτῇ σημείῳ τῷ Θ δύο εὐϑεῖαι αἱ ΚΘ, ΘΜ μὴ ἐπὶ 
τὰ αὐτὰ μέρη κείμεναι τὰς ἐφεξῆς γωνίας δύο ὀρϑαῖς ἴσας ποιοῦσιν ἐπ᾽ εὐϑείας ἄρα ἐστὶν ἣ 
ΚΘ τῇ OM: καὶ ἐπεὶ εἰς παραλλήλους τὰς KM, ZH εὐϑεῖα ἐνέπεσεν ἡἣ ΘΗ, αἱ ἐναλλὰξ γωνίαι 
αἱ ὑπὸ MOH, ΘΗΖ ἴσαι ἀλλήλαις εἰσίν. κοινὴ προσχείσϑω ἡἣ ὑπὸ ΘΗΛ’ αἱ ἄρα ὑπὸ MOH, 
OHA ταῖς ὑπὸ ΘΗΖ, ΘΗΛ ἴσαι εἰσιν. ἀλλ᾽ αἱ ὑπὸ MOH, ΘΗΛ δύο ὀρϑαῖς ἴσαι εἰσίν: καὶ αἱ 
ὑπὸ ΘΗΖ, ΘΗΛ ἄρα δύο ὀρϑαῖς ἴσαι εἰσίν" én’ εὐϑείας ἄρα ἐστὶν ἣ ΖΗ τῇ ΗΛ. καὶ ἐπεὶ ἣ ZK 
τῇ ΘΗ ἴση τε καὶ παράλληλός ἐστιν, ἀλλὰ καὶ ἣ ΘΗ τῇ MA, noi ἣ ΚΖ ἄρα τῇ MA ἴση τε καὶ 
παράλληλός ἐστιν’ καὶ ἐπιζευγνύουσιν αὐτὰς εὐϑεῖαι αἱ KM, ΖΛ: καὶ αἱ ΚΜ, ZA ἄρα ἴσαι τε 
καὶ παράλληλοί εἰσιν: παραλληλόγραμμον ἄρα ἐστὶ τὸ KZAM. καὶ ἐπεὶ ἴσον ἐστὶ τὸ μὲν ABA 
τρίγωνον τῷ ΖΘ παραλληλογράμμῳ, τὸ δὲ ABI τῷ ΗΜ, ὅλον ἄρα τὸ ΑΒΙΔ εὐθύγραμμον 
ὅλῳ τῷ ΚΖΛΜ παραλληλογράμμῳ ἐστὶν ἴσον. 


T@ ἄρα δοϑέντι εὐϑυγράμμῳ τῷ ABTA ἴσον παραλληλόγραμμον συνέσταται τὸ ΚΖΛΜ ἐν 
γωνίᾳ τῇ ὑπὸ ZKM, ἣ ἐστιν ἴση τῇ δοϑείσῃ τῇ Ε΄ ὅπερ ἔδει ποιῆσαι. 
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Proposition 45 


K H M 


To construct a parallelogram equal to a given rectilinear figure in a given rectilinear angle. 


Let ABCD be the given rectilinear figure,!° and E the given rectilinear angle. So it is required to 
construct a parallelogram equal to the rectilinear figure ABC D in the given angle E. 


Let DB have been joined, and let the parallelogram ΓΗ, equal to the triangle ABD, have been 
constructed in the angle H K F’, which is equal to Εἰ [Prop. 1.42]. And let the parallelogram GM, 
equal to the triangle D BC, have been applied to the straight-line GH in the angle GH M, which is 
equal to Εἰ [Prop. 1.44]. And since angle FE is equal to each of (angles) HK F and GH M, (angle) 
HKF is thus also equal to GH M. Let KHG have been added to both. Thus, Fk H and KHG 
are equal to KHG and GHM. But, F KH and K HG are equal to two right-angles [Prop. 1.29]. 
Thus, KHG and GH are also equal to two right-angles. So two straight-lines, KH and HM, 
not lying on the same side, make the adjacent angles equal to two right-angles at the point H on 
some straight-line GH. Thus, KH is straight-on to HM [Prop. 1.14]. And since the straight-line 
HG falls across the parallel-lines Καὶ Μ and FG, the alternate angles HG and HGF are equal to 
one another [Prop. 1.29]. Let HGL have been added to both. Thus, /HG and HGL are equal 
to HGF and HGL. But, MHG and HGL are equal to two right-angles [Prop. 1.29]. Thus, HGF’ 
and HGL are also equal to two right-angles. Thus, F'G is straight-on to GL [Prop. 1.14]. And 
since ΓΚ is equal and parallel to HG [Prop. 1.34], but also HG to ML [Prop. 1.34], KF is thus 
also equal and parallel to WL [Prop. 1.30]. And the straight-lines KM and ΕἼ, join them. Thus, 
KM and ΕἸ, are equal and parallel as well [Prop. 1.33]. Thus, KF'LM is a parallelogram. And 
since triangle ABD is equal to parallelogram F'H, and DBC to GM, the whole rectilinear figure 
ABCD is thus equal to the whole parallelogram KF LM. 


Thus, the parallelogram KF'LM, equal to the given rectilinear figure ABCD, has been con- 
structed in the angle ΕΚ M, which is equal to the given (angle) EL. (Which is) the very thing it 
was required to do. 


18The proof is only given for a four-sided figure. However, the extension to many-sided figures is trivial. 
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"Ano τῆς δοϑείσης εὐϑείας τετράγωνον ἀναγράψαι. 
Ἔστω ἡἣ δοϑεῖσα εὐϑεῖα ἡ ΑΒ’ δεῖ δὴ ἀπὸ τῆς AB εὐϑείας τετράγωνον ἀναγράψαι. 


Ἤχϑω τῇ AB εὐϑείᾳ ἀπὸ τοῦ πρὸς αὐτῇ σημείου τοῦ A πρὸς ὀρϑὰς ἣ AT, καὶ κείσϑω τῇ AB 
ton ἣ ΛΔ’ καὶ διὰ μὲν τοῦ Δ σημείου τῇ AB παράλληλος ἤχϑω ἣ AE, διὰ δὲ τοῦ Β σημείου 
τῇ AA παράλληλος ἤχϑω 7 BE. Παραλληλόγραμμον ἄρα ἐστὶ τὸ ΑΔΕΒ’ ἴση ἄρα ἐστὶν ἣ μὲν 
AB τῇ ΔΕ, ἡ δὲ AA τῇ BE. ἀλλὰ 7 AB τῇ AA ἐστιν ἴση: αἱ τέσσαρες ἄρα αἱ BA, AA, AE, 
EB ἴσαι ἀλλήλαις εἰσίν: ἰσόπλευρον ἄρα ἐστὶ τὸ AAEB παραλληλόγραμμον. λέγω δή, ὅτι καὶ 
ὀρϑογώνιον. ἐπεὶ γὰρ εἰς παραλλήλους τὰς AB, AE εὐϑεῖα ἐνέπεσεν ἡ AA, αἱ ἄρα ὑπὸ BAA, 
AAE γωνίαι δύο ὀρϑαῖς ἴσαι εἰσίν. ὀρϑὴ δὲ ἡ ὑπὸ ΒΑΔ’ ὀρϑὴ ἄρα καὶ ἣ ὑπὸ AAE. τῶν 
δὲ παραλληλογράμμων χωρίων αἱ ἀπεναντίον πλευραί τε καὶ γωνίαι ἴσαι ἀλλήλαις εἰσίν: ὀρϑὴ 
ἄρα καὶ ἑκατέρα τῶν ἀπεναντίον τῶν ὑπὸ ABE, ΒΕΔ γωνιῶν: ὀρϑογώνιον ἄρα ἐστὶ τὸ ΑΔΕΒ. 
ἐδείχϑη δὲ nat ἰσόπλευρον. 


Ἰετράγωνον ἄρα ἐστίν: καί ἐστιν ἀπὸ τῆς AB εὐϑείας ἀναγεγραμμένον: ὅπερ ἔδει ποιῆσαι. 
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To describe a square on a given straight-line. 
Let AB be the given straight-line. So it is required to describe a square on the straight-line AB. 


Let AC have been drawn at right-angles to the straight-line AB from the point A on it [Prop. 1.11], 
and let AD have been made equal to AB [Prop. 1.3]. And let DE have been drawn through 
point D parallel to AB [Prop. 1.31], and let BE have been drawn through point PB parallel to 
AD [Prop. 1.31]. Thus, ADEB is a parallelogram. Thus, AB is equal to DE, and AD to BE 
[Prop. 1.34]. But, AB is equal to AD. Thus, the four (sides) BA, AD, DE, and ΕΒ are equal to 
one another. Thus, the parallelogram ADEB is equilateral. So I say that (it is) also right-angled. 
For since the straight-line AD falls across the parallel-lines AB and DE, the angles BAD and 
ADE are equal to two right-angles [Prop. 1.29]. But BAD (is a) right-angle. Thus, ADE (is) 
also a right-angle. And for parallelogrammic figures, the opposite sides and angles are equal to 
one another [Prop. 1.34]. Thus, each of the opposite angles ABE and BED (are) also right- 
angles. Thus, ADEB is right-angled. And it was also shown (to be) equilateral. 


Thus, (ADE B) is a square [Def. 1.22]. And it is described on the straight-line AB. (Which is) 
the very thing it was required to do. 
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Ἔν τοῖς ὀρϑογωνίοις τριγώνοις TO ἀπὸ τῆς THY ὀρϑὴν γωνίαν ὑποτεινούσης πλευρᾶς τετράγωνον 
ἴσον ἐστὶ τοῖς ἀπὸ τῶν τὴν ὀρϑὴν γωνίαν περιεχουσῶν πλευρῶν τετραγώνοις. 


Ἔστω τρίγωνον ὀρϑογώνιον τὸ ABI’ ὀρϑὴν ἔχον τὴν ὑπὸ BAT γωνίαν: λέγω, ὅτι τὸ ἀπὸ τῆς 
BI τετράγωνον ἴσον ἐστὶ τοῖς ἀπὸ τῶν BA, AT τετραγώνοις. 


᾿Αναγεγράφϑω γὰρ ἀπὸ μὲν τῆς BE τετράγωνον τὸ BAET, ἀπὸ δὲ τῶν BA, AT τὰ ΗΒ, ΘΙ, 
nat διὰ tod A ὁποτέρᾳ τῶν ΒΔ, ΤῈ παράλληλος ἤχϑω ἣ ΔΛ’ καὶ ἐπεζεύχϑωσαν αἱ AA, ZT. 
nal ἐπεὶ ὀρϑή ἐστιν ἑκατέρα τῶν ὑπὸ BAT, BAH γωνιῶν, πρὸς δή τινι εὐθείᾳ τῇ BA χκαὶ τῷ 
πρὸς αὐτῇ σημείῳ τῷ A δύο εὐϑεῖαι αἱ AT, AH μὴ ἐπὶ τὰ αὐτὰ μέρη κείμεναι τὰς ἐφεξῆς 
γωνίας δυσὶν ὀρϑαῖς ἴσας ποιοῦσιν᾽ én’ εὐϑείας ἄρα ἐστὶν ἣ DA τῇ ΛΗ. διὰ τὰ αὐτὰ δὴ nal ἣ 
ΒΑ τῇ ΑΘ ἐστιν ἐπ᾽ εὐϑείας. καὶ ἐπεὶ ἴση ἐστὶν ἣ ὑπὸ ABI γωνία τῇ ὑπὸ ΖΒΑ: ὀρϑὴ γὰρ 
ἑκατέρα" κοινὴ προσχείσϑω ἣ ὑπὸ ABI™ ὅλη ἄρα ἣ ὑπὸ ABA ὅλῃ τῇ ὑπὸ ZBI ἐστιν ἴση. καὶ 
ἐπεὶ ἴση ἐστὶν ἣ μὲν AB τῇ BI, 7 δὲ ΖΒ τῇ ΒΑ, δύο δὴ αἱ AB, ΒΑ δύο ταῖς ZB, BI ἴσαι εἰσὶν 
ἑκατέρα ἑκατέρα" καὶ γωνία ἣ ὑπὸ ΔΒΑ γωνίᾳ τῇ ὑπὸ ZBI ton βάσις ἄρα ἡἣ AA βάσει τῇ ZT 
[ἐστιν] ἴση, καὶ τὸ ABA τρίγωνον τῷ ZBI τριγώνῳ ἐστὶν toov καί [ἐστι] τοῦ μὲν ABA τριγώνου 
διπλάσιον τὸ ΒΛ παραλληλόγραμμον: βάσιν τε γὰρ τὴν αὐτὴν ἔχουσι τὴν ΒΔ καὶ ἐν ταῖς αὐταῖς 
εἰσι παραλλήλοις ταῖς ΒΔ, ΑΛ’ τοῦ δὲ ZBI τριγώνου διπλάσιον τὸ HB τετράγωνον: βάσιν τε 
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In a right-angled triangle, the square on the side subtending the right-angle is equal to the (sum 
of the) squares on the sides surrounding the right-angle. 


Let ABC be a right-angled triangle having the right-angle BAC. I say that the square on BC is 
equal to the (sum of the) squares on BA and AC. 


For let the square BDEC have been described on BC, and (the squares) GB and HC on AB 
and AC’ (respectively) [Prop. 1.46]. And let AL have been drawn through point A parallel to 
either of BD or CE [Prop. 1.31]. And since angles BAC and BAG are each right-angles, so 
two straight-lines AC’ and AG, not lying on the same side, make the adjacent angles equal to 
two right-angles at the same point A on some straight-line BA . Thus, CA is straight-on to AG 
[Prop. 1.14]. So, for the same (reasons), BA is also straight-on to AH. And since angle DBC 
is equal to ΓΒΑ, for (they are) both right-angles, let ABC have been added to both. Thus, the 
whole (angle) DBA is equal to the whole (angle) FBC. And since DB is equal to BC, and ΕΒ to 
BA, the two (straight-lines) DB, ΒΑ are equal to the two (straight-lines) CB, BF,’° respectively. 
And angle DBA (is) equal to angle "ΒΟ. Thus, the base AD [is] equal to the base FC, and the 
triangle ABD is equal to the triangle F BC [Prop. 1.4]. And parallelogram BL [is] double (the 


1°The Greek text has “ΕΒ, BC”, which is obviously a mistake. 
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γὰρ πάλιν τὴν αὐτὴν ἔχουσι τὴν ZB uat ἐν ταῖς αὐταῖς εἰσι παραλλήλοις ταῖς ZB, HI. [τὰ δὲ 
τῶν ἴσων διπλάσια ἴσα ἀλλήλοις ἐστίν] ἴσον ἄρα ἐστὶ καὶ τὸ BA παραλληλόγραμμον τῷ ΗΒ 
τετραγώνῳ. ὁμοίως δὴ ἐπιζευγνυμένων τῶν ΛΗ, BK δειχϑήσεται καὶ τὸ ΓΛ παραλληλόγραμμον 
ἴσον τῷ OL τετραγώνῳ’ ὅλον ἄρα τὸ BAET τετράγωνον δυσὶ τοῖς HB, ΘΙ" τετραγώνοις ἴσον 
ἐστίν. καί ἐστι τὸ μὲν BART τετράγωνον ἀπὸ τῆς BI’ ἀναγραφέν, τὰ δὲ HB, OL ἀπὸ τῶν 
BA, AIT. τὸ ἄρα ἀπὸ τῆς BI πλευρᾶς τετράγωνον ἴσον ἐστὶ τοῖς ἀπὸ τῶν BA, AT’ πλευρῶν 
τετραγώνοις. 


Ἔν ἄρα τοῖς ὀρϑογωνίοις τριγώνοις τὸ ἀπὸ τῆς τὴν ὀρϑὴν γωνίαν ὑποτεινούσης πλευρᾶς 


τετράγωνον ἴσον ἐστὶ τοῖς ἀπὸ τῶν τὴν ὀρϑὴν [γωνίαν] περιεχουσῶν πλευρῶν τετραγώνοις OTE 
θ ς Ἣν opvy ριεχ e e S e 


ἔδει δεῖξαι. 
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area) of triangle ABD. For they have the same base, BD, and are between the same parallels, 
BD and AL [Prop. 1.41]. And parallelogram Ο Β is double (the area) of triangle F BC. For again 
they have the same base, ΓΒ, and are between the same parallels, ΓΒ and GC [Prop. 1.41]. 
[And the doubles of equal things are equal to one another.]?° Thus, the parallelogram BL is also 
equal to the square GB. So, similarly, AE and BK being joined, the parallelogram C'L can be 
shown (to be) equal to the square HC. Thus, the whole square BDEC is equal to the two squares 
GB and HC. And the square BDEC is described on BC, and the (squares) GB and HC on BA 
and AC (respectively). Thus, the square on the side BC is equal to the (sum of the) squares on 
the sides BA and AC. 


Thus, in a right-angled triangle, the square on the side subtending the right-angle is equal to the 
(sum of the) squares on the sides surrounding the right-[angle]. (Which is) the very thing it was 
required to show. 


20This is an additional common notion. 
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᾿Ἐὰν τριγώνου τὸ ἀπὸ μιᾶς τῶν πλευρῶν τετράγωνον ἴσον ἢ τοῖς ἀπὸ τῶν λοιπῶν τοῦ τριγώνου 
δύο πλευρῶν τετραγώνοις, ἣ περιεχομένη γωνία ὑπὸ τῶν λοιπῶν τοῦ τριγώνου δύο πλευρῶν 
ὀρϑῇ ἐστιν. 


Τριγώνου γὰρ τοῦ ABI τὸ ἀπὸ μιᾶς τῆς BI’ πλευρᾶς τετράγωνον ἴσον ἔστω τοῖς ἀπὸ τῶν BA, 
AT πλευρῶν τετραγώνοις: λέγω, ὅτι ὀρϑή ἐστιν ἣ ὑπὸ BAT γωνία. 


Ἤχϑω γὰρ ἀπὸ τοῦ A σημείου τῇ AD εὐϑείᾳ πρὸς ὀρϑὰς H AA χαὶ χκείσϑω τῇ ΒΑ ἴση ἡ ΛΔ, 
nat ἐπεζεύχϑω ἣ AD. ἐπεὶ ἴση ἐστὶν ἡ AA τῇ ΛΒ, ἴσον ἐστὶ καὶ τὸ ἀπὸ τῆς ΔΑ τετράγωνον τῷ 
ἀπὸ τῆς AB τετραγώνῳ. κοινὸν προσχείσϑω τὸ ἀπὸ τῆς AT τετράγωνον" τὰ ἄρα ἀπὸ τῶν AA, 
AT τετράγωνα ἴσα ἐστὶ τοῖς ἀπὸ τῶν BA, AT τετραγώνοις. ἀλλὰ τοῖς μὲν ἀπὸ τῶν AA, AT 
ἴσον ἐστὶ τὸ ἀπὸ τῆς ΔΙ" ὀρϑὴ γάρ ἐστιν ἣ ὑπὸ AAT γωνία: τοῖς δὲ ἀπὸ τῶν BA, AT ἴσον 
ἐστὶ τὸ ἀπὸ τῆς BI™ ὑπόκειται γάρ’ τὸ ἄρα ἀπὸ τῆς ΔΙ" τετράγωνον ἴσον ἐστὶ τῷ ἀπὸ τῆς BI 
τετραγώνῳ᾽ ὥστε καὶ πλευρὰ ἣ ΔΙ᾿ τῇ BI ἐστιν ton: καὶ ἐπεὶ ἴση ἐστὶν ἣ AA τῇ AB, κοινὴ δὲ 7 
AT, δύο δὴ αἱ AA, AT δύο ταῖς BA, AT ἴσαι εἰσίν: καὶ βάσις ἡ AT βάσει τῇ BV ton γωνία ἄρα 
ἣ ὑπὸ AAT γωνίᾳ τῇ ὑπὸ BAT [ἐστιν] ἴση. ὀρϑὴ δὲ ἣ ὑπὸ AAT™ ὀρϑὴ ἄρα καὶ ἣ ὑπὸ BAT. 

Ἐὰν ἀρὰ τριγώνου τὸ ἀπὸ μιᾶς τῶν πλευρῶν τετράγωνον ἴσον ἢ τοῖς ἀπὸ τῶν λοιπῶν τοῦ 


τριγώνου δύο πλευρῶν τετραγώνοις, ἣ περιεχομένη γωνία ὑπὸ τῶν λοιπῶν τοῦ τριγώνου δύο 
πλευρῶν ὀρϑῆ ἐστιν’ ὅπερ ἔδει δεῖξαι. 
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If the square on one of the sides of a triangle is equal to the (sum of the) squares on the remaining 
sides of the triangle then the angle contained by the remaining sides of the triangle is a right- 
angle. 


For let the square on one of the sides, BC, of triangle ABC be equal to the (sum of the) squares 
on the sides BA and AC. I say that angle BAC is a right-angle. 


For let AD have been drawn from point A at right-angles to the straight-line AC [Prop. 1.11], 
and let AD have been made equal to BA [Prop. 1.3], and let DC have been joined. Since DA is 
equal to AB, the square on DA is thus also equal to the square on AB.”! Let the square on AC 
have been added to both. Thus, the squares on DA and AC are equal to the squares on BA and 
AC. But, the (squares) on DA and AC are equal to the (square) on DC. For angle DAC is a 
right-angle [Prop. 1.47]. But, the (squares) on BA and AC are equal to the (square) on BC. For 
(that) was assumed. Thus, the square on DC is equal to the square on BC’. So DC is also equal 
to BC. And since DA is equal to AB, and AC (is) common, the two (straight-lines) DA, AC 
are equal to the two (straight-lines) BA, AC. And the base DC is equal to the base BC’. Thus, 
angle DAC [is] equal to angle BAC [Prop. 1.8]. But DAC is a right-angle. Thus, BAC is also a 
right-angle. 


Thus, if the square on one of the sides of a triangle is equal to the (sum of the) squares on the 
remaining sides of the triangle then the angle contained by the remaining sides of the triangle is 
a right-angle. (Which is) the very thing it was required to show. 


2lHere, use is made of the additional common notion that the squares of equal things are themselves equal. Later 
on, the inverse notion is used. 
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Fundamentals of geometric algebra 


ΣΤΟΙΧΕΙΩΝ 8’ 
Ὅροι 
α΄ Πᾶν παραλληλόγραμμον ὀρϑογώνιον περιέχεσϑαι λέγεται ὑπὸ δύο τῶν τὴν ὀρϑὴν γωνίαν 


περιεχουσῶν εὐϑειῶν. 


β΄ Παντὸς δὲ παραλληλογράμμου χωρίου τῶν περὶ τὴν διάμετρον αὐτοῦ παραλληλογράμμων 
ἕν ὁποιονοῦν σὺν τοῖς δυσὶ παραπληρώμασι γνώμων χκαλείσϑω. 
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1 Any right-angled parallelogram is said to be contained by the two straight-lines containing 


a(ny) right-angle. 


2 And for any parallelogrammic figure, let any one whatsoever of the parallelograms about 
its diagonal, (taken) with its two complements, be called a gnomon. 
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3 N ox ἄ > ~ > Xs ἘΠ τον 5. τῷ 3 ε ~ ΄ N ΄ 

Εὰν wot δύο εὐϑεῖαι, τμηϑῇ) δὲ H ἑτέρα αὐτῶν εἰς ὁσαδηποτοῦν τμήματα, τὸ περιεχόμενον 
ὀρϑογώνιον ὑπὸ τῶν δύο εὐϑειῶν ἴσον ἐστὶ τοῖς ὑπό τε τῆς ἀτμήτου καὶ ἑκάστου τῶν τμημάτων 
περιεχομένοις ὀρϑογωνίοις. 


Ἔστωσαν δύο εὐϑεῖαι αἱ A, BI, καὶ τετμήσϑω ἣ BI, ὡς ἔτυχεν, κατὰ τὰ Δ, E σημεῖα: λέγω, 
ὅτι τὸ ὑπὸ τῶν A, BI” περιεχομένον ὀρϑογώνιον ἴσον ἐστὶ τῷ τε ὑπὸ τῶν A, ΒΔ περιεχομένῳ 
ὀρϑογωνίῳ καὶ τῷ ὑπὸ τῶν A, AE χαὶ ἔτι τῷ ὑπὸ τῶν A, ED. 


Ἤχϑω γὰρ ἀπὸ τοῦ Β τῇ BI πρὸς ὀρϑὰς ἡ ΒΖ, uct κείσϑω τῇ A ἴση ἡ BH, uct διὰ μὲν τοῦ 
Η τῇ BI παράλληλος ἤχϑω ἣ ΗΘ, διὰ δὲ τῶν Δ, E, V τῇ ΒΗ παράλληλοι ἤχϑωσαν αἱ AK, 
EA, TO. 


Ἴσον Sn ἐστι τὸ ΒΘ τοῖς BK, AA, ΕΘ. καί ἐστι τὸ μὲν BO τὸ ὑπὸ τῶν A, BI™ περιέχεται μὲν 
γὰρ ὑπὸ τῶν HB, BI, ἴση δὲ ἣ ΒΗ τῇ Δ’ τὸ δὲ ΒΚ τὸ ὑπὸ τῶν A, ΒΔ’ περιέχεται μὲν γὰρ 
ὑπὸ τῶν HB, ΒΔ, ἴση δὲ ἡ ΒΗ τῇ Δ. τὸ δὲ AA τὸ ὑπὸ τῶν A, ΔΕ; ἴση γὰρ 7 ΔΚ, τουτέστιν 
ἣ ΒΗ, τῇ A. καὶ ἔτι ὁμοίως τὸ ΕΘ τὸ ὑπὸ τῶν A, EI τὸ ἄρα ὑπὸ τῶν A, BI ἴσον ἐστὶ τῷ τε 
ὑπὸ A, BA χαὶ τῷ ὑπὸ A, AE καὶ ἔτι τῷ ὑπὸ A, ET. 


᾿ὰν ἄρα ὦσι δύο εὐϑεῖαι, τμηϑῇ δὲ ἡ ἑτέρα αὐτῶν εἰς ὁσαδηποτοῦν τμήματα, τὸ περιεχόμενον 


ὀρϑογώνιον ὑπὸ τῶν δύο εὐϑειῶν ἴσον ἐστὶ τοῖς ὑπό τε τῆς ἀτμήτου καὶ ἑκάστου τῶν τμημάτων 
περιεχομένοις ὀρϑογωνίοις: ὅπερ ἔδει δεῖξαι. 
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If there are two straight-lines, and one of them is cut into any number of pieces whatsoever, then 
the rectangle contained by the two straight-lines is equal to the (sum of the) rectangles contained 
by the uncut (straight-line), and every one of the pieces (of the cut straight-line). 


Let A and BC be the two straight-lines, and let BC be cut, at random, at points D and E. I say 
that the rectangle contained by A and BC is equal to the rectangle(s) contained by A and BD, 
by A and DE, and, finally, by A and EC. 


For let BF have been drawn from point B, at right-angles to BC [Prop. 1.11], and let BG be 
made equal to A [Prop. 1.3], and let GH have been drawn through (point) G, parallel to BC 
[Prop. 1.31], and let Dk, EL, and CH have been drawn through (points) D, Ε, and C (respec- 
tively), parallel to BG [Prop. 1.31]. 


So the (rectangle) BH is equal to the (rectangles) Bk, DL, and EH. And ΒΗ is the (rectangle 
contained) by A and BC. For it is contained by GB and BC, and BG (is) equal to A. And BK (is) 
the (rectangle contained) by A and BD. For it is contained by GB and BD, and BG (is) equal to 
A. And DL (is) the (rectangle contained) by A and DE. For DK, that is to say BG [Prop. 1.34], 
(is) equal to A. Similarly, EH (is) the (rectangle contained) by A and EC. Thus, the (rectangle 
contained) by A and BC is equal to the (rectangles contained) by A and BD, by A and DE, and, 
finally, by A and EC. 


Thus, if there are two straight-lines, and one of them is cut into any number of pieces whatsoever, 
then the rectangle contained by the two straight-lines is equal to the (sum of the) rectangles con- 
tained by the uncut (straight-line), and every one of the pieces (of the cut straight-line). (Which 
is) the very thing it was required to show. 


22This proposition is a geometric version of the algebraic identity: a(b+c+d+--:)=ab+act+ad+:::. 
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᾿ὰν εὐθεῖα γραμμὴ τμηϑῇ, ὡς ἔτυχεν, τὸ ὑπὸ τῆς ὅλης καὶ ἑκατέρου τῶν τμημάτων πε- 
ριεχόμενον ὀρϑογώνιον ἴσον ἐστὶ τῷ ἀπὸ τῆς ὅλης τετραγώνῳ. 


Εὐϑεῖα γὰρ ἣ AB τετμήσϑω, ὡς ἔτυχεν, κατὰ τὸ TF σημεῖον: λέγω, ὅτι τὸ ὑπὸ τῶν AB, BI 
περιεχόμενον ὀρϑογώνιον μετὰ τοῦ ὑπὸ BA, AT περιεχομένου ὀρϑογωνίου ἴσον ἐστὶ τῷ ἀπὸ 
τῆς AB τετραγώνῳ. 


᾿Αναγεγράφϑω γὰρ ἀπὸ τῆς ΑΒ τετράγωνον τὸ ΑΔΕΒ, καὶ ἤχϑω Sia τοῦ T ὁποτέρᾳ τῶν AA, 
BE παράλληλος ἣ TZ. 


Ἴσον δή ἐστὶ τὸ AE τοῖς AZ, VE. καί ἐστι τὸ μὲν AE τὸ ἀπὸ τῆς AB τετράγωνον, τὸ δὲ AZ 
τὸ ὑπὸ τῶν BA, AI’ περιεχόμενον ὀρϑογώνιον: περιέχεται μὲν γὰρ ὑπὸ τῶν AA, AT, ἴση dé 7 
AA τῇ AB: τὸ δὲ TE τὸ ὑπὸ τῶν AB, BI™ ἴση γὰρ 7 ΒΕ τῇ AB. τὸ ἄρα ὑπὸ τῶν ΒΑ, AT μετὰ 
τοῦ ὑπὸ τῶν AB, BI ἴσον ἐστὶ τῷ ἀπὸ τῆς AB τετραγώνῳ. 


αν ἄρα εὐϑεῖα γραμμὴ τμηϑῇ, ὡς ἔτυχεν, τὸ ὑπὸ τῆς ὅλης καὶ ἑκατέρου τῶν τμημάτων 
περιεχόμενον ὀρϑογώνιον ἴσον ἐστὶ τῷ ἀπὸ τῆς ὅλης τετραγώνῳ. ὅπερ ἔδει δεῖξαι. 
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Proposition 2 *° 


A C B 


D F E 


If a straight-line is cut at random, then the (sum of the) rectangle(s) contained by the whole 
(straight-line), and each of the pieces (of the straight-line), is equal to the square on the whole. 


For let the straight-line AB have been cut, at random, at point C’.. I say that the rectangle con- 
tained by AB and BC, plus the rectangle contained by BA and AC, is equal to the square on AB. 


For let the square ADE'B have been described on AB [Prop. 1.46], and let CF have been drawn 
through C, parallel to either of AD or BE [Prop. 1.31]. 


So the (square) AF is equal to the (rectangles) AF and CE. And AE is the square on AB. And 
AF (is) the rectangle contained by the (straight-lines) BA and AC. For it is contained by DA and 
AC, and AD (is) equal to AB. And CE (is) the (rectangle contained) by AB and BC. For BE 
(is) equal to AB. Thus, the (rectangle contained) by BA and AC, plus the (rectangle contained) 
by AB and BC, is equal to the square on AB. 


Thus, if a straight-line is cut at random, then the (sum of the) rectangle(s) contained by the whole 
(straight-line), and each of the pieces (of the straight-line), is equal to the square on the whole. 
(Which is) the very thing it was required to show. 


?3This proposition is a geometric version of the algebraic identity: ab + ac = a? ifa=b+c. 
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ΣΤΟΙΧΕΊΩΝ β΄ 


΄ 


Y 


Z. A Ε 


"Edy εὐϑεῖα γραμμὴ τμηϑῇ, ὡς ἔτυχεν, τὸ ὑπὸ τῆς ὅλης καὶ ἑνὸς τῶν τμημάτων περιεχόμενον 
ὀρϑογώνιον ἴσον ἐστὶ τῷ τε ὑπὸ τῶν τμημάτων περιεχομένῳ ὀρϑογωνίῳ καὶ τῷ ἀπὸ TOD προει- 
ONLEVOL τμήματος τετραγώνῳ. 


Εὐϑεῖα γὰρ ἣ AB τετμήσϑω, ὡς ἔτυχεν, κατὰ τὸ 1" λέγω, ὅτι τὸ ὑπὸ τῶν AB, BI περιεχόμενον 
ὀρϑογώνιον ἴσον ἐστὶ τῷ τε ὑπὸ τῶν AT’, ΤῈ περιεχομένῳ ὀρϑογωνίῳ μετὰ τοῦ ἀπὸ τῆς BI 
τετραγώνου. 


᾿Αναγεγράφϑω γὰρ ἀπὸ τῆς ΓΒ τετράγωνον τὸ ΓΔΕΒ, καὶ διήχϑω ἡ EA ἐπὶ τὸ Ζ, καὶ διὰ τοῦ 
A ὁποτέρᾳ τῶν TA, ΒΕ παράλληλος ἤχϑω ἡ AZ. ἴσον δή ἐστι τὸ ΛΕ τοῖς ΑΔ, ΤῈ; καί ἐστι τὸ 
μὲν AE τὸ ὑπὸ τῶν AB, BI περιεχόμενον ὀρϑογώνιον: περιέχεται μὲν γὰρ ὑπὸ τῶν ΑΒ, BE, 
ἴση δὲ ἡ BE τῇ ΒΙ τὸ δὲ ΑΔ τὸ ὑπὸ τῶν AT, ΓΒ’ ἴση γὰρ ἣ AT τῇ VB: τὸ δὲ ΔΒ τὸ ἀπὸ τῆς 
ΤῈ τετράγωνον: τὸ ἄρα ὑπὸ τῶν AB, BI περιεχόμενον ὀρϑογώνιον ἴσον ἐστὶ τῷ ὑπὸ τῶν AT, 
ΤῈ περιεχομένῳ ὀρϑογωνίῳ μετὰ τοῦ ἀπὸ τῆς BI’ τετραγώνου. 


᾿ὰν ἄρα εὐϑεῖα γραμμὴ τμηϑῇ, ὡς ἔτυχεν, τὸ ὑπὸ τῆς ὅλης καὶ ἑνὸς τῶν τμημάτων πε- 


ριεχόμενον ὀρϑογώνιον ἴσον ἐστὶ τῷ τε ὑπὸ τῶν τμημάτων περιεχομένῳ ὀρϑογωνίῳ καὶ τῷ ἀπὸ 
τοῦ προειρημένου τμήματος τετραγώνῳ. ὅπερ ἔδει δεῖξαι. 
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Proposition 3 ** 


A C B 


F D E 
If a straight-line is cut at random, then the rectangle contained by the whole (straight-line), and 


one of the pieces (of the straight-line), is equal to the rectangle contained by (both of) the pieces, 
and the square on the aforementioned piece. 


For let the straight-line AB have been cut, at random, at (point) C’. I say that the rectangle con- 
tained by AB and BC is equal to the rectangle contained by AC and CB, plus the square on BC. 


For let the square CDEB have been described on CB [Prop. 1.46], and let ED have been 
drawn through to Γ᾽, and let AF’ have been drawn through A, parallel to either of CD or BE 
[Prop. 1.31]. So the (rectangle) AF is equal to the (rectangle) AD and the (square) CE. And 
AE is the rectangle contained by AB and BC. For it is contained by AB and BE, and BE (is) 
equal to BC. And AD (is) the (rectangle contained) by AC and CB. For DC (is) equal to CB. 
And DB (is) the square on CB. Thus, the rectangle contained by AB and BC is equal to the 
rectangle contained by AC and C’B, plus the square on BC. 


Thus, if a straight-line is cut at random, then the rectangle contained by the whole (straight-line), 
and one of the pieces (of the straight-line), is equal to the rectangle contained by (both of) the 
pieces, and the square on the aforementioned piece. (Which is) the very thing it was required to 
show. 


?4This proposition is a geometric version of the algebraic identity: (a + b)a =ab+a?. 
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ΣΤΟΙΧΕΊΩΝ 8’ 


δ΄ 
A ΙΓ Ρ 
Θ HK 
A Z E 


᾿Ἐὰν εὐϑεῖα γραμμὴ τμηϑῇ, ὡς ἔτυχεν, τὸ ἀπὸ τῆς ὅλης τετράγωνον ἴσον ἐστὶ τοῖς τε ἀπὸ τῶν 
τμημάτων τετραγώνοις καὶ τῷ δὶς ὑπὸ τῶν τμημάτων περιεχομένῳ ὀρϑογωνίῳ. 


ΕΗὐϑεῖα γὰρ γραμμὴ ἣ AB τετμήσϑω, ὡς ἔτυχεν, κατὰ τὸ 1. λέγω, ὅτι τὸ ἀπὸ τῆς ΑΒ 
τετράγωνον ἴσον ἐστὶ τοῖς te ἀπὸ τῶν AT, ΤῈ τετραγώνοις καὶ τῷ δὶς ὑπὸ τῶν AT, TB 
περιεχομένῳ ὀρϑογωνίῳ. 


᾿Αναγεγράφϑω γὰρ ἀπὸ τῆς AB τετράγωνον τὸ ΑΔΕΒ, καὶ ἐπεζεύχϑω ἣ ΒΔ, καὶ διὰ μὲν τοῦ T 
ὁπορέρᾳ τῶν AA, EB παράλληλος ἤχϑω ἣ 12, διὰ δὲ τοῦ Η ὁποτέρᾳ τῶν AB, AE παράλληλος 
ἤχϑω 7 ΘΚ. καὶ ἐπεὶ παράλληλός ἐστιν ἣ [2 τῇ ΛΔ, χαὶ εἰς αὐτὰς ἐμπέπτωκεν 7 ΒΔ, ἡἣ ἐκτὸς 
γωνία ἣ ὑπὸ THB ἴση ἐστὶ τῇ ἐντὸς καὶ ἀπεναντίον τῇ ὑπὸ ΑΔΒ. ἀλλ᾽ ἣ ὑπὸ ΑΔΒ τῇ ὑπὸ ABA 
ἐστιν ἴση, ἐπεὶ καὶ πλευρὰ ἣ BA τῇ AA ἐστιν ἴση: καὶ ἣ ὑπὸ THB ἄρα γωνιά τῇ ὑπὸ HBT 
ἐστιν ἴση. ὥστε καὶ πλευρὰ ἡ BI πλευρᾷ τῇ TH ἐστιν ἴση ἀλλ᾽ ἣ μὲν ΓΒ τῇ ΗΚ ἐστιν ἴση. ἣ 
δὲ ΤῊ τῇ KB: χαὶ ἣ ΗΚ ἄρα τῇ ΚΒ ἐστιν ion: ἰσόπλευρον ἄρα ἐστὶ τὸ ΤῊΚΒ. λέγω SH, ὅτι 
nat ὀρϑογώνιον. ἐπεὶ γὰρ παράλληλός ἐστιν ἡἣ ΤῊ τῇ ΒΚ [καὶ εἰς αὐτὰς ἐμπέπτωκεν εὐϑεῖα ἣ 
TB], αἱ ἄρα ὑπὸ ΚΑΤ᾽, HIB γωνίαι δύο ὀρϑαῖς εἰσιν ἴσαι. ὀρϑὴ δὲ ἡ ὑπὸ KBI™ ὀρϑὴ ἄρα καὶ 
ἡ ὑπὸ BIH: ὥστε not αἱ ἀπεναντίον αἱ ὑπὸ THK, HKB ὀρϑαί εἰσιν. ὀρθογώνιον ἄρα ἐστὶ τὸ 
THKB: ἐδείχϑη δὲ καὶ ἰσόπλευρον: τετράγωνον ἄρα ἐστίν: καί ἐστιν ἀπὸ τῆς TB. διὰ τὰ αὐτὰ 
δὴ ual τὸ ΘΖ τετράγωνόν ἐστιν’ καί ἐστιν ἀπὸ τῆς ΘΗ, τουτέστιν [ἀπὸ] τῆς ΑἸ τὰ ἄρα ΘΖ, 
KT τετράγωνα ἀπὸ τῶν AD, ΤῈ εἰσιν. καὶ ἐπεὶ ἴσον ἐστὶ τὸ AH τῷ HE, καί ἐστι τὸ AH τὸ 
ὑπὸ τῶν AT, VB: ἴση γὰρ ἣ HE τῇ VB: καὶ τὸ HE ἄρα ἴσον ἐστὶ τῷ ὑπὸ AT, PB: τὰ ἄρα AH, 
HE ἴσα ἐστὶ τῷ δὶς ὑπὸ τῶν AT, ΓΒ. ἔστι δὲ καὶ τὰ ΘΖ, TK τετράγωνα ἀπὸ τῶν AD, ΓΒ’ τὰ 
ἄρα τέσσαρα τὰ ΘΖ, ΓΚ, AH, HE ἴσα ἐστὶ τοῖς te ἀπὸ τῶν AT, ΤῈ τετραγώνοις nat τῷ δὶς 
ὑπὸ τῶν AT’, ΤῈ περιεχομένῳ ὀρϑογωνίῳ. ἀλλὰ τὰ ΘΖ, ΓΚ, AH, HE ὅλον ἐστὶ τὸ ΑΔΕΒ, 6 
ἐστιν ἀπὸ τῆς AB τετράγωνον: τὸ ἄρα ἀπὸ τῆς AB τετράγωνον ἴσον ἐστὶ τοῖς τε ἀπὸ τῶν AT, 
ΤῈ τετραγώνοις καὶ τῷ δὶς ὑπὸ τῶν AT, ΓΒ περιεχομένῳ ὀρϑογωνίῳ. 
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Proposition 43 


A CB 
H G K 
D F OE 


If a straight-line is cut at random, then the square on the whole (straight-line) is equal to the 
(sum of the) squares on the pieces (of the straight-line), and twice the rectangle contained by the 
pieces. 


For let the straight-line AB have been cut, at random, at (point) C’. I say that the square on AB is 
equal to the (sum of the) squares on AC and CB, and twice the rectangle contained by AC and 
CB. 


For let the square ADE'B have been described on AB [Prop. 1.46], and let BD have been joined, 
and let CF have been drawn through C, parallel to either of AD or EB [Prop. 1.31], and let 
HK have been drawn through G, parallel to either of AB or DE [Prop. 1.31]. And since CF is 
parallel to AD, and BD has fallen across them, the external angle CG'B is equal to the internal 
and opposite (angle) ADB [Prop. 1.29]. But, ADB is equal to ABD, since the side BA is also 
equal to AD [Prop. 1.5]. Thus, angle CGB is also equal to GBC. So the side BC is equal to the 
side CG [Prop. 1.6]. But, ΟΒ is equal to Gk, and CG to KB [Prop. 1.34]. Thus, GK is also 
equal to KB. Thus, CGK B is equilateral. So I say that (it is) also right-angled. For since CG is 
parallel to BK [and the straight-line C’B has fallen across them], the angles K BC and GCB are 
thus equal to two right-angles [Prop. 1.29]. But Καὶ) BC (is) a right-angle. Thus, BCG (is) also a 
right-angle. So the opposite (angles) CGK and GKB are also right-angles [Prop. 1.34]. Thus, 
CGKB is right-angled. And it was also shown (to be) equilateral. Thus, it is a square. And it 
is on CB. So, for the same (reasons), HF is also a square. And it is on HG, that is to say [on] 
AC [Prop. 1.34]. Thus, the squares HF and KC are on AC and CB (respectively). And the 
(rectangle) AG is equal to the (rectangle) GE [Prop. 1.43]. And AG is the (rectangle contained) 
by AC and CB. For CG (is) equal to CB. Thus, GE is also equal to the (rectangle contained) 
by AC and CB. Thus, the (rectangles) AG and GE are equal to twice the (rectangle contained) 
by AC and C'B. And HF and CK are the squares on AC and CB (respectively). Thus, the four 
(figures) HF’, CK, AG, and GE are equal to the squares on AC and BC, and twice the rectangle 


>This proposition is a geometric version of the algebraic identity: (a + b)? = a? + b? + 2ab. 
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ΣΤΟΙΧΕΙΩΝ β΄ 
δ΄ 


᾿Ἐὰν ἄρα εὐϑεῖα γραμμὴ τμηϑῇ;, ὡς ἔτυχεν, τὸ ἀπὸ τῆς ὅλης τετράγωνον ἴσον ἐστὶ τοῖς τε ἀπὸ 
τῶν τμημάτων τετραγώνοις καὶ τῷ δὶς ὑπὸ τῶν τμημάτων περιεχομένῳ ὀρϑογωνίῳ: ὅπερ ἔδει 


δεῖξαι. 
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contained by AC and CB. But, the (figures) HF’, CK, AG, and GE are (equivalent to) the whole 
of ADEB, which is the square on AB. Thus, the square on AB is equal to the squares on AC and 
CB, and twice the rectangle contained by AC and (8. 


Thus, if a straight-line is cut at random, then the square on the whole (straight-line) is equal to 


the (sum of the) squares on the pieces (of the straight-line), and twice the rectangle contained by 
the pieces. (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΕΊΩΝ 8’ 


EH Ζ 


Ἔν εὐϑεῖα γραμμὴ τμηϑῇ εἰς ἴσα καὶ ἄνισα, τὸ ὑπὸ τῶν ἀνίσων τῆς ὅλης τμημάτων πε- 
ριεχόμενον ὀρϑογώνιον μετὰ τοῦ ἀπὸ τῆς μεταξὺ τῶν τομῶν τετραγώνου ἴσον ἐστὶ τῷ ἀπὸ τῆς 
ἡμισείας τετραγώνῳ. 
Ηὐϑεῖα γάρ τις ἣ ΑΒ τετμήσϑω εἰς μὲν ἴσα κατὰ τὸ T, εἰς δὲ ἄνισα κατὰ τὸ Δ’ λέγω, ὅτι τὸ 
ὑπὸ τῶν AA, ΔΒ περιεχόμενον ὀρϑογώνιον μετὰ τοῦ ἀπὸ τῆς VA τετραγώνου ἴσον ἐστὶ τῷ ἀπὸ 
τῆς ΓΒ τετραγώνῳ. 


᾿Αναγεγράφϑω γὰρ ἀπὸ τῆς ΓΒ τετράγωνον τὸ ΓΕΖΒ, καὶ ἐπεζεύχϑω ἣ BE, καὶ διὰ μὲν τοῦ A 
ὁποτέρᾳ τῶν ΤῈ, ΒΖ παράλληλος ἤχϑω 7 AH, διὰ δὲ τοῦ © ὁποτέρᾳ τῶν AB, EZ παράλληλος 
πάλιν ἤχϑω ἣ ΚΜ, χαὶ πάλιν διὰ tod A ὁποτέρα τῶν 1Λ, ΒΜ παράλληλος ἤχϑω ἣ AK. χαὶ 
ἐπεὶ ἴσον ἐστὶ τὸ ΓΘ παραπλήρωμα τῷ ΘΖ παραπληρώματι, κοινὸν προσκείσϑω τὸ ΔΜ’ ὅλον 
ἄρα τὸ ΓΜ ὅλῳ τῷ ΔΖ ἴσον ἐστίν. ἀλλὰ τὸ ΓΜ τῷ AA ἴσον ἐστίν, ἐπεὶ καὶ ἣ AT τῇ TB ἐστιν 
ἴση: καὶ τὸ ΑΛ ἄρα τῷ ΔΖ ἴσον ἐστίν. κοινὸν προσχκείσϑω τὸ ΓΘ’ ὅλον ἄρα τὸ ΑΘ τῷ ΜΝΕ 25 
γνώμονι ἴσον ἐστίν. ἀλλὰ τὸ ΑΘ τὸ ὑπὸ τῶν AA, ΔΒ ἐστιν’ ἴση γὰρ ἣ ΔΘ τῇ ΔΒ’ καὶ 6 ΜΝΞ 
ἄρα γνώμων ἴσος ἐστὶ τῷ ὑπὸ AA, ΔΒ. κοινὸν προσκείσϑω τὸ AH, 6 ἐστιν ἴσον τῷ ἀπὸ τῆς 
TA: ὁ ἄρα ΜΝΞ γνώμων χαὶ τὸ AH ἴσα ἐστὶ τῷ ὑπὸ τῶν AA, ΔΒ περιεχομένῳ ὀρϑογωνίῳ καὶ 
τῷ ἀπὸ τῆς ΓΔ τετραγώνῳ. ἀλλὰ ὁ MNE γνώμων χαὶ τὸ ΛΗ ὅλον ἐστὶ τὸ ΓῊ ΖΒ τετράγωνον, 
ὅ ἐστιν ἀπὸ τῆς TB: τὸ ἄρα ὑπὸ τῶν AA, ΔΒ περιεχόμενον ὀρϑογώνιον μετὰ τοῦ ἀπὸ τῆς TA 
τετραγώνου ἴσον ἐστὶ τῷ ἀπὸ τῆς TB τετραγώνῳ. 


Ἔν ἄρα εὐϑεῖα γραμμὴ τμηϑῇ εἰς ἴσα καὶ ἄνισα, τὸ ὑπὸ τῶν ἀνίσων τῆς ὅλης τμημάτων 
περιεχόμενον ὀρϑογώνιον μετὰ τοῦ ἀπὸ τῆς μεταξὺ τῶν τομῶν τετραγώνου ἴσον ἐστὶ τῷ ἀπὸ 
τῆς ἡμισείας τετραγώνῳ: ὅπερ ἔδει δεῖξαι. 


26Note the (presumably mistaken) double use of the label M in the Greek text. 
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Proposition 5 7” 


A ς D B 


PL-’ 


E G F 


If a straight-line is cut into equal and unequal (pieces), then the rectangle contained by the 
unequal pieces of the whole (straight-line), plus the square on the difference between the (equal 
and unequal) pieces, is equal to the square on half (of the straight-line). 


For let any straight-line AB have been cut—equally at C, and unequally at D. I say that the 
rectangle contained by AD and DB, plus the square on CD, is equal to the square on CB. 


For let the square CE FB have been described on C’'B [Prop. 1.46], and let BE have been joined, 
and let DG have been drawn through D, parallel to either of CE or BF [Prop. 1.31], and again 
let KM have been drawn through H, parallel to either of AB or EF [Prop. 1.31], and again 
let AK have been drawn through 4A, parallel to either of CL or BM [Prop. 1.31]. And since 
the complement C'H is equal to the complement HF [Prop. 1.43], let the (square) DM have 
been added to both. Thus, the whole (rectangle) ΟΜ is equal to the whole (rectangle) DF. 
But, (rectangle) ΟΜ is equal to (rectangle) AL, since AC is also equal to CP [Prop. 1.36]. 
Thus, (rectangle) AL is also equal to (rectangle) DF. Let (rectangle) CH have been added to 
both. Thus, the whole (rectangle) AH is equal to the gnomon NOP. But, AH is the (rectangle 
contained) by AD and DB. For DH (is) equal to DB. Thus, the gnomon NOP is also equal to 
the (rectangle contained) by AD and DB. Let LG, which is equal to the (square) on C'D, have 
been added to both. Thus, the gnomon NOP and the (square) LG are equal to the rectangle 
contained by AD and DB, and the square on (7. But, the gnomon NOP and the (square) LG is 
(equivalent to) the whole square CE FB, which is on C'B. Thus, the rectangle contained by AD 
and DB, plus the square on CD, is equal to the square on C'B. 


Thus, if a straight-line is cut into equal and unequal (pieces), then the rectangle contained by the 
unequal pieces of the whole (straight-line), plus the square on the difference between the (equal 
and unequal) pieces, is equal to the square on half (of the straight-line). (Which is) the very thing 
it was required to show. 


27This proposition is a geometric version of the algebraic identity: ab + [(a + b)/2 — b]? = [(a +b) /2]?. 
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ΣΤΟΙΧΕΊΩΝ 8’ 


ΕΗ Η 4 


"Edy εὐϑεῖα γραμμὴ τμηϑῇ δίχα, προστεϑῇ δέ τις αὐτῇ εὐϑεῖα ἐπ᾽ εὐϑείας, τὸ ὑπὸ τῆς ὅλης σὺν 
τῇ προσχειμένῃ καὶ τῆς προσκειμένης περιεχόμενον ὀρϑόγώνιον μετὰ τοῦ ἀπὸ τῆς ἡμισείας 
τετραγώνου ἴσον ἐστὶ τῷ ἀπὸ τῆς συγχειμένης Ex τε τῆς ἡμισείας καὶ τῆς προσχειμένης τε- 
τραγώνῳ. 


Εὐϑεῖα γάρ τις ἣ ΑΒ τετμήσϑω δίχα κατὰ τὸ Τ᾽ σημεῖον, προσχείσϑω δέ τις αὐτῇ εὐϑεῖα ἐπ᾽ 
εὐϑείας ἡ ΒΔ’ λέγω, ὅτι τὸ ὑπὸ τῶν AA, ΔΒ περιεχόμενον ὀρϑογώνιον μετὰ τοῦ ἀπὸ τῆς TB 
τετραγώνου ἴσον ἐστὶ τῷ ἀπὸ τῆς TA τετραγώνῳ. 


᾿Αναγεγράφϑω γὰρ ἀπὸ τῆς TA τετράγωνον τὸ TEZA, καὶ ἐπεζεύχϑω ἡ AE, uot διὰ μὲν τοῦ 
Β σημείου ὁποτέρᾳ τῶν ED, ΔΖ παράλληλος ἤχϑω ἣ ΒΗ, διὰ δὲ τοῦ © σημείου ὁποτέρα τῶν 
AB, ΕΖ παράλληλος ἤχϑω 7 ΚΜ, καὶ ἔτι διὰ tod A ὁποτέρᾳ τῶν ΓΛ, ΔΜ παράλληλος ἤχϑω 
ἡ ΑΚ. 


"Exel οὖν ἴση ἐστὶν ἣ AT τῇ ΓΒ, ἴσον ἐστὶ καὶ τὸ AA τῷ ΓΘ. ἀλλὰ τὸ ΓΘ τῷ ΘΖ ἴσον ἐστίν. 
nat τὸ AA ἄρα τῷ ΘΖ ἐστιν ἴσον. κοινὸν προσχείσϑω τὸ TM: ὅλον ἄρα τὸ AM τῷ ΝΞΟ 
γνώμονί ἐστιν ἴσον. ἀλλὰ TO AM ἐστι τὸ ὑπὸ τῶν AA, ΔΒ’ ἴση γάρ ἐστιν ἣ ΔΜ τῇ ΔΒ’ καὶ 
ὁ ΝΞΟ ἄρα γνώμων ἴσος ἐστὶ τῷ ὑπὸ τῶν AA, ΔΒ [περιεχομένῳ ὀρϑογωνίῳ]. κοινὸν προ- 
fa Ν cf ΤΆ wv ~ 2 < ~ A \X wv ς Ν ~ / 
σχείσϑω τὸ AH, 6 ἐστιν ἴσον τῷ ἀπὸ τῆς BI τετραγώνῳ: τὸ ἄρα ὑπὸ τῶν AA, AB περιεχόμενον 
3 vs \ cr. 2 XX ~ ca uv 2 Ν ~ rs, A \ ~ 2 Ν ς 
ὀρϑογώνιον μετὰ τοῦ ἀπὸ τῆς IB τετραγώνου ἴσον ἐστὶ τῷ ΝΞΟ γνώμονι καὶ τῷ AH. ἀλλὰ ὁ 
N&O γνώμων καὶ τὸ ΛΗ ὅλον ἐστὶ τὸ TEZA τετράγωνον, ὅ ἐστιν ἀπὸ τῆς TA: τὸ ἄρα ὑπὸ 
τῶν ΑΔ, ΔΒ περιεχόμενον ὀρϑογώνιον μετὰ τοῦ ἀπὸ τῆς ΓΒ τετραγώνου ἴσον ἐστὶ τῷ ἀπὸ τῆς 
TA τετργώνῳ. 


᾿ὰν ἄρα εὐϑεῖα γραμμὴ τμηϑῇ δίχα, προστεϑῇ δέ τις αὐτῇ εὐϑεῖα ἐπ᾽ εὐθείας, τὸ ὑπὸ τῆς 
ὅλης σὺν τῇ προσκειμένῃ καὶ τῆς προσκειμένης περιεχόμενον ὀρϑόγώνιον μετὰ τοῦ ἀπὸ τῆς 
ἡμισείας τετραγώνου ἴσον ἐστὶ τῷ ἀπὸ τῆς συγκειμένης Ex τε τῆς ἡμισείας καὶ τῆς προσχειμένης 
τετραγώνῳ: ὅπερ ἔδει δεῖξαι. 
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Proposition 6 38 


A ς BD 
10 
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If a straight-line is cut in half, and any straight-line added to it straight-on, then the rectan- 
gle contained by the whole (straight-line) with the (straight-line) having being added, and the 
(straight-line) having being added, plus the square on half (of the original straight-line), is equal 
to the square on the sum of half (of the original straight-line) and the (straight-line) having been 
added. 


For let any straight-line AB have been cut in half at point C, and let any straight-line BD have 
been added to it straight-on. I say that the rectangle contained by AD and DB, plus the square 
on C’B, is equal to the square on CD. 


For let the square ΟΕ ΕΠ) have been described on C'D [Prop. 1.46], and let DE have been joined, 
and let BG have been drawn through point B, parallel to either of EC or DF [Prop. 1.31], and 
let KM have been drawn through point H, parallel to either of AB or EF [Prop. 1.31], and 
finally let AK have been drawn through A, parallel to either of CL or DM [Prop. 1.31]. 


Therefore, since AC is equal to CB, (rectangle) AL is also equal to (rectangle) CH [Prop. 1.36]. 
But, (rectangle) ΟἽ is equal to (rectangle) HF [Prop. 1.43]. Thus, (rectangle) AL is also equal 
to (rectangle) HF. Let (rectangle) ΟΜ have been added to both. Thus, the whole (rectangle) 
AM is equal to the gnomon NOP. But, AM is the (rectangle contained) by AD and DB. For 
DM is equal to DB. Thus, gnomon NOP is also equal to the [rectangle contained] by AD and 
DB. Let LG, which is equal to the square on BC, have been added to both. Thus, the rectan- 
gle contained by AD and DB, plus the square on C’B, is equal to the gnomon NOP, and the 
(square) LG. But the gnomon NOP and the (square) LG is (equivalent to) the whole square 
CEFD, which is on C'D. Thus, the rectangle contained by AD and DB, plus the square on CB, 
is equal to the square on CD. 


Thus, if a straight-line is cut in half, and any straight-line added to it straight-on, then the rect- 
angle contained by the whole (straight-line) with the (straight-line) having being added, and the 
(straight-line) having being added, plus the square on half (of the original straight-line), is equal 
to the square on the sum of half (of the original straight-line) and the (straight-line) having been 
added. (Which is) the very thing it was required to show. 


*8This proposition is a geometric version of the algebraic identity: (2a + b)b+ a? = (a+)?. 
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Ἐὰν εὐϑεῖα γραμμὴ τμηϑῇ,, ὡς ἔτυχεν, τὸ ἀπὸ τῆς ὅλης καὶ τὸ ἀφ᾽ ἑνὸς τῶν τμημάτων τὰ 
συναμφότερα τετράγωνα ἴσα ἐστὶ τῷ τε δὶς ὑπὸ τῆς ὅλης καὶ τοῦ εἰρημένου τμήματος περιε- 
χομένῳ ὀρϑογωνίῳ καὶ τῷ ἀπὸ τοῦ λοιποῦ τμήματος τετραγώνῳ. 


Εὐϑεῖα γάρ τις ἣ AB τετμήσϑω, ὡς ἔτυχεν, κατὰ τὸ Τ᾿ σημεῖον" λέγω, ὅτι τὰ ἀπὸ τῶν AB, BI 
τετράγωνα ἴσα ἐστὶ τῷ τε δὶς ὑπὸ τῶν AB, BI περιεχομένῳ ὀρϑογωνίῳ uxt τῷ ἀπὸ τῆς ΤᾺ 
τετραγώνῳ. 


᾿Αναγεγράφϑω γὰρ ἀπὸ τῆς ΑΒ τετράγωνον τὸ ΑΔΕΒ’ καὶ καταγεγράφϑω τὸ σχῆμα. 


"Enel οὖν ἴσον ἐστὶ τὸ AH τῷ HE, κοινὸν προσκείσϑω τὸ TZ ὅλον ἄρα τὸ ΑΖ ὅλῳ τῷ ΓΕ 
ἴσον ἐστίν: τὰ ἄρα AZ, ΤῈ διπλάσιά ἐστι τοῦ AZ. ἀλλὰ τὰ AZ, TE 6 KAM ἐστι γνώμων nat 
τὸ 12 τετράγωνον: ὁ KAM ἄρα γνώμων χαὶ τὸ 12 διπλάσιά ἐστι τοῦ AZ. ἔστι δὲ τοῦ ΑΖ 
διπλάσιον καὶ τὸ δὶς ὑπὸ τῶν AB, BI ἴση γὰρ ἣ ΒΖ τῇ BI™ ὁ ἄρα ΚΛΜ γνώμων καὶ τὸ 12 
τετράγωνον ἴσον ἐστὶ τῷ δὶς ὑπὸ τῶν AB, BI. κοινὸν προσκείσϑω τὸ AH, 6 ἐστιν ἀπὸ τῆς AT 
τετράγωνον: ὁ ἄρα ΚΛΜ γνώμων χαὶ τὰ ΒΗ, ΗΔ τετράγωνα ἴσα ἐστὶ τῷ τε δὶς ὑπὸ τῶν AB, 
BI περιεχομένῳ ὀρϑογωνίῳ uxt τῷ ἀπὸ τῆς AT τετραγώνῳ. ἀλλὰ ὁ ΚΛΜ γνώμων χαὶ τὰ ΒΗ, 
HA τετράγωνα ὅλον ἐστὶ τὸ ΑΔΕΒ καὶ τὸ 12, ἅ ἐστιν ἀπὸ τῶν AB, BI τετράγωνα: τὰ ἄρα 
ἀπὸ τῶν AB, BI τετράγωνα ἴσα ἐστὶ τῷ [τε] δὶς ὑπὸ τῶν AB, BI περιεχομένῳ ὀρϑογωνίῳ μετὰ 
τοῦ ἀπὸ τῆς AT τετραγώνου. 


᾿ὰν ἄρα εὐϑεῖα γραμμὴ τμηϑῇ, ὡς ἔτυχεν, τὸ ἀπὸ τῆς ὅλης καὶ τὸ ἀφ᾽ ἑνὸς τῶν τμημάτων 


τὰ συναμφότερα τετράγωνα ἴσα ἐστὶ τῷ τε δὶς ὑπὸ τῆς ὅλης καὶ τοῦ εἰρημένου τμήματος 
περιεχομένῳ ὀρϑογωνίῳ καὶ τῷ ἀπὸ τοῦ λοιποῦ τμήματος τετραγώνῳ. ὅπερ ἔδει δεῖξαι. 
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If a straight-line is cut at random, then the sum of the squares on the whole (straight-line), and 
one of the pieces (of the straight-line), is equal to twice the rectangle contained by the whole, 
and the said piece, and the square on the remaining piece. 


For let any straight-line AB have been cut, at random, at point C. I say that the (sum of the) 
squares on AB and BC is equal to twice the rectangle contained by AB and BC, and the square 
on CA. 


For let the square ADE B have been described on AB [Prop. 1.46], and let the (rest of) the figure 
have been drawn. 


Therefore, since (rectangle) AG is equal to (rectangle) GE [Prop. 1.43], let the (square) CF 
have been added to both. Thus, the whole (rectangle) AF’ is equal to the whole (rectangle) 
CE. Thus, (rectangle) AF plus (rectangle) C'E is double (rectangle) AF’. But, (rectangle) AF’ 
plus (rectangle) CE is the gnomon KLM, and the square CF’. Thus, the gnomon KLM, and 
the square CF, is double the (rectangle) AF’. But double the (rectangle) AF is also twice the 
(rectangle contained) by AB and BC. For BF (is) equal to BC’. Thus, the gnomon KLM, and 
the square CF’, are equal to twice the (rectangle contained) by AB and BC. Let DG, which is 
the square on AC, have been added to both. Thus, the gnomon kK LM, and the squares BG and 
GD, are equal to twice the rectangle contained by AB and BC, and the square on AC. But, 
the gnomon KLM and the squares BG and GD is (equivalent to) the whole of ADEB and CF, 
which are the squares on AB and BC (respectively). Thus, the (sum of the) squares on AB and 
BC is equal to twice the rectangle contained by AB and BC, and the square on AC. 


Thus, if a straight-line is cut at random, then the sum of the squares on the whole (straight- 
line), and one of the pieces (of the straight-line), is equal to twice the rectangle contained by the 
whole, and the said piece, and the square on the remaining piece. (Which is) the very thing it 
was required to show. 


2°This proposition is a geometric version of the algebraic identity: (a + b)? +a? =2(a+b)a+b?. 
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"Edy εὐϑεῖα γραμμὴ τμηϑῇ;, ὡς ἔτυχεν, τὸ τετράκις ὑπὸ τῆς ὅλης καὶ ἑνὸς τῶν τμημάτων πε- 
ριεχόμενον ὀρϑογώνιον μετὰ τοῦ ἀπὸ τοῦ λοιποῦ τμήματος τετραγώνου ἴσον ἐστὶ τῷ ἀπό τε 
τῆς ὅλης καὶ τοῦ εἰρημένου τμήματος ὡς ἀπὸ μιᾶς ἀναγραφέντι τετραγώνῳ. 


Εὐϑεῖα γάρ τις ἣ AB τετμήσϑω, ὡς ἔτυχεν, κατὰ τὸ T° σημεῖον’ λέγω, ὅτι τὸ τετράκις ὑπὸ τῶν 
AB, BI περιεχόμενον ὀρϑογώνιον μετὰ τοῦ ἀπὸ τῆς AT τετραγώνου ἴσον ἐστὶ τῷ ἀπὸ τῆς AB, 
BI’ ὡς ἀπὸ μιᾶς ἀναγραφέντι τετραγώνῳ. 


"ExBeBAnoSw γὰρ ἐπ᾽ εὐϑείας [τῇ AB εὐϑεῖα] ἡ BA, καὶ κείσϑω τῇ ΓΒ ἴση ἡ ΒΔ, καὶ ἀνα- 
γεγράφϑω ἀπὸ τῆς AA τετράγωνον τὸ AEZA, καὶ καταγεγράφϑω διπλοῦν τὸ σχῆμα. 


"Exel οὖν ἴση ἐστὶν ἡ ΓΒ τῇ ΒΔ, ἀλλὰ ἣ μὲν ΓΒ τῇ ΗΚ ἐστιν ἴση, ἣ δὲ BA τῇ ΚΝ, uot ἡ HK 
ἄρα τῇ ΚΝ ἐστιν ἴση. διὰ τὰ αὐτὰ δὴ καὶ ἣ ΠΡ τῇ ΡΟ ἐστιν ἴση. καὶ ἐπεὶ ἴση ἐστὶν ἡ BI τὴ 
BA, ἣ δὲ ΗΚ τῇ ΚΝ, ἴσον ἄρα ἐστὶ καὶ τὸ μὲν ΓΚ τῷ ΚΔ, τὸ δὲ HP τῷ PN. ἀλλὰ τὸ ΓΚ τῷ 
PN ἐστιν ἴσον: παραπληρώματα γὰρ tod TO παραλληλογράμμου: καὶ τὸ KA ἄρα τῷ HP ἴσον 
ἐστίν: τὰ τέσσαρα ἄρα τὰ AK, ΓΚ, HP, PN ἴσα ἀλλήλοις ἐστίν. τὰ τέσσαρα ἄρα τετραπλάσιά 
ἐστι τοῦ ΓΚ. πάλιν ἐπεὶ ἴση ἐστὶν ἣ ΓΒ τῇ ΒΔ, ἀλλὰ ἡ μὲν BA τῇ ΒΚ, τουτέστι τῇ ΓῊ ἴση, ἣ 
δὲ ΤῈ τῇ HK, τουτέστι τῇ HII, ἐστιν ἴση, καὶ ἣ TH ἄρα τῇ ΗΠ ton ἐστίν. καὶ ἐπεὶ ἴση ἐστὶν ἣ 
μὲν ΤῊ τῇ HIT, ἡ δὲ ΠΡ τῇ ΡΟ, ἴσον ἐστὶ καὶ τὸ μὲν AH τῷ ΜΗ, τὸ δὲ ΠΛ τῷ ΡΖ. ἀλλὰ τὸ 
ΜΗ 16 ΠΛ ἐστιν ἴσον: παραπληρώματα γὰρ τοῦ MA παραλληλογράμμου: χκαὶ τὸ ΛΗ ἄρα τῷ 
ΡΖ ἴσον ἐστίν: τὰ τέσσαρα ἄρα τὰ AH, ΜΗ, ΠΛ, ΡΖ ἴσα ἀλλήλοις ἐστίν: τὰ τέσσαρα ἄρα τοῦ 
AH ἐστι τετραπλάσια. ἐδείχϑη δὲ καὶ τὰ τέσσαρα τὰ ΓΚ, KA, HP, PN τοῦ ΓΚ τετραπλάσια:" 
τὰ ἄρα ὀκτώ, ἃ περιέχει τὸν UTY γνώμονα, τετραπλάσιά ἐστι τοῦ AK. χαὶ ἐπεὶ τὸ AK τὸ ὑπὸ 
τῶν AB, ΒΔ ἐστιν: ἴση γὰρ ἣ ΒΚ τῇ ΒΔ: τὸ ἄρα τετράκις ὑπὸ τῶν AB, ΒΔ τετραπλάσιόν ἐστι 
τοῦ ΛΚ, ἐδείχϑη δὲ τοῦ AK τετραπλάσιος καὶ ὁ ΣΤΥ γνώμων: τὸ ἄρα ΒΔ τετράκις ὑπὸ τῶν 
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If a straight-line is cut at random, then four times the rectangle contained by the whole (straight- 
line), and one of the pieces (of the straight-line), plus the square on the remaining piece, is equal 
to the square described on the whole and the former piece, as on one (complete straight-line). 


For let any straight-line AB have been cut, at random, at point C’. I say that four times the rect- 
angle contained by AB and BC, plus the square on AC, is equal to the square described on AB 
and BC, as on one (complete straight-line). 


For let BD have been produced in a straight-line [with the straight-line AB], and let BD be made 
equal to BC [Prop. 1.3], and let the square AE ΕΠ) have been described on AD [Prop. 1.46], and 
let the (rest of the) figure have been drawn double. 


Therefore, since C'B is equal to BD, but CB is equal to GK [Prop. 1.34], and BD to KN 
[Prop. 1.34], GK is thus also equal to ΚΝ. So, for the same (reasons), QR is equal to RP. 
And since BC is equal to BD, and GK to KN, (square) C'K is thus also equal to (square) kD, 
and (square) GR to (square) RN [Prop. 1.36]. But, (square) CK is equal to (square) RN. For 
(they are) complements in the parallelogram ΟΡ [Prop. 1.43]. Thus, (square) KD is also equal 
to (square) GR. Thus, the four (squares) DK, CK, GR, and RN are equal to one another. Thus, 
the four (taken together) are quadruple (square) Ck. Again, since ΟΒ is equal to BD, but BD 
(is) equal to Bk —that is to say, CG—and CB is equal to Gk —that is to say, GQ—CG is thus 
also equal to GQ. And since CG is equal to GQ, and QR to RP, (rectangle) AG is also equal 
to (rectangle) MQ, and (rectangle) QL to (rectangle) RF [Prop. 1.36]. But, (rectangle) MQ is 
equal to (rectangle) QL. For (they are) complements in the parallelogram ML [Prop. 1.43].Thus, 


3°This proposition is a geometric version of the algebraic identity: 4 (α + b)a+b? = [(α +b) +a)?. 
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AB, BA ἴσον ἐστὶ τῷ ΣΤΥ γνώμονι. κοινὸν προσκείσϑω τὸ EO, 6 ἐστιν ἴσον τῷ ἀπὸ τῆς 
AT τετραγώνῳ τὸ ἄρα τετράκις ὑπὸ τῶν AB, περιεχόμενων ὀρϑογώνιον μετὰ τοῦ ἀπὸ AT 
τετραγώνου ἴσον ἐστὶ τῷ UTY γνώμονι καὶ τῷ ΞΘ. ἀλλὰ ὁ LTY γνώμων nual τὸ ΞΘ ὅλον ἐστὶ 
τὸ AEZA τετραγώνον, 6 ἐστιν ἀπὸ τῆς ΑΔ’ τὸ ἄρα τετράκις ὑπὸ τῶν AB, BA μετὰ τοῦ ἀπὸ 
AT ἴσον ἐστὶ τῷ ἀπὸ AA τετραγώνῳ: ἴση δὲ ἣ ΒΔ τῇ BI. τὸ ἄρα τετράκις ὑπὸ τῶν AB, BI 
περιεχόμενον ὀρϑογώνιον μετὰ τοῦ ἀπὸ AT τετραγώνου ἴσον ἐστὶ τῷ ἀπὸ τῆς AA, τουτέστι τῷ 
ἀπὸ τῆς AB χαὶ BI ὡς ἀπὸ μιᾶς ἀναγραφέντι τετραγώνῳ. 


᾿ὰν ἄρα εὐϑεῖα γραμμὴ τμηϑῇ, ὡς ἔτυχεν, τὸ τετράκις ὑπὸ τῆς ὅλης καὶ ἑνὸς τῶν τμημάτων 


περιεχόμενον ὀρϑογώνιον μετὰ τοῦ ἀπὸ τοῦ λοιποῦ τμήματος τετραγώνου ἴσου ἐστὶ τῷ ἀπό τε 
τῆς ὅλης καὶ τοῦ εἰρημένου τμήματος ὡς ἀπὸ μιᾶς ἀναγραφέντι τετραγώνῳ" ὅπερ ἔδει δεῖξαι. 
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(rectangle) AG is also equal to (rectangle) RF’. Thus, the four (rectangles) AG, MQ, QL, and 
RF are equal to one another. Thus, the four (taken together) are quadruple (rectangle) AG. And 
it was also shown that the four (squares) Dk, CK, GR, and RN (taken together are) quadruple 
(square) Ck. Thus, the eight (figures taken together), which comprise the gnomon STU, are 
quadruple (rectangle) Ak. And since AK is the (rectangle contained) by AB and BD, for BK 
(is) equal to BD, four times the (rectangle contained) by AB and BD is quadruple (rectangle) 
Ak. But quadruple (rectangle) AK was also shown (to be equal to) the gnomon STU. Thus, 
four times the (rectangle contained) by AB and BD is equal to the gnomon STU. Let OH, which 
is equal to the square on AC, have been added to both. Thus, four times the rectangle contained 
by AB and BD, plus the square on AC, is equal to the gnomon STU, and the (square) OH. 
But, the gnomon STU and the (square) OH is (equivalent to) the whole square AE F'D, which is 
on AD. Thus, four times the (rectangle contained) by AB and BD, plus the (square) on AC, is 
equal to the square on AD. And BD (is) equal to BC. Thus, four times the rectangle contained 
by AB and BD, plus the square on AC, is equal to the (square) on AD, that is to say the square 
described on AB and BC, as on one (complete straight-line). 


Thus, if a straight-line is cut at random, then four times the rectangle contained by the whole 
(straight-line), and one of the pieces (of the straight-line), plus the square on the remaining 
piece, is equal to the square described on the whole and the former piece, as on one (complete 
straight-line). (Which is) the very thing it was required to show. 
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"Edy εὐϑεῖα γραμμὴ τμηϑῇ cic ἴσα καὶ ἄνισα, τὰ ἀπὸ τῶν ἀνίσων τῆς ὅλης τμημάτων τετράγωνα 
διπλάσιά ἐστι τοῦ τε ἀπὸ τῆς ἡμισείας καὶ τοῦ ἀπὸ τῆς μεταξὺ τῶν τομῶν τετραγώνου. 


Εὐϑεῖα γάρ τις ἣ AB τετμήσϑω εἰς μὲν ἴσα κατὰ τὸ 1", εἷς δὲ ἄνισα κατὰ τὸ Δ’ λέγω, ὅτι τὰ 
ἀπὸ τῶν AA, ΔΒ τετράγωνα διπλάσιά ἐστι τῶν ἀπὸ τῶν AT, TA τετραγώνων. 


Ἤχϑω γὰρ ἀπὸ τοῦ 1 τῇ AB πρὸς ὀρϑὰς ἣ ΤῈ, καὶ κείσϑω ἴση ἑκατέρᾳ τῶν ΑἸ", ΓΒ, καὶ 
ἐπεζεύχϑωσαν αἱ EA, EB, καὶ διὰ μὲν τοῦ Δ τῇ ED παράλληλος ἤχϑω 7 ΔΖ, διὰ δὲ τοῦ Z τῇ 
AB 7 ΖΗ, καὶ ἐπεζεύχϑω ἡ AZ. καὶ ἐπεὶ ἴση ἐστὶν ἣ AT τῇ VE, ἴση ἐστὶ καὶ ἣ ὑπὸ EAT γωνία 
τῇ ὑπὸ AET. καὶ ἐπεὶ ὀρϑή ἐστιν ἣ πρὸς τῷ 1", λοιπαὶ ἄρα αἱ ὑπὸ EAT, AED μιᾷ ὀρϑῇ ἴσαι 
εἰσίν: καί εἰσιν ἴσαι: ἡμίσεια ἄρα ὀρϑῆς ἐστιν ἑκατέρα τῶν ὑπὸ TEA, AE. δὶα τὰ αὐτὰ δὴ καὶ 
ἑκατέρα τῶν ὑπὸ ΤῈΒ, EBD ἡμίσειά ἐστιν ὀρϑῆς: ὅλη ἄρα ἣ ὑπὸ AEB ὀρϑῆ ἐστιν. καὶ ἐπεὶ 
ἡ ὑπὸ ΗΕΖ ἡμίσειά ἐστιν ὀρϑῆς, ὀρϑὴ δὲ H ὑπὸ ΕΗΖ’ ἴση γάρ ἐστι τῇ ἐντὸς καὶ ἀπεναντίον 
τῇ ὑπὸ ΕἸ ΓΒ’ λοιπὴ ἄρα ἣ ὑπὸ ΕΖΗ ἡμίσειά ἐστιν OES Ho ἴση ἄρα [ἐστὶν] ἣ ὑπὸ HEZ γωνία 
τῇ ὑπὸ ΕΖΗ: ὥστε καὶ πλευρὰ ἣ EH τῇ ΗΖ ἐστιν ἴση. πάλιν ἐπεὶ ἣ πρὸς τῷ Β γωνία ἡμίσειά 
ἐστιν ὀρϑῆς, ὀρϑὴ δὲ ἡ ὑπὸ ΖΔΒ:’ ἴση γὰρ πάλιν ἐστὶ τῇ ἐντὸς καὶ ἀπεναντίον τῇ ὑπὸ ETB: 
λοιπὴ ἄρα ἣ ὑπὸ BZA ἡμίσειά ἐστιν ὀρϑῆς: ἴση ἄρα ἣ πρὸς τῷ Β γωνία τῇ ὑπὸ ΔΖΒ: ὥστε καὶ 
πλευρὰ ἡ ΖΔ πλευρᾷ τῇ ΔΒ ἐστιν ἴση. καὶ ἐπεὶ ἴση ἐστὶν 7 AT τῇ VE, ἴσον ἐστὶ καὶ τὸ ἀπὸ 
AT τῷ ἀπὸ TE: τὰ ἄρα ἀπὸ τῶν AD, ΤῈ τετράγωνα διπλάσιά ἐστι τοῦ ἀπὸ AT. τοῖς δὲ 
τῶν AT, ΓῈ ἴσον ἐστὶ τὸ ἀπὸ τῆς EA τετράγωνον: ὀρϑὴ γὰρ ἣ ὑπὸ ATE γωνία: τὸ ἄρα 
τῆς EA διπλάσιόν ἐστι τοῦ ἀπὸ τῆς AT. πάλιν, ἐπεὶ ἴση ἐστὶν ἣ EH τῇ ΗΖ, ἴσον καὶ τὸ ἀπὸ 
τῆς EH τῷ ἀπὸ τῆς HZ τὰ ἄρα ἀπὸ τῶν ΕΗ, ΗΖ τετράγωνα διπλάσιά ἐστι τοῦ ἀπὸ τῆς HZ 
τετραγώνου. τοῖς δὲ ἀπὸ τῶν EH, HZ τετραγώνοις ἴσον ἐστὶ τὸ ἀπὸ τῆς EZ τετράγωνον᾽ τὸ 
ἄρα ἀπὸ τῆς EZ τετράγωνον διπλάσιόν ἐστι τοῦ ἀπὸ τῆς HZ. ἴση δὲ ἡ HZ τῇ VA: τὸ ἄρα ἀπὸ 
τῆς EZ διπλάσιόν ἐστι τοῦ ἀπὸ τῆς VA. ἔστι δὲ καὶ τὸ ἀπὸ τῆς EA διπλάσιον τοῦ ἀπὸ τῆς AT 
τὰ ἄρα ἀπὸ τῶν AE, EZ τετράγωνα διπλάσιά ἐστι τῶν ἀπὸ τῶν AT, TA τετραγώνων. τοῖς δὲ 
ἀπὸ τῶν ΛΗ, EZ ἴσον ἐστὶ τὸ ἀπὸ τῆς AZ τετράγωνον’ ὀρϑὴ γάρ ἐστιν H ὑπὸ ΔΕΖ γωνία: τὸ 
ἄρα ἀπὸ τῆς AZ τετράγωνον διπλάσιόν ἐστι τῶν ἀπὸ τῶν AT, VA. τῷ δὲ ἀπὸ τῆς AZ ἴσα τὰ 
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If a straight-line is cut into equal and unequal (pieces), then the (sum of the) squares on the 
unequal pieces of the whole (straight-line) is double the (sum of the) square on half (the straight- 
line), and (the square) on the difference between the (equal and unequal) pieces. 


For let any straight-line AB have been cut—equally at C’, and unequally at D. I say that the (sum 
of the) squares on AD and DB is double the (sum of the squares) on AC and CD. 


For let CE have been drawn from (point) C, at right-angles to AB [Prop. 1.11], and let it be 
made equal to each of AC and CB [Prop. 1.3], and let HA and EB have been joined. And let 
DF have been drawn through (point) D, parallel to EC [Prop. 1.31], and (let) FG (have been 
drawn) through (point) Ε΄, (parallel) to AB [Prop. 1.31]. And let AF’ have been joined. And 
since AC is equal to CE, the angle EAC is also equal to the (angle) AEC [Prop. 1.5]. And since 
the (angle) at C is a right-angle, the (sum of the) remaining angles (of triangle AEC), EAC and 
AEC, is thus equal to one right-angle [Prop. 1.32]. And they are equal. Thus, (angles) CE'A and 
CAE are each half a right-angle. So, for the same (reasons), (angles) ΟΕ Β and EBC are also 
each half a right-angle. Thus, the whole (angle) AFB is a right-angle. And since GEF is half a 
right-angle, and EGF (is) a right-angle—for it is equal to the internal and opposite (angle) ΕΟ Β 
[Prop. 1.29]—the remaining (angle) E-FG is thus half a right-angle [Prop. 1.32]. Thus, angle 
GEF [is] equal to E FG. So the side EG is also equal to the (side) GF [Prop. 1.6]. Again, since 
the angle at B is half a right-angle, and (angle) F. DB (is) a right-angle—for again it is equal 
to the internal and opposite (angle) ECB [Prop. 1.29]—the remaining (angle) ΒΕ) is half a 
right-angle [Prop. 1.32]. Thus, the angle at B (is) equal to DF'B. So the side F'D is also equal to 
the side DB [Prop. 1.6]. And since AC is equal to ΟΕ, the (square) on AC (is) also equal to the 
(square) on ΟΕ. Thus, the (sum of the) squares on AC and CE is double the (square) on AC. 
And the square on FA is equal to the (sum of the) squares on AC and CE. For angle ACE (is) 


31This proposition is a geometric version of the algebraic identity: a? + b? = 2[({a + b]/2)? + ([a + b]/2 — b)?]. 
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ἀπὸ τὼν AA, ΔΖ: ὀρϑὴ γὰρ ἣ πρὸς τῷ Δ γωνία: τὰ ἄρα ἀπὸ τῶν AA, ΔΖ διπλάσιά ἐστι τῶν ἀπὸ 
τῶν AT, ΓΔ τετραγώνων. ἴση δὲ ἡ ΔΖ τῇ ΔΒ’ τὰ ἄρα ἀπὸ τῶν AA, ΔΒ τετράγωνα διπλάσιά 
ἐστι τῶν ἀπὸ τῶν AT, PA τετράγώνων. 


Ἐὰν ἄρα εὐϑεῖα γραμμὴ τμηϑῇ εἰς ἴσα καὶ ἄνισα, τὰ ἀπὸ τῶν ἀνίσων τῆς ὅλης τμημάτων 


τετράγωνα διπλάσιά ἐστι τοῦ τε ἀπὸ τῆς ἡμισείας καὶ τοῦ ἀπὸ τῆς μεταξὺ τῶν τομῶν τετραγώνου" 


ὅπερ ἔδει δεῖξαι. 
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a right-angle [Prop. 1.47]. Thus, the (square) on FA is double the (square) on AC’. Again, since 
EG is equal to GF, the (square) on HG (is) also equal to the (square) on GF’. Thus, the (sum 
of the squares) on EG and GF is double the square on GF’. And the square on EF is equal to 
the (sum of the) squares on EG and GF [Prop. 1.47]. Thus, the square on FF is double the 
(square) on GF’. And GF (is) equal to CD [Prop. 1.34]. Thus, the (square) on Ε Γ' is double the 
(square) on CD. And the (square) on ΕΑ is also double the (square) on AC. Thus, the (sum of 
the) squares on AE and EF is double the (sum of the) squares on AC’ and CD. And the square 
on AF is equal to the (sum of the squares) on AF and EF’. For the angle AEF is a right-angle 
[Prop. 1.47]. Thus, the square on AF’ is double the (sum of the squares) on AC and CD. And 
the (sum of the squares) on AD and DF (is) equal to the (square) on AF’. For the angle at D is 
a right-angle [Prop. 1.47]. Thus, the (sum of the squares) on AD and DF is double the (sum of 
the) squares on AC and CD. And DF (is) equal to DB. Thus, the (sum of the) squares on AD 
and DB is double the (sum of the) squares on AC and CD. 


Thus, if a straight-line is cut into equal and unequal (pieces), then the (sum of the) squares on the 
unequal pieces of the whole (straight-line) is double the (sum of the) square on half (the straight- 
line), and (the square) on the difference between the (equal and unequal) pieces. (Which is) the 
very thing it was required to show. 
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Η 


᾿Ἐὰν εὐϑεῖα γραμμὴ τμηϑῇ δίχα, προστεϑῇ δέ τις αὐτῇ εὐϑεῖα ἐπ᾽ εὐϑείας, τὸ ἀπὸ τῆς ὅλης σὺν 
τῇ προσχειμένῃ καὶ τὸ ἀπὸ τῆς προσκειμένης τὰ συναμφότερα τετράγωνα διπλάσιά ἐστι τοῦ τε 
ἀπὸ τῆς ἡμισείας καὶ τοῦ ἀπὸ τῆς συγχειμένης Ex τε τῆς ἡμισείας καὶ τῆς προσκειμένης ὡς ἀπὸ 
μιᾶς ἀναγραφέντος τετραγώνου. 


Εὐϑεῖα γάρ τις ἣ ΑΒ τετμήσϑω δίχα κατὰ τὸ T, προσκείσϑω δέ τις αὐτῇ εὐϑεῖα ἐπ᾽ εὐϑείας ἣ 
BA: λέγω, ὅτι τὰ ἀπὸ τῶν AA, ΔΒ τετράγωνα διπλάσιά ἐστι τῶν ἀπὸ τῶν AT, TA τετραγώνων. 


Ἤχϑω γὰρ ἀπὸ τοῦ I σημείου τῇ AB πρὸς ὀρϑὰς ἣ TE, καὶ κείσϑω ἴση ἑκατέρα. τῶν AT, 
TB, χκαὶ ἐπεζεύχϑωσαν αἱ EA, EB: καὶ διὰ μὲν τοῦ E τῇ AA παράλληλος ἤχϑω ἣ ΕΖ, διὰ δὲ 
τοῦ Δ τῇ ΤῈ παράλληλος ἤχϑω ἣ ZA. καὶ ἐπεὶ εἰς παραλλήλους εὐϑείας τὰς ET, ZA εὐϑεῖά 
τις ἐνέπεσεν ἣ ΕΖ, αἱ ὑπὸ ΤῈΖ, ΕΖΔ ἄρα δυσὶν ὀρϑαῖς ἴσαι εἰσίν: at ἄρα ὑπὸ ZEB, ΕΖΔ 
δύο ὀρϑῶν ἐλάσσονές εἰσιν’ αἱ δὲ ἀπ᾿ ἐλασσόνων ἢ δύο ὀρϑῶν ἐκβαλλόμεναι συμπίπτουσιν" αἱ 
ἄρα EB, ΖΔ ἐχβαλλόμεναι ἐπὶ τὰ Β, Δ μέρη συμπεσοῦνται. ἐκβεβλήσϑωσαν nual συμπιπτέτωσαν 
nate τὸ Η, καὶ ἐπεζεύχϑω ἡ AH. καὶ ἐπεὶ ἴση ἐστὶν ἣ AT τῇ ΓῊ, ἴση ἐστὶ καὶ γωνία 7 ὑπὸ 
EAT τῇ ὑπὸ AET™ xxi ὀρϑὴ ἣ πρὸς τῷ 1" ἡμίσεια ἄρα ὀρϑῆς [ἐστιν] ἑκατέρα τῶν ὑπὸ EAT, 
AET. διὰ τὰ αὐτὰ δὴ καὶ ἑκατέρα τῶν ὑπὸ ΓΕΒ, EBD ἡμίσειά ἐστιν ὀρϑῆς: ὀρϑὴ ἄρα ἐστὶν 
nH ὑπὸ AEB. uct ἐπεὶ ἡμίσεια ὀρϑῆς ἐστιν 7 ὑπὸ EBT, ἡμίσεια ἄρα ὀρϑῆς καὶ ἣ ὑπὸ ABH. 
ἔστι δὲ καὶ ἣ ὑπὸ BAH d09 ἴση γάρ ἐστι τῇ ὑπὸ ATE: ἐναλλὰξ γάρ’ λοιπὴ ἅρα ἣ ὑπὸ ΔΗΒ 
ἡμίσειά ἐστιν ὀρϑῆς: ἡἣ ἄρα ὑπὸ ΔΗΒ τῇ ὑπὸ ABH ἐστιν ἴση: ὥστε καὶ πλευρὰ ἣ ΒΔ πλευρᾷ 
τῇ ΗΔ ἐστιν ἴση. πάλιν, ἐπεὶ ἣ ὑπὸ ΕΗΖ ἡμίσειά ἐστιν ὀρϑῆς, ὀρϑὴ δὲ H πρὸς τῷ Ζ' ἴση γάρ 
ἐστι τῇ ἀπεναντίον τῇ πρὸς τῷ 1" λοιπὴ ἄρα ἣ ὑπὸ ZEH ἡμίσειά ἐστιν ὀρϑῆς: ἴση ἄρα ἣ ὑπὸ 
EHZ γωνία τῇ ὑπὸ ΖΗΕΗ: ὥστε καὶ πλευρὰ ἣ HZ πλευρᾷ τῇ ΕΖ ἐστιν ἴση. καὶ ἐπεὶ [toy ἐστὶν 
7 ED τῇ TAY, ἴσον ἐστὶ [καὶ] τὸ ἀπὸ τῆς ED τετράγωνον τῷ ἀπὸ τῆς ΓᾺΔ τετραγώνῳ τὰ ἄρα 
ἀπὸ τῶν ED, ΤᾺ τετράγωνα διπλάσιά ἐστι τοῦ ἀπὸ τῆς TA τετραγώνου. τοῖς δὲ ἀπὸ τῶν ETD, 
TA ἴσον ἐστὶ τὸ ἀπὸ τῆς EA’ τὸ ἄρα ἀπὸ τῆς EA τετράγωνον διπλάσιόν ἐστι τοῦ ἀπὸ τῆς AT 
τετραγώνου. πάλιν, ἐπεὶ ἴση ἐστὶν ἣ ΖΗ τῇ ΕΖ, ἴσον ἐστὶ καὶ τὸ ἀπὸ τῆς ΖΗ τῷ ἀπὸ τῆς ΖΕ; 
τὰ ἄρα ἀπὸ τῶν ΗΖ, ZE διπλάσιά ἐστι τοῦ ἀπὸ τῆς ΕΖ.τοῖς δὲ ἀπὸ τῶν HZ, ΖΕ ἴσον ἐστὶ τὸ 
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If a straight-line is cut in half, and any straight-line added to it straight-on, then the sum of the 
square on the whole (straight-line) with the (straight-line) having been added, and the (square) 
on the (straight-line) having been added, is double the (sum of the square) on half (the straight- 
line), and the square described on the sum of half (the straight-line) and (straight-line) having 
been added, as on one (complete straight-line). 


For let any straight-line AB have been cut in half at (point) C, and let any straight-line BD have 
been added to it straight-on. I say that the (sum of the) squares on AD and DB is double the 
(sum of the) squares on AC and CD. 


For let CE have been drawn from point C, at right-angles to AB [Prop. 1.11], and let it be made 
equal to each of AC and ( Β [Prop. 1.3], and let EA and ΕΒ have been joined. And let EF’ have 
been drawn through Κ᾽, parallel to AD [Prop. 1.31], and let FD have been drawn through D, 
parallel to CE [Prop. 1.31]. And since the straight-lines EC and F'D (are) parallel, and some 
straight-line EF’ falls across (them), the (internal angles) CE F and E'F'D are thus equal to two 
right-angles [Prop. 1.29]. Thus, FEB and EF'D are less than two right-angles. And (straight- 
lines) produced from (internal angles) less than two right-angles meet together [Post. 5]. Thus, 
being produced in the direction of B and D, the (straight-lines) ΕΒ and ΕΠ) will meet. Let them 
have been produced, and let them meet together at G, and let AG have been joined. And since 
AC is equal to CE, angle EAC is also equal to (angle) AEC [Prop. 1.5]. And the (angle) at C (is) 
a right-angle. Thus, HAC and AEC [are] each half a right-angle [Prop. 1.32]. So, for the same 
(reasons), CEB and EBC are also each half a right-angle. Thus, (angle) AFB is a right-angle. 
And since EBC is half a right-angle, DBG (is) thus also half a right-angle [Prop. 1.15]. And 
BDG is also a right-angle. For it is equal to DCE. For (they are) alternate (angles) [Prop. 1.29]. 
Thus, the remaining (angle) DGB is half a right-angle. Thus, DGB is equal to DBG. So side BD 


32This proposition is a geometric version of the algebraic identity: (2a + b)? + b? = 2[a? + (a+b)?]. 
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ἀπὸ τῆς ΕΗ’ τὸ ἄρα ἀπὸ τῆς EH διπλάσιόν ἐστι τοῦ ἀπὸ τῆς ΕΖ. ἴση δὲ ἡ ΕΖ τῇ VA τὸ 
ἄρα ἀπὸ τῆς EH τετράγωνον διπλάσιόν ἐστι τοῦ ἀπὸ τῆς TA. ἐδείχϑη δὲ καὶ τὸ ἀπὸ τῆς EA 
διπλάσιον τοῦ ἀπὸ τῆς ΔΙ" τὰ ἄρα ἀπὸ τῶν AE, ΕΗ τετράγωνα διπλάσιά ἐστι τῶν ἀπὸ τῶν AT, 
TA τετραγώνων. τοῖς δὲ ἀπὸ τῶν ΛΗ, EH τετραγώνοις ἴσον ἐστὶ τὸ ἀπὸ τῆς ΛΗ τετράγωνον: 
τὸ ἄρα ἀπὸ τῆς ΛΗ διπλάσιόν ἐστι τῶν ἀπὸ τῶν AT, TA. τῷ δὲ ἀπὸ τῆς AH ἴσα ἐστὶ τὰ 
ἀπὸ τῶν ΛΔ, AH: τὰ ἄρα ἀπὸ τῶν AA, ΔΗ [τετράγωνα] διπλάσιά ἐστι τῶν ἀπὸ τῶν AT, TA 
[τετραγώνων]. ἴση δὲ ἡ AH τῇ ΔΒ’ τὰ ἄρα ἀπὸ τῶν AA, ΔΒ [τετράγωνα] διπλάσιά ἐστι τῶν ἀπὸ 
τῶν AD, TA τετραγώνων. 


Ἐὰν ἄρα εὐϑεῖα γραμμὴ τμηϑῇ δίχα, προστεϑῇ δέ τις αὐτῇ εὐϑεῖα ἐπ᾽ εὐϑείας, τὸ ἀπὸ τῆς ὅλης 
σὺν τῇ προσχειμένῃ καὶ τὸ ἀπὸ τῆς προσχειμένης τὰ συναμφότερα τετράγωνα διπλάσιά ἐστι 
τοῦ τε ἀπὸ τῆς ἡμισείας καὶ τοῦ ἀπὸ τῆς συγχειμένης Ex τε τῆς ἡμισείας καὶ τῆς προσκειμένης 
ὡς ἀπὸ μιᾶς ἀναγραφέντος τετραγώνου᾽ ὅπερ ἔδει δεῖξαι. 
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is also equal to side GD [Prop. 1.6]. Again, since EGF is half a right-angle, and the (angle) at F’ 
(is) a right-angle, for it is equal to the opposite (angle) at Οἱ [Prop. 1.34], the remaining (angle) 
F EG is thus half a right-angle. Thus, angle EGF (is) equal to F EG. So the side GF is also equal 
to the side EF [Prop. 1.6]. And since [EC is equal to C'‘A] the square on EC is [also] equal to 
the square on C'A. Thus, the (sum of the) squares on EC and CA is double the square on CA. 
And the (square) on ΕΑ is equal to the (sum of the squares) on EC and C’A [Prop. 1.47]. Thus, 
the square on ΚΑ is double the square on AC’. Again, since F'G is equal to EF’, the (square) on 
FG is also equal to the (square) on ΓΕ. Thus, the (sum of the squares) on GF and F'E is double 
the (square) on FF’. And the (square) on HG is equal to the (sum of the squares) on GF’ and 
FE [Prop. 1.47]. Thus, the (square) on HG is double the (square) on EF’. And EF (is) equal to 
CD [Prop. 1.34]. Thus, the square on EG is double the (square) on C'D. But it was also shown 
that the (square) on ΕΑ (is) double the (square) on AC’. Thus, the (sum of the) squares on AF 
and EG is double the (sum of the) squares on AC and (1). And the square on AG is equal to the 
(sum of the) squares on AF and EG [Prop. 1.47]. Thus, the (square) on AG is double the (sum 
of the squares) on AC and (ἢ. And the (square) on AG is equal to the (sum of the squares) on 
AD and DG [Prop. 1.47]. Thus, the (sum of the) [squares] on AD and DG is double the (sum 
of the) [squares] on AC and C'D. And DG (is) equal to DB. Thus, the (sum of the) [squares] on 
AD and DB is double the (sum of the) squares on AC and CD. 


Thus, if a straight-line is cut in half, and any straight-line added to it straight-on, then the sum 
of the square on the whole (straight-line) with the (straight-line) having been added, and the 
(square) on the (straight-line) having been added, is double the (sum of the square) on half (the 
straight-line), and the square described on the sum of half (the straight-line) and (straight-line) 
having been added, as on one (complete straight-line). (Which is) the very thing it was required 
to show. 
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Thy δοϑεῖσαν εὐϑεῖαν τεμεῖν ὥστε τὸ ὑπὸ τῆς ὅλης καὶ τοῦ ἑτέρου τῶν τμημάτων περιεχόμενον 
ὀρϑογώνιον ἴσον εἶναι τῷ ἀπὸ τοῦ λοιποῦ τμήματος τετραγώνῳ. 


Ἔστω ἡἣ δοϑεῖσα εὐϑεῖα ἣ ΑΒ’ δεῖ δὴ τὴν AB τεμεῖν ὥστε τὸ ὑπὸ τῆς ὅλης καὶ τοῦ ἑτέρου τῶν 
τμημάτων περιεχόμενον ὀρϑογώνιον ἴσον εἶναι τῷ ἀπὸ τοῦ λοιποῦ τμήματος τετραγώνῳ. 


᾿Αναγεγράφϑω γὰρ ἀπὸ τῆς ΑΒ τετράγωνον τὸ ABAT, καὶ τετμήσϑω ἣ AT δίχα κατὰ τὸ E 
σημεῖον, καὶ ἐπεζεύχϑω ἡ BE, καὶ διήχϑω ἡ VA ἐπὶ τὸ Z, καὶ κείσϑω τῇ BE ἴση 7 ΕΖ, καὶ 
ἀναγεγράφϑω ἀπὸ τῆς AZ τετράγωνον τὸ ΖΘ, χαὶ διήχϑω ἣ ΗΘ ἐπὶ τὸ Κ΄ λέγω, ὅτι ἣ AB 
τέτμηται κατὰ τὸ Θ, ὥστε τὸ ὑπὸ τῶν AB, ΒΘ περιεχόμενον ὀρϑογώνιον ἴσον ποιεῖν τῷ ἀπὸ 
τῆς ΛΘ τετραγώνῳ. 


"Enel γὰρ εὐϑεῖα ἣ AT τέτμηται δίχα κατὰ τὸ E, πρόσκειται δὲ αὐτῇ ἡ ZA, τὸ ἄρα ὑπὸ τῶν 
TZ, ZA περιεχόμενον ὀρϑογώνιον μετὰ τοῦ ἀπὸ τῆς AE τετραγώνου ἴσον ἐστὶ τῷ ἀπὸ τῆς EZ 
τετραγώνῳ. ἴση δὲ ἡ ΕΖ τῇ ΕΒ’ τὸ ἄρα ὑπὸ τῶν TZ, ZA μετὰ τοῦ ἀπὸ τῆς AE ἴσον ἐστὶ τῷ 
ἀπὸ EB. ἀλλὰ τῷ ἀπὸ EB ἴσα ἐστὶ τὰ ἀπὸ τῶν BA, ΔΕ: ὀρϑὴ γὰρ ἣ πρὸς τῷ A γωνία: τὸ ἄρα 
ὑπὸ τῶν 12, ZA μετὰ τοῦ ἀπὸ τῆς AE ἴσον ἐστὶ τοῖς ἀπὸ τῶν BA, AE. κοινὸν ἀφῃρήσϑω τὸ 
ἀπὸ τῆς ΛΗ; λοιπὸν ἄρα τὸ ὑπὸ τῶν 2, ZA περιεχόμενον ὀρϑογώνιον ἴσον ἐστὶ τῷ ἀπὸ τῆς 
AB τετραγώνῳ. καί ἐστι τὸ μὲν ὑπὸ τῶν 12, ZA τὸ ZK: ἴση γὰρ ἡ ΔΖ τῇ ΖΗ: τὸ δὲ ἀπὸ τῆς 
AB τὸ AA: τὸ ἄρα ΖΚ ἴσον ἐστὶ τῷ ΑΔ. κοινὸν ἀρῃρήσϑω τὸ AK: λοιπὸν ἄρα τὸ ZO τῷ ΘΔ 
ἴσον ἐστίν. καί ἐστι τὸ μὲν ΘΔ τὸ ὑπὸ τῶν AB, BO: ἴση γὰρ 7 AB τῇ ΒΔ: τὸ δὲ ZO τὸ ἀπὸ 
τῆς ΑΘ’ τὸ ἄρα ὑπὸ τῶν AB, ΒΘ περιεχόμενον ὀρϑογώνιον ἴσον ἐστὶ τῷ ἀπὸ OA τετραγώνῳ. 
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To cut a given straight-line, so that the rectangle contained by the whole (straight-line), and one 
of the pieces (of the straight-line), is equal to the square on the remaining piece. 


Let AB be the given straight-line. So it is required to cut AB, such that the rectangle contained 
by the whole (straight-line), and one of the pieces (of the straight-line), is equal to the square on 
the remaining piece. 


For let the square ABDC have been described on AB [Prop. 1.46], and let AC have been cut in 
half at point Ε' [Prop. 1.10], and let BE have been joined. And let C'A have been drawn through 
to (point) F’, and let EF be made equal to BE [Prop. 1.3]. And let the square F'H have been 
described on AF [Prop. 1.46], and let GH have been drawn through to (point) kK. I say that AB 
has been cut at H, so as to make the rectangle contained by AB and BH equal to the square on 
AH. 


For since the straight-line AC has been cut in half at EF, and ΓΑ has been added to it, the rectangle 
contained by ΟἿ᾽ and ΓΑ, plus the square on AEF, is thus equal to the square on Κ᾿ Γ' [Prop. 2.6]. 
And EF (is) equal to EB. Thus, the (rectangle contained) by ΟΕ and F'A, plus the (square) 
on AF, is equal to the (square) on FB. But, the (sum of the squares) on BA and AE is equal 
to the (square) on EB. For the angle at A (is) a right-angle [Prop. 1.47]. Thus, the (rectangle 
contained) by CF and F'A, plus the (square) on AF, is equal to the (sum of the squares) on BA 
and AF. Let the square on AE have been subtracted from both. Thus, the remaining rectangle 
contained by CF and ΓΑ is equal to the square on AB. And ΕΚ is the (rectangle contained) by 
CF and ΓΑ. For AF (is) equal to FG. And AD (is) the (square) on AB. Thus, the (rectangle) 
ΕΚ is equal to the (square) AD. Let (rectangle) AK have been subtracted from both. Thus, the 
remaining (square) ΓΗ is equal to the (rectangle) HD. And HD is the (rectangle contained) by 


33This manner of cutting a straight-line—so that the ratio of the whole to the larger piece is equal to the ratio of 
the larger to the smaller piece—is sometimes called the “Golden Section”. 
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Ἡ ἄρα δοϑεῖσα εὐϑεῖα AB τέτμηται κατὰ τὸ Θ ὥστε τὸ ὑπὸ τῶν AB, BO περιεχόμενον 
ὀρϑογώνιον ἴσον ποιεῖν τῷ ἀπὸ τῆς ΘΑ τετραγώνῳ: ὅπερ ἔδει ποιῆσαι. 
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AB and BH. For AB (is) equal to BD. And FH (is) the (square) on AH. Thus, the rectangle 
contained by AB and BH is equal to the square on HA. 


Thus, the given straight-line AB has been cut at (point) H, so as to make the rectangle contained 
by AB and BH equal to the square on HA. (Which is) the very thing it was required to do. 
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Ἔν τοῖς ἀμβλυγωνίοις τριγώνοις TO ἀπὸ τῆς τὴν ἀμβλεῖαν γωνίαν ὑποτεινούσης πλευρᾶς τετράγωνον 
μεῖζόν ἐστι τῶν ἀπὸ τῶν τὴν ἀμβλεῖαν γωνίαν περιεχουσῶν πλευρῶν τετραγώνων τῷ περιεχομένῳ 
δὶς ὑπὸ τε μιᾶς τῶν περὶ τὴν ἀμβλεῖαν γωνίαν, ἐφ᾽ ἣν ἣ κάϑετος πίπτει, καὶ τῆς ἀπολαμβα- 
νομένης ἐκτὸς ὑπὸ τῆς καϑέτου πρὸς τῇ ἀμβλείᾳ γωνία. 


Ἔστω ἀμβλυγώνιον τρίγωνον τὸ ABI ἀμβλεῖαν ἔχον τὴν ὑπὸ BAT, καὶ ἤχϑω ἀπὸ τοῦ B 
σημείου ἐπὶ τὴν ΤᾺ ἐχκβληϑεῖσαν κάϑετος ἡ ΒΔ. λέγω, ὅτι τὸ ἀπὸ τῆς BI τετράγωνον μεῖζόν 
ἐστι τῶν ἀπὸ τῶν BA, AT τετραγώνων τῷ δὶς ὑπὸ τῶν ΤᾺ, AA περιεχομένῳ ὀρϑογωνίῳ. 


"Enel γὰρ εὐϑεῖα ἣ ΓΔ τέτμηται, ὡς ἔτυχεν, κατὰ τὸ A σημεῖον, τὸ ἄρα ἀπὸ τῆς AT ἴσον ἐστὶ 
τοῖς ἀπὸ τῶν ΤᾺ, AA τετραγώνοις καὶ τῷ δὶς ὑπὸ τῶν ΤᾺ, ΑΔ περιεχομένῳ ὀρϑογωνίῳ. κοινὸν 
προσγχείσϑω τὸ ἀπὸ τῆς AB: τὰ ἄρα ἀπὸ τῶν Δ, ΔΒ ἴση ἐστὶ τοῖς τε ἀπὸ τῶν TA, AA, AB 
τετραγώνοις καὶ τῷ δὶς ὑπὸ τῶν TA, ΑΔ [περιεχομένῳ ὀρϑογωνίῳ]. ἀλλὰ τοῖς μὲν ἀπὸ τῶν TA, 
ΔΒ ἴσον ἐστὶ τὸ ἀπὸ τῆς TB: ὀρϑὴ γὰρ ἣ προς τῷ Δ γωνία: τοῖς δὲ ἀπὸ τῶν AA, ΔΒ ἴσον τὸ 
ἀπὸ τῆς AB: τὸ ἄρα ἀπὸ τῆς ΤῈ τετράγωνον ἴσον ἐστὶ τοῖς τε ἀπὸ τῶν ΓᾺΔ, AB τετραγώνοις 
nal τῷ δὶς ὑπὸ τῶν ΓΑ, ΑΔ περιεχομένῳ ὀρϑογωνίῳ: ὥστε τὸ ἀπὸ τῆς TB τετράγωνον τῶν ἀπὸ 
τῶν PA, ΑΒ τετραγώνων μεῖζόν ἐστι τῷ δὶς ὑπὸ τῶν ΤᾺ, ΑΔ περιεχομένῳ ὀρϑογωνίῳ. 


Ἔν ἄρα τοῖς ἀμβλυγωνίοις τριγώνοις τὸ ἀπὸ τῆς τὴν ἀμβλεῖαν γωνίαν ὑποτεινούσης πλευρᾶς 
τετράγωνον μεῖζόν ἐστι τῶν ἀπὸ τῶν τὴν ἀμβλεῖαν γωνίαν περιεχουσῶν πλευρῶν τετραγώνων 
τῷ περιχομένῳ δὶς ὑπό τε μιᾶς τῶν περὶ τὴν ἀμβλεῖαν γωνίαν, ἐφ᾽ ἣν ἡ κάϑετος πίπτει, καὶ τῆς 
ἀπολαμβανομένης ἐχτὸς ὑπὸ τῆς καϑέτου πρὸς τῇ ἀμβλείᾳ γωνίᾳ ὅπερ ἔδει δεῖξαι. 
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Proposition 12 ** 


D A C 


In obtuse-angled triangles, the square on the side subtending the obtuse angle is greater than the 
(sum of the) squares on the sides containing the obtuse angle by twice the (rectangle) contained 
by one of the sides around the obtuse angle, to which a perpendicular (straight-line) falls, and 
the (straight-line) cut off outside (the triangle) by the perpendicular (straight-line) towards the 
obtuse angle. 


Let ABC be an obtuse-angled triangle, having the obtuse angle BAC. And let BD be drawn from 
point B, perpendicular to C'A produced [Prop. 1.12]. I say that the square on BC is greater than 
the (sum of the) squares on BA and AC, by twice the rectangle contained by ΟἿΑ and AD. 


For since the straight-line CD has been cut, at random, at point A, the (square) on DC is thus 
equal to the (sum of the) squares on C'A and AD, and twice the rectangle contained by ΟἿΑ and 
AD [Prop. 2.4]. Let the (square) on DB have been added to both. Thus, the (sum of the squares) 
on ΟἿ and DB is equal to the (sum of the) squares on C'A, AD, and DB, and twice the [rectangle 
contained] by C'A and AD. But, the (sum of the squares) on CD and DB is equal to the (square) 
on C'B. For the angle at D (is) a right-angle [Prop. 1.47]. And the (sum of the squares) on AD 
and DB (is) equal to the (square) on AB [Prop. 1.47]. Thus, the square on C’B is equal to the 
(sum of the) squares on (ΓΑ and AB, and twice the rectangle contained by C'A and AD. So the 
square on C’B is greater than the (sum of the) squares on ΟἿΑ and AB by twice the rectangle 
contained by C’'A and AD. 


Thus, in obtuse-angled triangles, the square on the side subtending the obtuse angle is greater 
than the (sum of the) squares on the sides containing the obtuse angle by twice the (rectangle) 
contained by one of the sides around the obtuse angle, to which a perpendicular (straight-line) 
falls, and the (straight-line) cut off outside (the triangle) by the perpendicular (straight-line) 
towards the obtuse angle. (Which is) the very thing it was required to show. 


34This proposition is equivalent to the well-known cosine formula: BC? = AB? + AC'?—2 AB AC cos BAC, since 
cos BAC = —AD/AB. 
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Υ 


Β Δ 1 


Ἔν τοῖς ὀξυγωνίοις τριγώνοις τὸ ἀπὸ τῆς τὴν ὀξεῖαν γωνίαν ὑποτεινούσης πλευρᾶς τετράγωνον 
ἔλαττόν ἐστι τῶν ἀπὸ τῶν τὴν ὀξεῖαν γωνίαν περιεχουσῶν πλευρῶν τετραγώνων τῷ περιεχομένῳ 
δὶς ὑπὸ τε μιᾶς τῶν περὶ τὴν ὀξεῖαν γωνίαν, ἐφ᾽ ἣν ἣ κάϑετος πίπτει, καὶ τῆς ἀπολαμβανομένης 
ἐντὸς ὑπὸ τῆς καϑέτου πρὸς τῇ ὀξείᾳ γωνίᾳ. 


Ἔστω ὀξυγώνιον τρίγωνον τὸ ABI’ ὀξεῖαν ἔχον τὴν πρὸς τῷ Β γωνίαν, καὶ ἤχϑω ἀπὸ τοῦ A 
σημείου ἐπὶ τὴν BE κάϑετος ἡ ΑΔ’ λέγω, ὅτι τὸ ἀπὸ τῆς AT τετράγωνον ἔλαττόν ἐστι τῶν ἀπὸ 
τῶν ΓΒ, BA τετραγώνων τῷ δὶς ὑπὸ τῶν IB, ΒΔ περιεχομένῳ ὀρϑογωνίῳ. 


"Exel γὰρ εὐϑεῖα ἣ ΓΒ τέτμηται, ὡς ἔτυχεν, κατὰ τὸ Δ, τὰ ἄρα ἀπὸ τῶν DB, ΒΔ τετράγωνα ἴσα 
ἐστὶ τῷ τε δὶς ὑπὸ τῶν ΓΒ, ΒΔ περιεχομένῳ ὀρϑογωνίῳ καὶ τῷ ἀπὸ τῆς AT τετραγώνῳ. κοινὸν 
προσγχείσϑω τὸ ἀπὸ τῆς AA τετράγωνον: τὰ ἄρα ἀπὸ τῶν ΤῈ, ΒΔ, AA τετράγωνα ἴσα ἐστὶ τῷ 
τε δὶς ὑπὸ τῶν ΓΒ, ΒΔ περιεχομένῳ ὀρϑογωνίῳ καὶ τοῖς ἀπὸ τῶν AA, AT τετραγώνιος. ἀλλὰ 
τοῖς μὲν ἀπὸ τῶν BA, AA ἴσον τὸ ἀπὸ τῆς AB: ὀρϑὴ γὰρ ἣ πρὸς τῷ Δ γωνίᾳ: τοῖς δὲ ἀπὸ τῶν 
AA, AT ἴσον τὸ ἀπὸ τῆς ΔΙ" τὰ ἄρα ἀπὸ τῶν ΓΒ, BA ἴσα ἐστὶ τῷ τε ἀπὸ τῆς AT καὶ τῷ δὶς 
ὑπὸ τῶν ΓΒ, ΒΔ’ ὥστε μόνον τὸ ἀπὸ τῆς AT ἔλαττόν ἐστι τῶν ἀπὸ τῶν ΓΒ, ΒΑ τετραγώνων 
τῷ δὶς ὑπὸ τῶν IB, ΒΔ περιεχομένῳ ὀρϑογωνίῳ. 


Ἔν ἄρα τοῖς ὀξυγωνίοις τριγώνοις τὸ ἀπὸ τῆς τὴν ὀξεῖαν γωνίαν ὑποτεινούσης πλευρᾶς τετράγωνον 
ἔλαττόν ἐστι τῶν ἀπὸ τῶν τὴν ὀξεῖαν γωνίαν περιεχουσῶν πλευρῶν τετραγώνων τῷ περιεχομένῳ 
δὶς ὑπὸ τε μιᾶς τῶν περὶ τὴν ὀξεῖαν γωνίαν, ἐφ᾽ ἣν ἣ κάϑετος πίπτει, καὶ τῆς ἀπολαμβανομένης 
ἐντὸς ὑπὸ τῆς καϑέτου πρὸς τῇ ὀξείᾳ γωνίᾳ" ὅπερ ἔδει δεῖξαι. 
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Proposition 13 * 


A 


B D ς 


In acute-angled triangles, the square on the side subtending the acute angle is less than the (sum 
of the) squares on the sides containing the acute angle by twice the (rectangle) contained by 
one of the sides around the acute angle, to which a perpendicular (straight-line) falls, and the 
(straight-line) cut off inside (the triangle) by the perpendicular (straight-line) towards the acute 
angle. 


Let ABC be an acute-angled triangle, having an acute angle at (point) B. And let AD have been 
drawn from point A, perpendicular to BC [Prop. 1.12]. I say that the square on AC is less than 
the (sum of the) squares on C'B and AB, by twice the rectangle contained by CB and BD. 


For since the straight-line CB has been cut, at random, at (point) D, the (sum of the) squares on 
CB and BD is thus equal to twice the rectangle contained by C'B and BD, and the square on DC 
[Prop. 2.7]. Let the square on DA have been added to both. Thus, the (sum of the) squares on 
CB, BD, and DA is equal to twice the rectangle contained by CB and BD, and the (sum of the) 
squares on AD and DC. But, the (square) on AB (is) equal to the (sum of the squares) on BD 
and DA. For the angle at (point) D is a right-angle [Prop. 1.47]. And the (square) on AC (is) 
equal to the (sum of the squares) on AD and DC [Prop. 1.47]. Thus, the (sum of the squares) 
on ΟΒ and BA is equal to the (square) on AC, and twice the (rectangle contained) by CB and 
BD. So the (square) on AC alone is less than the (sum of the) squares on C'B and BA by twice 
the rectangle contained by CB and BD. 


Thus, in acute-angled triangles, the square on the side subtending the acute angle is less than the 
(sum of the) squares on the sides containing the acute angle by twice the (rectangle) contained 
by one of the sides around the acute angle, to which a perpendicular (straight-line) falls, and the 
(straight-line) cut off inside (the triangle) by the perpendicular (straight-line) towards the acute 
angle. (Which is) the very thing it was required to show. 


35This proposition is equivalent to the well-known cosine formula: AC? = AB?+ BC? —2.AB BC cos ABC, since 
cos ABC = BD/AB. 
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Τῷ δοϑέντι εὐθυγράμμῳ ἴσον τετράγωνον συστήσασϑαι. 
Ἔστω τὸ δοϑὲν εὐθύγραμμον τὸ Δ᾽ δεῖ δὴ τῷ A εὐθυγράμμῳ ἴσον τετράγωνον συστήσασϑαι. 


Συνεστάτω γὰρ τῷ A ἐυϑυγράμμῳ ἴσον παραλληλόγραμμον ὀρϑογώνιον τὸ ΒΔ’ εἰ μὲν οὖν 
ἴση ἐστὶν ἣ BE τῇ ΕΔ, γεγονὸς ἂν εἴη τὸ ἐπιταχϑέν. συνέσταται γὰρ τῷ A εὐϑυγράμμῳ ἴσον 
τετράγωνον τὸ BA’ εἰ δὲ οὔ, μία τῶν BE, ἘΔ μείζων ἐστιν. ἔστω μείζων ἡ ΒΕ, nat ἐκβεβλήσϑω 
ἐπὶ τὸ Ζ, καὶ κείσϑω τῇ ΕΔ ἴση ἡ ΕΖ, καὶ τετμήσϑω 7 ΒΖ δίχα κατὰ τὸ Η, καὶ κέντρῳ τῷ Η, 
διαστήματι δὲ ἑνὶ τῶν ΗΒ, ΗΖ ἡμικύκλιον γεγράφϑω τὸ BOZ, καὶ ἐκβεβλήσϑω ἡ AE ἐπὶ τὸ 
Θ, καὶ ἐπεζεύχϑω ἡ ΗΘ. 


"Enel οὖν εὐϑεῖα ἡ ΒΖ τέτμηται εἰς μὲν ἴσα κατὰ τὸ Η, εἰς δὲ ἄνισα κατὰ τὸ E, τὸ ἄρα ὑπὸ 
τῶν BE, ΕΖ περιεχόμενον ὀρϑογώνιον μετὰ τοῦ ἀπὸ τῆς EH τετραγώνου ἴσον ἐστὶ τῷ ἀπὸ 
τῆς ΗΖ τετραγώνῳ. ἴση δὲ ἣ HZ τῇ HO: τὸ ἄρα ὑπὸ τῶν BE, EZ μετὰ τοῦ ἀπὸ τῆς HE ἴσον 
ἐστὶ τῷ ἀπὸ τῆς ΗΘ. τῷ δὲ ἀπὸ τῆς HO ἴσα ἐστὶ τὰ ἀπὸ τῶν OE, EH τετράγωνα" τὸ ἄρα ὑπὸ 
τῶν BE, EZ μετὰ τοῦ ἀπὸ HE ἴσα ἐστὶ τοῖς ἀπὸ τῶν OE, EH. κοινὸν ἀφῃρήσϑω τὸ ἀπὸ τῆς 
HE τετράγωνον: λοιπὸν ἄρα τὸ ὑπὸ τῶν BE, ΕΖ περιεχόμενον ὄρϑογώνιον ἴσον ἐστὶ τῷ ἀπὸ 
τῆς ΕΘ τετραγώνῳ. ἀλλὰ τὸ ὑπὸ τῶν BE, EZ τὸ ΒΔ ἐστιν’ ἴση γὰρ 7 ΕΖ τῇ ΕΔ’ τὸ ἄρα BA 
παραλληλόγραμμον ἴσον ἐστὶ τῷ ἀπὸ τῆς ΘΕ τετραγώνῳ. ἴσον δὲ τὸ ΒΔ τῷ Α εὐϑυγράμμῳ. 
nat τὸ A ἄρα εὐϑύγραμμον ἴσον ἐστὶ τῷ ἀπὸ τῆς ΕΘ ἀναγραφησομένῳ τετραγώνῳ. 


T@ ἄρα δοϑέντι εὐϑυγράμμῳ τῷ A ἴσον τετράγωνον συνέσταται τὸ ἀπὸ τῆς ΕΘ ἀναγρα- 
φησόμενον: ὅπερ ἔδει ποιῆσαι. 
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To construct a square equal to a given rectilinear figure. 


Let A be the given rectilinear figure. So it is required to construct a square equal to the rectilinear 
figure A. 


For let the right-angled parallelogram BD have been constructed, equal to the rectilinear figure A 
[Prop. 1.45]. Therefore, if BE is equal to ED, then that (which) was prescribed has taken place. 
For the square BD has been constructed, equal to the rectilinear figure A. And if not, then one 
of BE or ED is greater (than the other). Let BE be greater, and let it have been produced to 
F, and let EF be made equal to ED [Prop. 1.3]. And let BF’ have been cut in half at (point) G 
[Prop. 1.10]. And, with center G,, and radius one of GB or GF, let the semi-circle BH F' have 
been drawn. And let DE have been produced to H, and let GH have been joined. 


Therefore, since the straight-line BF has been cut—equally at G, and unequally at E—the rect- 
angle contained by BE and EF, plus the square on EG, is thus equal to the square on GF’ 
[Prop. 2.5]. And GF (is) equal to GH. Thus, the (rectangle contained) by BE and EF, plus the 
(square) on GE, is equal to the (square) on GH. And the (square) on GH is equal to the (sum 
of the) squares on HE and EG [Prop. 1.47]. Thus, the (rectangle contained) by BE and EF, 
plus the (square) on GE, is equal to the (sum of the squares) on HE and EG. Let the square 
on GE have been taken from both. Thus, the remaining rectangle contained by BE and EF is 
equal to the square on FH. But, BD is the (rectangle contained) by BE and EF. For EF (is) 
equal to ED. Thus, the parallelogram BD is equal to the square on HE. And BD (is) equal to 
the rectilinear figure A. Thus, the rectilinear figure A is also equal to the square (which) can be 
described on EH. 


Thus, a square—(namely), that (which) can be described on  H—has been constructed, equal 
to the given rectilinear figure A. (Which is) the very thing it was required to do. 
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Fundamentals of plane geometry involving 
circles 


ΣΤΟΙΧΕΊΩΝ γ᾽ 
Ὅροι 


Ἴσοι κύκλοι εἰσίν, ὧν αἱ διάμετροι ἴσαι εἰσίν, Ὦ ὧν αἱ ἐκ τῶν κέντρων ἴσαι εἰσίν. 


Εὐϑεῖα κύκλου ἐφάπτεσϑαι λέγεται, ἥτις ἁπτομένη τοῦ κύκλου καὶ ἐκβαλλομένη οὐ τέμνει 
τὸν κύκλον. 


Κύχλοι ἐφάπτεσϑαι ἀλλήλων λέγονται οἵτινες ἁπτόμενοι ἀλλήλων οὐ τέμνουσιν ἀλλήλους. 


Ἔν χύκλῳ ἴσον ἀπέχειν ἀπὸ τοῦ χέντρου εὐϑεῖαι λέγονται, ὅταν αἱ ἀπὸ τοῦ κέντρου ἐπ᾽ 
αὐτὰς κάϑετοι ἀγόμεναι ἴσαι ὦσιν. 


Μεῖζον δὲ ἀπέχειν λέγεται, ἐφ᾽ ἣν ἣ μείζων κάϑετος πίπτει. 
Ἰμῆμα κύκλου ἐστὶ τὸ περιεχόμενον σχῆμα ὑπό τε εὐϑείας καὶ κύκλου περιφερείας. 
Ἰμήματος δὲ γωνία ἐστὶν 7 περιεχομένη ὑπό τε εὐϑείας καὶ κύκλου περιφερείας. 


Ἔν τμήματι δὲ γωνία ἐστίν, ὅταν ἐπὶ τῆς περιφερείας τοῦ τμήματος ληφϑῇ τι σημεῖον καὶ 
ἀπ᾿ αὐτοῦ ἐπὶ τὰ πέρατα τῆς εὐϑείας, H ἐστι βάσις τοῦ τμήματος, ἐπιζευχϑῶσιν εὐϑεῖαι, ἣ 
περιεχομένη γωνία ὑπὸ τῶν ἐπιζευχϑεισῶν εὐϑειῶν. 


Ὅταν δὲ αἱ περιέχουσαι τὴν γωνίαν εὐϑεῖαι ἀπολαμβάνωσί τινα περιφέρειαν, ἐπ᾽ ἐκείνης 
λέγεται βεβηκέναι ἣ γωνία. 


Ἰομεὺς δὲ κύκλου ἐστίν, ὅταν πρὸς τῷ κέντρῷ τοῦ κύκλου συσταϑῇ γωνία, τὸ περιεχόμενον 
σχῆμα ὑπό τε τῶν τὴν γωνίαν περιεχουσῶν εὐϑειῶν καὶ τῆς ἀπολαμβανομένης ὑπ᾽ αὐτῶν 
περιφερείας. 

ὍΜμοία τμήματα κύκλων ἐστὶ τὰ δεχόμενα γωνίας ἴσας, ἤ ἐν οἷς αἱ γωνίαι ἴσαι ἀλλήλαις 
εἰσίν. 
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Definitions 
Equal circles are (circles) whose diameters are equal, or whose (distances) from the centers 


(to the circumferences) are equal (i.e., whose radii are equal). 


A straight-line said to touch a circle is any (straight-line) which, meeting the circle and 
being produced, does not cut the circle. 


Circles said to touch one another are any (circles) which, meeting one another, do not cut 
one another. 


In a circle, straight-lines are said to be equally far from the center when the perpendiculars 
drawn to them from the center are equal. 


And (that straight-line) is said to be further (from the center) on which the greater perpen- 
dicular falls (from the center). 


A segment of a circle is the figure contained by a straight-line and a circumference of a 
circle. 


And the angle of a segment is that contained by a straight-line and a circumference of a 
circle. 


And the angle in a segment is the angle contained by the joined straight-lines, when any 
point is taken on the circumference of a segment, and straight-lines are joined from it to the 
ends of the straight-line which is the base of the segment. 


And when the straight-lines containing an angle cut off some circumference, the angle is 
said to stand upon that (circumference). 


And a sector of a circle is the figure contained by the straight-lines surrounding an angle, 
and the circumference cut off by them, when the angle is constructed at the center of a 
circle. 


Similar segments of circles are those accepting equal angles, or in which the angles are 
equal to one another. 
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Tod δοϑέντος κύκλου τὸ κέντρον εὑρεῖν. 
Ἔστω ὁ δοϑεὶς κύκλος ὁ ABI™ δεῖ δὴ τοῦ ABI κύκλου τὸ κέντρον εὑρεῖν. 
Διήχϑω τις εἰς αὐτόν, ὡς ἔτυχεν, εὐϑεῖα 7 ΑΒ, καὶ τετμήσϑω δίχα κατὰ τὸ Δ σημεῖον, καὶ ἀπ 


ἀ 
τοῦ Δ τῇ AB πρὸς ὀρϑὰς ἤχϑω H AT not διήχϑω ἐπὶ τὸ E, καὶ τετμήσϑω ἣ VE δίχα κατὰ τ 
Ζ: λέγω, ὅτι τὸ Ζ κέντρον ἐστὶ τοῦ ΑΒΙ [κύκλου]. 


\ 

Oo 
\ 

Oo 


Μὴ γάρ, ἀλλ᾽ εἰ δυνατόν, ἔστω τὸ H, καὶ ἐπεζεύχϑωσαν αἱ HA, HA, HB. καὶ ἐπεὶ ἴση ἐστὶν ἣ 
AA τῇ ΔΒ, κοινὴ δὲ 7 AH, δύο δὴ αἱ AA, ΔΗ δύο ταῖς HA, AB ἴσαι εἰσὶν ἑκατέρα ἑκατέρᾳ" 
nat βάσις ἣ HA βάσει τῇ ΗΒ ἐστιν ton ἐκ κέντρου γάρ᾽ γωνία ἄρα ἣ ὑπὸ ΑΔΗ γωνίᾳ τῇ ὑπὸ 
ΗΔΒ ἴση ἐστίν. ὅταν δὲ εὐθεῖα ἐπ᾽ εὐϑεῖαν σταϑεῖσα τὰς ἐφεξῆς γωνίας ἴσας ἀλλήλαις ποιῇ, 
ὀρϑὴ ἑκατέρα τῶν ἴσων γωνιῶν ἐστιν: GOGH ἄρα ἐστὶν ἣ ὑπὸ HAB. ἐστὶ δὲ καὶ ἣ ὑπὸ ZAB 
ὀρϑή; ἴση ἄρα ἣ ὑπὸ ZAB τῇ ὑπὸ ΗΔΒ, ἣ μείζων τῇ ἐλάττονι: ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα 
τὸ Η κέντρον ἐστὶ τοῦ ABT κύκλου. ὁμοίως δὴ δείξομεν, ὅτι οὐδ᾽ ἄλλο τι πλὴν τοῦ Ζ. 


To Z ἄρα σημεῖον κέντρον ἐστὶ τοῦ ABI [κύκλου]. 
Πόρισμα 


"Ex δὴ τούτου φανερόν, ὅτι ἐὰν ἐν κύκλῳ εὐϑεῖά τις εὐϑεῖάν τινα δίχα καὶ πρὸς ὀρϑὰς τέμνῃ, 


ἐπὶ τῆς τεμνούσης ἐστὶ τὸ κέντρον τοῦ χύλκλου. --- ὅπερ ἔδει ποιῆσαι. 
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C 


To find the center of a given circle. 
Let ABC be the given circle. So it is required to find the center of circle ABC. 


Let some straight-line 4B have been drawn through (ABC), at random, and let (AB) have been 
cut in half at point D [Prop. 1.9]. And let DC have been drawn from D, at right-angles to AB 
[Prop. 1.11]. And let (CD) have been drawn through to Εἰ. And let CE have been cut in half at 
F [Prop. 1.9]. I say that (point) Γ' is the center of the [circle] ABC. 


For (if) not then, if possible, let G (be the center of the circle), and let GA, GD, and GB have 
been joined. And since AD is equal to DB, and DG (is) common, the two (straight-lines) AD, 
DG are equal to the two (straight-lines) BD, DG 35 respectively. And the base ΟἿΑ is equal to 
the base GB. For (they are both) radii. Thus, the angle ADG is equal to GDB [Prop. 1.8]. And 
when a straight-line stood upon (another) straight-line make adjacent angles (which are) equal 
to one another, each of the equal angles is a right-angle [Def. 1.10]. Thus, GDB is a right-angle. 
And F'DB is also a right-angle. Thus, / DB (is) equal to GDB, the greater to the lesser. The very 
thing is impossible. Thus, (point) G is not the center of the circle ABC’. So, similarly, we can 
show that neither is any other (point) than Ε΄. 


Thus, point F’ is the center of the [circle] ABC. 
Corollary 


So, from this, (it is) manifest that if any straight-line in a circle cuts any (other) straight-line in 
half, and at right-angles, then the center of the circle is on the former (straight-line). — (Which 
is) the very thing it was required to do. 


36The Greek text has “GD, DB”, which is obviously a mistake. 
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᾿ὰν κύκλου ἐπὶ τῆς περιφερείας ληφϑῇ δύο τυχόντα σημεῖα, ἣ ἐπὶ τὰ σημεῖα ἐπιζευγνυμένη 
εὐϑεῖα ἐντὸς πεσεῖται τοῦ κύκλου. 


Ἔστω κύκλος 6 ABI, καὶ ἐπὶ τῆς περιφερείας αὐτοῦ εἰλήφϑω δύο τυχόντα σημεῖα τὰ A, Β᾽ 
λέγω, ὅτι ἣ ἀπὸ τοῦ A ἐπὶ τὸ Β ἐπιζευγνυμένη εὐϑεῖα ἐντὸς πεσεῖται τοῦ κύκλου. 


Μὴ γάρ, ἀλλ᾽ εἰ δυνατόν, πιπτέτω ἐκτὸς ὡς ἣ AEB, καὶ εἰλήφϑω τὸ κέντρον tod ABT κύκλου, 
nal ἔστω τὸ Δ, καὶ ἐπεζεύχϑωσαν αἱ AA, ΔΒ, καὶ διήχϑω ἡ AZE. 


Ἐπεὶ οὖν ἴση ἐστὶν ἣ ΔΑ τῇ ΔΒ, ἴση ἄρα καὶ γωνία ἣ ὑπὸ AAE τῇ ὑπὸ ABE: καὶ ἐπεὶ τριγώνου 
τοῦ AAE μία πλευρὰ προσεκβέβληται ἣ AEB, μείζων ἄρα ἣ ὑπὸ AEB γωνία τῆς ὑπὸ AAE. 
ἴση δὲ ἡ ὑπὸ AAE τῇ ὑπὸ ABE’ μείζων ἄρα ἣ ὑπὸ AEB τῆς ὑπὸ ABE. ὑπὸ δὲ τὴν μείζονα 
γωνίαν ἣ μείζων πλευρὰ ὑποτείνει: μείζων ἄρα 7 AB τῆς AE. ἴση δὲ ἡ AB τῇ ΔΖ. μείζων ἄρα 
ἡ ΔΖ τῆς AE H ἐλάττων τῆς μείζονος: ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα ἣ ἀπὸ τοῦ A ἐπὶ τὸ Β 
ἐπιζευγνυμένη εὐϑεῖα ἐκτὸς πεσεῖται τοῦ κύκλου. ὁμοίως δὴ δείξομεν, ὅτι οὐδὲ ἐπ᾽ αὐτῆς τῆς 
περιφερείας: ἐντὸς ἄρα. 


᾿Ἐὰν ἄρα xbuhov ἐπὶ τῆς περιφερείας ληφϑῇ δύο τυχόντα σημεῖα, ἣ ἐπὶ τὰ σημεῖα ἐπιζευγνυμένη 
εὐϑεῖα ἐντὸς πεσεῖται τοῦ κύκλου: ὅπερ ἔδει δεῖξαι. 
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Proposition 2 


pS 


If two points are taken somewhere on the circumference of a circle then the straight-line joining 
the points will fall inside the circle. 


Let ABC be a circle, and let two points A and B have been taken somewhere on its circumference. 
I say that the straight-line joining A to B will fall inside the circle. 


For (if) not then otherwise, if possible, let it fall outside (the circle), like AFB (in the figure). 
And let the center of the circle ABC have been found [Prop. 3.1], and let it be (at point) D. And 
let DA and DB have been joined, and let DF E have been drawn through. 


Therefore, since DA is equal to DB, the angle DAE (is) thus also equal to DBE [Prop. 1.5]. 
And since in triangle DAE the one side, AEB, has been produced, angle DEB (is) thus greater 
than DAE [Prop. 1.16]. And DAE (is) equal to DBE [Prop. 1.5]. Thus, DEB (is) greater than 
DBE. And the greater angle is subtended by the greater side [Prop. 1.19]. Thus, DB (is) greater 
than DE. And DB (is) equal to DF. Thus, DF (is) greater than DE, the lesser than the greater. 
The very thing is impossible. Thus, the straight-line joining A to B will not fall outside the circle. 
So, similarly, we can show that neither (will it fall) on the circumference itself. Thus, (it will fall) 
inside (the circle). 


Thus, if two points are taken somewhere on the circumference of a circle then the straight-line 
joining the points will fall inside the circle. (Which is) the very thing it was required to show. 
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᾿Ἐὰν ἐν κύκλῳ εὐϑεῖά τις διὰ τοῦ κέντρου εὐϑεῖάν τινα μὴ διὰ τοῦ κέντρου δίχα τέμνῃ, καὶ πρὸς 
ὀρϑὰς αὐτὴν τέμνει: καὶ ἐὰν πρὸς ὀρϑὰς αὐτὴν τέμνῃ, καὶ δίχα αὐτὴν τέμνει. 


Ἔστω χύχλος ὁ ABI, καὶ ἐν αὐτῷ εὐϑεῖά τις διὰ τοῦ κέντρου ἣ TA εὐϑεῖάν τινα μὴ διὰ τοῦ 
xévtpov τὴν AB δίχα τεμνέτω κατὰ τὸ Z σημεῖον: λέγω, ὅτι καὶ πρὸς ὀρϑὰς αὐτὴν τέμνει. 


Εἰλήφϑω γὰρ τὸ κέντρον τοῦ ABI κύκλου, καὶ ἔστω τὸ E, καὶ ἐπεζεύχϑωσαν αἱ EA, EB. 


Καὶ ἐπεὶ ἴση ἐστὶν ἣ AZ τῇ ZB, κοινὴ δὲ ἡ ΖΕ, δύο δυσὶν ἴσαι [εἰσίν] καὶ βάσις ἣ EA βάσει 
τῇ EB ἴση" γωνία ἄρα ἣ ὑπὸ AZE γωνίᾳ τῇ ὑπὸ BZE ἴση ἐστίν. ὅταν δὲ εὐϑεῖα ἐπ᾽ εὐϑεῖαν 
σταϑεῖσα τὰς ἐφεξῆς γωνίας ἴσας ἀλλήλαις ποιῇ, ὀρϑὴ ἑκατέρα τῶν ἴσων γωνιῶν ἐστιν’ ἑκατέρα 
ἄρα τῶν ὑπὸ AZE, BZE ὀρϑή ἐστιν. ἣ ΓΔ ἄρα διὰ τοῦ κέντρου οὖσα τὴν AB μὴ διὰ τοῦ 
κέντρου οὖσαν δίχα τέμνουσα nat πρὸς ὀρϑὰς τέμνει. 


᾿Αλλὰ δὴ ἣ ΓΔ τὴν ΑΒ πρὸς ὀρϑὰς τεμνέτω: λέγω, ὅτι καὶ δίχα αὐτὴν τέμνει, τουτέστιν, ὅτι 
ἴση ἐστὶν ἣ ΑΖ τῇ ΖΒ. 


Ἰῶν γὰρ αὐτῶν κατασκευασϑέντων, ἐπεὶ ἴση ἐστὶν ἣ EA τῇ ΕΒ, ἴση ἐστὶ καὶ γωνία ἡἣ ὑπὸ EAZ 
τῇ ὑπὸ EBZ. ἐστὶ δὲ καὶ ὀρθὴ ἣ ὑπὸ AZE ὀρϑῇ τῇ ὑπὸ BZE ton δύο ἄρα τρίγωνά ἐστι 
EAZ, EZB τὰς δύο γωνίας δυσὶ γωνίαις ἴσας ἔχοντα καὶ μίαν πλευρὰν μιᾷ πλευρᾷ ἴσην κοινὴν 
αὐτῶν τὴν EZ ὑποτείνουσαν ὑπὸ μίαν τῶν ἴσων γωνιῶν" καὶ τὰς λοιπὰς ἄρα πλευρὰς ταῖς λοιπαῖς 
πλευραῖς ἴσας ἕξει: ἴση ἄρα ἡ AZ τῇ ZB. 


᾿Ἐὰν ἄρα ἐν κύκλῳ εὐϑεῖά τις διὰ τοῦ κέντρου εὐϑεῖάν τινα μὴ διὰ τοῦ κέντρου δίχα τέμνῃ, καὶ 


πρὸς ὀρϑὰς αὐτὴν τέμνει: καὶ ἐὰν πρὸς ὀρϑὰς αὐτὴν τέμνῃ, καὶ δίχα αὐτὴν τέμνει" ὅπερ ἔδει 


δεῖξαι. 
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Proposition 3 


C 


In a circle, if any straight-line through the center cuts in half any straight-line not through the 
center, then it also cuts it at right-angles. And (conversely) if it cuts it at right-angles, then it also 
cuts it in half. 


Let ABC be a circle, and within it, let some straight-line through the center, C'D, cut in half 
some straight-line not through the center, AB, at the point Γ΄. I say that (CD) also cuts (AB) at 
right-angles. 


For let the center of the circle ABC’ have been found [Prop. 3.1], and let it be (at point) Κ᾽, and 
let EA and ΕΒ have been joined. 


And since AF is equal to ΓΒ, and F'E (is) common, two (sides of triangle ΑΓ ΕἼ [are] equal 
to two (sides of triangle ΒΕ Ε). And the base ΕΑ (is) equal to the base ΕΒ. Thus, angle ΑΓΕ 
is equal to angle BFE [Prop. 1.8]. And when a straight-line stood upon (another) straight-line 
makes adjacent angles (which are) equal to one another, each of the equal angles is a right-angle 
[Def. 1.10]. Thus, AF'E and BFE are each right-angles. Thus, the (straight-line) C.D, which is 
through the center and cuts in half the (straight-line) AB, which is not through the center, also 
cuts (AB) at right-angles. 


And so let CD cut AB at right-angles. I say that it also cuts (AB) in half. That is to say, that AF 
is equal to ΕΒ. 


For, with the same construction, since ΕΑ is equal to EB, angle EAF is also equal to EBF 
[Prop. 1.5]. And the right-angle AFF is also equal to the right-angle BFE. Thus, FEAF and 
EF B are two triangles having two angles equal to two angles, and one side equal to one side— 
(namely), their common (side) EF’, subtending one of the equal angles. Thus, they will also have 
the remaining sides equal to the (corresponding) remaining sides [Prop. 1.26]. Thus, AF (is) 
equal to ΕΒ. 


Thus, in a circle, if any straight-line through the center cuts in half any straight-line not through 


the center, then it also cuts it at right-angles. And (conversely) if it cuts it at right-angles, then it 
also cuts it in half. (Which is) the very thing it was required to show. 
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"Exy ἐν κύκλῳ δύο εὐϑεῖαι τέμνωσιν ἀλλήλας μὴ δὶα τοῦ κέντρου οὖσαι, οὐ τέμνουσιν ἀλλήλας 


δίχα. 


Ἔστω κύκλος ὁ ABLA, nat ἐν αὐτῷ δύο εὐϑεῖαι αἱ AT, ΒΔ τεμνέτωσαν ἀλλήλας κατὰ τὸ E μὴ 
διὰ τοῦ κέντρου οὖσαι: λέγω, ὅτι οὐ τέμνουσιν ἀλλήλας δίχα. 


Εἰ γὰρ δυνατόν, τεμνέτωσαν ἀλλήλας δίχα ὥστε ἴσην εἶναι τὴν μὲν AE τῇ ED, τὴν δὲ ΒΕ τῇ 
ΕΔ’ καὶ εἰλήφϑω τὸ κέντρον τοῦ ΑΒΙΔ χύχλου, καὶ ἔστω τὸ Ζ, καὶ ἐπεζεύχϑω 7 ΖΗ. 


"Enel οὖν εὐϑεῖά τις διὰ τοῦ κέντρου ἣ ΖΕ εὐϑεῖάν τινα μὴ διὰ τοῦ κέντρου τὴν AT δίχα τέμνει, 
καὶ πρὸς ὀρϑὰς αὐτὴν τέμνει: ὀρϑὴ ἄρα ἐστὶν H ὑπὸ ZEA’ πάλιν, ἐπεὶ εὐϑεῖά τις ἣ ΖΕ εὐϑεῖάν 
τινα τὴν BA δίχα τέμνει, καὶ πρὸς ὀρϑὰς αὐτὴν τέμνει: ὀρϑὴ ἄρα ἣ ὑπὸ ZEB. ἐδείχϑη δὲ καὶ ἣ 
ὑπὸ ZEA ὀρϑή: ἴση ἄρα ἡἣ ὑπὸ ZEA τῇ ὑπὸ ZEB ἡἣ ἐλάττων τῇ μείζονι: ὅπερ ἐστὶν ἀδύνατον. 
οὐκ ἄρα αἱ AD, ΒΔ τέμνουσιν ἀλλήλας δίχα. 


Ἐὰν ἄρα ἐν κύκλῳ δύο εὐϑεῖαι τέμνωσιν ἀλλήλας μὴ Sia τοῦ κέντρου οὖσαι, οὐ τέμνουσιν 
ἀλλήλας Styx ὅπερ ἔδει δεῖξαι. 
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Proposition 4 


C 
B 


In a circle, if two straight-lines, which are not through the center, cut one another, then they do 
not cut one another in half. 


Let ABCD be a circle, and within it, let two straight-lines, AC and BD, which are not through 
the center, cut one another at (point) ΕΚ. I say that they do not cut one another in half. 


For, if possible, let them cut one another in half, such that AF is equal to EC, and BE to ED. 
And let the center of the circle ABCD have been found [Prop. 3.1], and let it be (at point) F, 
and let FE have been joined. 


Therefore, since some straight-line through the center, F'E, cuts in half some straight-line not 
through the center, AC, it also cuts it at right-angles [Prop. 3.3]. Thus, ΓΕΑ is a right-angle. 
Again, since some straight-line ΓΕ cuts in half some straight-line BD, it also cuts it at right- 
angles [Prop. 3.3]. Thus, FEB (is) a right-angle. But ΓΕΑ was also shown (to be) a right-angle. 
Thus, ΓΕΑ (is) equal to ΕΒ, the lesser to the greater. The very thing is impossible. Thus, AC 
and BD do not cut one another in half. 


Thus, in a circle, if two straight-lines, which are not through the center, cut one another, then 
they do not cut one another in half. (Which is) the very thing it was required to show. 
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3 Ν Z ΄΄ ΄ 2 Z ᾽ γ᾿ "τὸ \ τὰ \ / 
Rav δύο κύκλοι τέμνωσιν ἀλλήλους, οὐκ ἔσται αὐτῶν TO αὐτὸ κέντρον. 


Δύο γὰρ χύκλοι ot ABI’, TAH τεμνέτωσαν ἀλλήλους κατὰ τὰ B, Τ᾿ σημεῖα. λέγω, ὅτι οὐκ ἔσται 
αὐτῶν τὸ αὐτὸ κέντρον. 


Εἰ γὰρ δυνατόν, ἔστω τὸ E, καὶ ἐπεζεύχϑω ἣ ED, καὶ διήχϑω 7 ΕΖΗ, ὡς ἔτυχεν. καὶ ἐπεὶ τὸ 
E σημεῖον κέντρον ἐστὶ τοῦ ABI κύκλου, ton ἐστὶν ἣ ED τῇ ΕΖ. πάλιν, ἐπεὶ τὸ E σημεῖον 
xévtpov ἐστὶ τοῦ LAH κύκλου, ἴση ἐστὶν ἡ EV τῇ ΕΗ: ἐδείχϑη δὲ ἡ ED καὶ τῇ ΕΖ toy καὶ 7 
ΕΖ ἄρα τῇ EH ἐστιν ἴση ἣ ἐλάσσων τῇ μείζονι: ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα τὸ E σημεῖον 
κέντρον ἐστὶ τῶν ABI’, LAH κύκλων. 


᾿Ἐὰν ἄρα δύο κύκλοι τέμνωσιν ἀλλήλους, οὐκ ἔστιν αὐτῶν τὸ αὐτὸ κέντρον. ὅπερ ἔδει δεῖξαι. 
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Proposition 5 


If two circles cut one another then they will not have the same center. 


For let the two circles ABC and CDG cut one another at points B and C. I say that they will not 
have the same center. 


For, if possible, let EF be (the common center), and let EC have been joined, and let EF'G have 
been drawn through (the two circles), at random. And since point F is the center of the circle 
ABC, EC is equal to EF’. Again, since point F is the center of the circle CDG, EC is equal to 
EG. But EC was also shown (to be) equal to EF’. Thus, EF is also equal to EG, the lesser to 
the greater. The very thing is impossible. Thus, point F is not the (common) center of the circles 
ABC and CDG. 


Thus, if two circles cut one another then they will not have the same center. (Which is) the very 
thing it was required to show. 
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Ἐὰν δύο κύκλοι ἐφάπτωνται ἀλλήλων, οὐκ ἔσται αὐτῶν τὸ αὐτὸ χέντρον. 


Δύο γὰρ χύκλοι ot ABT, ΤΔΕ ἐφαπτέσϑωσαν ἀλλήλων κατὰ τὸ 1 σημεῖον: λέγω, ὅτι οὐκ ἔσται 
αὐτῶν τὸ αὐτὸ κέντρον. 


Εἰ γὰρ δυνατόν, ἔστω τὸ Ζ, καὶ ἐπεζεύχϑω ἡ ZIT, καὶ διήχϑω, ὡς ἔτυχεν, ἣ ZEB. 

"Exel οὖν τὸ Ζ σημεῖον κέντρον ἐστὶ τοῦ ABI’ κύχλου, ἴση ἐστὶν ἣ ZT τῇ ΖΒ. πάλιν, ἐπεὶ τὸ Ζ 
σημεῖον κέντρον ἐστὶ τοῦ ΓΔΕ κύκλου, ἴση ἐστὶν ἡ ZT τῇ ΖΕ. ἐδείχϑη δὲ ἡ ZT τῇ ZB ἴση: καὶ 
ἢ ΖΕ ἄρα τῇ ZB ἐστιν ἴση, ἣ ἐλάττων τῇ μείζονι: ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα τὸ Ζ σημεῖον 


xévtpov ἐστὶ τῶν ABI’, ΓΔΕ κύκλων. 


᾿ὰν ἄρα δύο κύκλοι ἐφάπτωνται ἀλλήλων, οὐκ ἔσται αὐτῶν τὸ αὐτὸ κέντρον. ὅπερ ἔδει δεῖξαι. 
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Proposition 6 


A 


If two circles touch one another then they will not have the same center. 


For let the two circles ABC and CDE touch one another at point C’. I say that they will not have 
the same center. 


For, if possible, let F be (the common center), and let FC’ have been joined, and let FEB have 
been drawn through (the two circles), at random. 


Therefore, since point F' is the center of the circle ABC, FC is equal to ΕΒ. Again, since point 
F is the center of the circle CDE, FC is equal to FE. But FC’ was shown (to be) equal to FB. 
Thus, ΓΕ is also equal to ΓΒ, the lesser to the greater. The very thing is impossible. Thus, point 
F is not the (common) center of the circles ABC and CDE. 


Thus, if two circles touch one another then they will not have the same center. (Which is) the 
very thing it was required to show. 
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᾿ὰν κύκλου ἐπὶ τῆς διαμέτρου ληφϑῇ τι σημεῖον, ὃ μή ἐστι κέντρον τοῦ κύκλου, ἀπὸ δὲ τοῦ 
σημείου πρὸς τὸν κύκλον προσπίπτωσιν εὐϑεῖαί τινες, μεγίστη μὲν ἔσται, ἐφ᾽ ἧς τὸ κέντρον, 
ἐλαχίστη δὲ ἣ λοιπή, τῶν δὲ ἄλλων ἀεὶ ἣ ἔγγιον τῆς δὶα τοῦ κέντρου τῆς ἀπώτερον μείζων 
ἐστίν, δύο δὲ μόνον ἴσαι ἀπὸ τοῦ σημείου προσπεσοῦνται πρὸς τὸν κύκλον ἐφ᾽ ἑκάτερα τῆς 
ἐλαχίστης. 


Ἔστω χύχλος ὁ ABTA, διάμετρος δὲ αὐτοῦ ἔστω H AA, χαὶ ἐπὶ τῆς AA εἰλήφϑω τι σημεῖον 
τὸ Ζ, ὃ UN ἐστι κέντρον τοῦ κύκλου, κέντρον δὲ τοῦ κύκλου ἔστω τὸ E, καὶ ἀπὸ τοῦ Z πρὸς 
tov ΛΒΙΔ χκύκλον προσπιπτέτωσαν εὐϑεῖαί τινες αἱ ZB, ZT, ΖΗ: λέγω, ὅτι μεγίστη μέν ἐστιν 
ἡ ΖΑ, ἐλαχίστη δὲ ἡ ΖΔ, τῶν δὲ ἄλλων ἡ μὲν ZB τῆς ZT μείζων, ἡἣ δὲ ZT τῆς ΖΗ. 


᾿Επεζεύχϑωσαν γὰρ αἱ BE, TE, HE. καὶ ἐπεὶ παντὸς τριγώνου αἱ δύο πλευραὶ τῆς λοιπῆς 
μείζονές εἰσιν, αἱ ἄρα ΕΒ, ΕΖ τῆς ΒΖ μείζονές εἰσιν. ἴση δὲ ἣ ΔΕ τῇ ΒΕ [αἱ ἄρα ΒΕ, ἘΖ ἴσαι 
εἰσὶ τῇ AZ] μείζων ἄρα ἡ AZ τῆς ΒΖ. πάλιν, ἐπεὶ ἴση ἐστὶν ἣ BE τῇ TE, κοινὴ δὲ 7 ΖΕ, δύο 
δὴ αἱ BE, ΕΖ δυσὶ ταῖς TE, EZ ἴσαι εἰσίν. ἀλλὰ καὶ γωνία ἣ ὑπὸ ΒΕΖ γωνίας τῆς ὑπὸ VEZ 
μείζων: βάσις ἄρα ἡἣ ΒΖ βάσεως τῆς 12 μείζων ἐστίν. διὰ τὰ αὐτὰ δὴ καὶ ἡ 12 τῆς ΖΗ μείζων 


ἐστίν. 


Πάλιν, ἐπεὶ αἱ ΗΖ, ΖΕ τῆς EH μείζονές εἰσιν, ἴση δὲ ἣ EH tH EA, αἱ ἄρα ΗΖ, ΖΕ τῆς EA 
μείζονές εἰσιν. κοινὴ ἀφῃρήσϑω ἡ EZ λοιπὴ ἄρα ἣ HZ λοιπῆς τῆς ΖΔ μείζων ἐστίν. μεγίστη 
μὲν ἄρα ἣ ZA, ἐλαχίστη δὲ ἡ ΖΔ, μείζων δὲ ἡ μὲν ZB τῆς ZT, H δὲ ZV τῆς ΖΗ. 


Λέγω, ὅτι καὶ ἀπὸ τοῦ Ζ σημείου δύο μόνον ἴσαι προσπεσοῦνται πρὸς τὸν ΑΒΙ Δ κύκλον ἐφ᾽ 
ἑκάτερα τῆς ΖΔ ἐλαχίστης. συνεστάτω γὰρ πρὸς τῇ EZ εὐϑεία καὶ τῷ πρὸς αὐτῇ σημείῳ τῷ E 
τῇ ὑπὸ ΗΕΖ γωνίᾳ ἴση ἣ ὑπὸ ZEO, καὶ ἐπεζεύχϑω ἡ ΖΘ. ἐπεὶ οὖν ἴση ἐστὶν ἣ HE τῇ ΕΘ, 
nowy δὲ ἣ ΕΖ, δύο δὴ αἱ HE, EZ δυσὶ ταῖς ΘΕ, EZ ἴσαι εἰσίν: καὶ γωνία ἣ ὑπὸ HEZ γωνίᾳ 
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C 6 


Κ 
If some point, which is not the center of the circle, is taken on the diameter of a circle, and some 
straight-lines radiate from the point towards the (circumference of the) circle, then the greatest 
(straight-line) will be that on which the center (lies), and the least the remainder (of the same 
diameter). And for the others, a (straight-line) nearer’ to the (straight-line) through the center 
is always greater than a (straight-line) further away. And only two equal (straight-lines) will 
radiate from the point towards the (circumference of the) circle, (one) on each (side) of the least 
(straight-line). 


Let ABCD be a circle, and let AD be its diameter, and let some point F’, which is not the center of 
the circle, have been taken on AD. Let EF be the center of the circle. And let some straight-lines, 
ΕΒ, FC, and FG, radiate from Γ΄ towards (the circumference of) circle ABCD. I say that ΕΑ 
is the greatest (straight-line), ΕΠ) the least, and of the others, ΕΒ (is) greater than F'C, and FC 
than FG. 


For let BE, CE, and GE have been joined. And since for every triangle (any) two sides are 
greater than the remaining (side) [Prop. 1.20], ΕΒ and EF is thus greater than BF’. And AE 
(is) equal to BE [thus, BE and EF is equal to AF]. Thus, AF (is) greater than BF. Again, 
since BE is equal to CE, and ΕΞ (is) common, the two (straight-lines) BE, EF are equal to the 
two (straight-lines) CE, EF (respectively). But, angle BEF (is) also greater than angle CEF.*® 
Thus, the base BF is greater than the base CF’ [Prop. 1.24]. So, for the same (reasons), C'F is 
greater than FG. 


Again, since GF and FE are greater than EG [Prop. 1.20], and EG (is) equal to ED, GF and 
FE are thus greater than ED. Let EF have been taken from both. Thus, the remainder GF is 
greater than the remainder F'D. Thus, ΓΑ (is) the greatest (straight-line), ΕΠ the least, and ΕΒ 
(is) greater than F'C, and FC than ΓΟ. 


37Presumably, in an angular sense. 
38This is not proved, except by reference to the figure. 
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τῇ ὑπὸ ΘΕΖ ἴση: βάσις ἄρα ἣ ΖΗ βάσει τῇ ΖΘ ἴση ἐστίν. λέγω δή, ὅτι τῇ ΖΗ ἄλλη ἴση οὐ 
προσπεσεῖται πρὸς τὸν κύκλον ἀπὸ τοῦ Z σημείου. εἰ γὰρ δυνατόν, προσπιπτέτω ἣ ΖΚ. καὶ 
ἐπεὶ ἣ ΖΚ τῇ ΖΗ ἴση ἐστίν, ἀλλὰ ἣ ΖΘ τῇ ZH [ἴση ἐστίν], καὶ ἡ ΖΚ ἄρα τῇ ZO ἐστιν ἴση, 
ἣ ἔγγιον τῆς διὰ τοῦ κέντρου τῇ ἀπώτερον ἴση ὅπερ ἀδύνατον. οὐκ ἄρα ἀπὸ τοῦ Ζ σημείου 


ς / ta, \ 


ἑτέρα τις προσπεσεῖται πρὸς TOV κύκλον ἴση τῇ HZ: μία ἄρα μόνη. 


a 


᾿Ἐὰν ἄρα κύκλου ἐπὶ τῆς διαμέτρου ληφϑῇ τι σημεῖον, ὃ μή ἐστι κέντρον τοῦ κύκλου, ἀπὸ δὲ 
τοῦ σημείου πρὸς τὸν κύκλον προσπίπτωσιν εὐϑεῖαί τινες, μεγίστη μὲν ἔσται, ἐφ᾽ ἧς τὸ κέντρον, 
ἐλαχίστη δὲ ἣ λοιπή, τῶν δὲ ἄλλων ἀεὶ ἣ ἔγγιον τῆς Sia τοῦ κέντρου τῆς ἀπώτερον μείζων 
ἐστίν, δύο δὲ μόνον ἴσαι ἀπὸ τοῦ αὐτοῦ σημείου προσπεσοῦνται πρὸς τὸν κύκλον ἐφ᾽ ἑκάτερα 
τῆς ἐλαχίστης" ὅπερ ἔδει δεῖξαι. 
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Ι also say that from point F only two equal (straight-lines) will radiate towards (the circumference 
of) circle ABCD, (one) on each (side) of the least (straight-line) F'D. For let the (angle) FEH, 
equal to angle GEF’,, have been constructed at the point F on the straight-line EF’ [Prop. 1.23], 
and let FH have been joined. Therefore, since GE is equal to HH, and E'F (is) common, the two 
(straight-lines) GE, E'F are equal to the two (straight-lines) HE, EF (respectively). And angle 
GEF (is) equal to angle HEF’. Thus, the base FG is equal to the base ΕΓ [Prop. 1.4]. So I say 
that another (straight-line) equal to F'G will not radiate towards (the circumference of) the circle 
from point Ε΄. For, if possible, let ΕΚ (so) radiate. And since ΕΚ is equal to FG, but F'H [is 
equal] to FG, ΕΚ is thus also equal to ΕΠ, the nearer to the (straight-line) through the center 
equal to the further away. The very thing (is) impossible. Thus, another (straight-line) equal to 
GF will not radiate towards (the circumference of) the circle. Thus, (there is) only one (such 
straight-line). 


Thus, if some point, which is not the center of the circle, is taken on the diameter of a circle, 
and some straight-lines radiate from the point towards the (circumference of the) circle, then the 
greatest (straight-line) will be that on which the center (lies), and the least the remainder (of 
the same diameter). And for the others, a (straight-line) nearer to the (straight-line) through the 
center is always greater than a (straight-line) further away. And only two equal (straight-lines) 
will radiate from the same point towards the (circumference of the) circle, (one) on each (side) 
of the least (straight-line). (Which is) the very thing it was required to show. 


171 


ΣΤΟΙΧΕΊΩΝ y’ 


Ἐὰν κύκλου ληφϑῇ τι σημεῖον ἐκτός, ἀπὸ δὲ τοῦ σημείου πρὸς τὸν κύκλον διαχϑῶσιν εὐϑεῖαί 
τινες, ὧν μία μὲν διὰ τοῦ κέντρου, αἱ δὲ λοιπαί, ὡς ἔτυχεν, τῶν μὲν πρὸς τὴν κοίλην περιφέρειαν 
προσπιπτουσῶν εὐϑειῶν μεγίστη μέν ἐστιν ἣ διὰ τοῦ κέντρου, τῶν δὲ ἄλλων ἀεὶ ἣ ἔγγιον τῆς διὰ 
τοῦ κέντρου τῆς ἀπώτερον μείζων ἐστίν, τῶν δὲ πρὸς τὴν κυρτὴν περιφέρειαν προσπιπτουσῶν 
εὐϑειῶν ἐλαχίστη μέν ἐστιν H μεταξὺ τοῦ τε σημείου καὶ τῆς διαμέτρου, τῶν δὲ ἄλλων ἀεὶ 
nH ἔγγιον τῆς ἐλαχίστης τῆς ἀπώτερόν ἐστιν ἐλάττων, δύο δὲ μόνον ἴσαι ἀπὸ τοῦ σημείου 
προσπεσοῦνται πρὸς τὸν κύκλον ἐφ᾽ ἑκάτερα τῆς ἐλαχίστης. 


Ἔστω κύκλος 6 ΑΒΓ, χαὶ τοῦ ΑΒΓ εἰλήφϑω τι σημεῖον ἐκτὸς τὸ Δ, καὶ ἀπ᾿ αὐτοῦ διήχϑωσαν 
εὐϑεῖαί τινες αἱ AA, ΔΗ, AZ, AT, ἔστω δὲ ἡ AA διὰ τοῦ κέντρου. λέγω, ὅτι τῶν μὲν πρὸς τὴν 
AEZT κοίλην περιφέρειαν προσπιπτουσῶν εὐϑειῶν μεγίστη μέν ἐστιν ἣ διὰ τοῦ κέντρου 7H AA, 
μείζων δὲ ἡ μὲν AE τῆς AZ 7 δὲ ΔΖ τῆς AT, τῶν δὲ πρὸς τὴν ΘΛΚῊ χυρτὴν περιφέρειαν 
προσπιπτουσῶν εὐϑειῶν ἐλαχίστη μέν ἐστιν ἣ AH ἣ μεταξὺ τοῦ σημείου καὶ τῆς διαμέτρου τῆς 
AH, ἀεὶ δὲ ἡ ἔγγιον τῆς ΔΗ ἐλαχίστης ἐλάττων ἐστὶ τῆς ἀπώτερον, H μὲν ΔΚ τῆς AA, ἡἣ δὲ 
AA τῆς ΔΘ. 


Εἰλήφϑω γὰρ τὸ κέντρον tod ABI’ κύκλου καὶ ἔστω τὸ Μ’ καὶ ἐπεζεύχϑωσαν αἱ ME, ΜΖ, MI, 
ΜΚ, MA, ΜΘ. 


Kot ἐπεὶ ἴση ἐστὶν ἣ AM τῇ ΕΜ, κοινὴ προσχείσϑω ἡ ΜΔ’ ἣ ἄρα AA ἴση ἐστὶ ταῖς EM, ΜΔ. 
ἀλλ᾽ αἱ EM, ΜΔ τῆς ΕΔ μείζονές εἰσιν: καὶ ἣ ΑΔ ἄρα τῆς ΕΔ μείζων ἐστίν. πάλιν, ἐπεὶ ἴση 
ἐστὶν ἣ ME τῇ ΜΖ, nowy δὲ ἡ ΜΔ, αἱ EM, ΜΔ ἄρα ταῖς ΖΜ, MA ἴσαι εἰσίν: καὶ γωνία ἣ 
ὑπὸ EMA γωνίας τῆς ὑπὸ ZMA μείζων ἐστίν. βάσις ἄρα ἣ EA βάσεως τῆς ΖΔ μείζων ἐστίν" 
ὁμοίως δὴ δείξομεν, ὅτι καὶ ἣ ΖΔ τῆς TA μείζων ἐστίν: μεγίστη μὲν ἄρα ἣ ΔΑ, μείζων δὲ 7 
μὲν ΔΕ τῆς AZ, ἣ δὲ AZ τῆς AT. 
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If some point is taken outside a circle, and some straight-lines are drawn from the point to the 
(circumference of the) circle, one of which (passes) through the center, the remainder (being) 
random, then for the straight-lines radiating towards the concave (part of the) circumference, 
the greatest is that (passing) through the center. For the others, a (straight-line) nearer 39 to the 
(straight-line) through the center is always greater than one further away. For the straight-lines 
radiating towards the convex (part of the) circumference, the least is that between the point and 
the diameter. For the others, a (straight-line) nearer to the least (straight-line) is always less than 
one further away. And only two equal (straight-lines) will radiate towards the (circumference of 
the) circle, (one) on each (side) of the least (straight-line). 


Let ABC be a circle, and let some point D have been taken outside ABC, and from it let some 
straight-lines, DA, DE, DF, and DC, have been drawn through (the circle), and let DA be 
through the center. I say that for the straight-lines radiating towards the concave (part of the) 
circumference, AE F'C, the greatest is the one (passing) through the center, (namely) AD, and 
(that) DE (is) greater than DF, and DF than DC. For the straight-lines radiating towards 
the convex (part of the) circumference, HLKG, the least is the one between the point and the 
diameter AG, (namely) DG, and a (straight-line) nearer to the least (straight-line) DG is always 
less than one farther away, (so that) DK (is less) than DL, and DL than DH. 


For let the center of the circle have been found [Prop. 3.1], and let it be (at point) M [Prop. 3.1]. 
And let ME, MF, MC, MK, ML, and MH have been joined. 


And since AM is equal to ΕΜ, let I/D have been added to both. Thus, AD is equal to EM and 


3°Presumably, in an angular sense. 
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, 


" 


Kot ἐπεὶ αἱ ΜΚ, ΚΔ τῆς ΜΔ μείζονές εἰσιν, ἴση δὲ 7 ΜΗ τῇ ΜΚ, λοιπὴ ἄρα ἣ ΚΔ λοιπῆς τῆς 
ΗΔ μείζων ἐστίν: ὥστε ἡ ΗΔ τῆς ΚΔ ἐλάττων ἐστίν: καὶ ἐπεὶ τριγώνου τοῦ MAA ἐπὶ μιᾶς τῶν 
πλευρῶν τῆς ΜΔ δύο εὐϑεῖαι ἐντὸς συνεστάϑησαν at ΜΚ, KA, αἱ ἄρα ΜΚ, ΚΔ τῶν MA, AA 
ἐλάττονές εἰσιν: ἴση δὲ ἡ MK τῇ ΜΛ’ λοιπὴ ἄρα ἣ ΔΚ λοιπῆς τῆς AA ἐλάττων ἐστίν. ὁμοίως 
δὴ δείξομεν, ὅτι καὶ ἣ AA τῆς ΔΘ ἐλάττων ἐστίν: ἐλαχίστη μὲν ἄρα ἣ ΔΗ, ἐλάττων δὲ ἡ μὲν 
ΔΚ τῆς AA ἣ δὲ ΔΛ τῆς ΔΘ. 


Λέγω, ὅτι καὶ δύο μόνον ἴσαι ἀπὸ τοῦ Δ σημείου προσπεσοῦνται πρὸς τὸν κύκλον ἐφ᾽ ἑκάτερα 
τῆς ΔΗ ἐλαχίστης: συνεστάτω πρὸς τῇ MA εὐϑείᾳ καὶ τῷ πρὸς αὐτῇ σημείῳ τῷ Μ τῇ ὑπὸ ΚΜΔ 
γωνίᾳ ἴση γωνία ἣ ὑπὸ AMB, χαὶ ἐπεζεύχϑω 7 ΔΒ. καὶ ἐπεὶ ἴση ἐστὶν 7 ΜΚ τῇ ΜΒ, nowy δὲ 7 
MA, δύο δὴ αἱ ΚΜ, ΜΔ δύο ταῖς BM, ΜΔ ἴσαι εἰσὶν ἑκατέρα ἑκατέρα" καὶ γωνία ἡἣ ὑπὸ ΚΜΔ 
γωνίᾳ τῇ ὑπὸ BMA ἴση: βάσις ἄρα ἣ ΔΚ βάσει τῇ ΔΒ ἴση ἐστίν. λέγω [δή], ὅτι τῇ AK εὐϑείᾳ 
ἄλλη ἴση οὐ προσπεσεῖται πρὸς τὸν κύκλον ἀπὸ τοῦ Δ σημείου. εἰ γὰρ δυνατόν, προσπιπτέτω 
καὶ ἔστω ἣ ΔΝ. ἐπεὶ οὖν ἡ AK τῇ ΔΝ ἐστιν ἴση, ἀλλ᾽ ἡ ΔΚ τῇ ΔΒ ἐστιν ἴση, καὶ ἣ ΔΒ ἄρα 
τῇ ΔΝ ἐστιν ton, ἣ ἔγγιον τῆς ΔΗ ἐλαχίστης τῇ ἀπώτερον [ἐστιν] ἴση ὅπερ ἀδύνατον ἐδείχϑη. 
οὐκ ἄρα πλείους ἢ δύο ἴσαι πρὸς τὸν ABI κύκλον ἀπὸ τοῦ Δ σημείου ἐφ᾽ ἑκάτερα τῆς ΔΗ 
ἐλαχίστης προσπεσοῦνται. 


Ἐὰν ἄρα κύκλου ληφϑῇ τι σημεῖον ἐκτός, ἀπὸ δὲ τοῦ σημείου πρὸς τὸν κύκλον διαχϑῶσιν 
εὐϑεῖαί τινες, ὧν μία μὲν διὰ τοῦ χέντρου αἱ δὲ λοιπαί, ὡς ἔτυχεν, τῶν μὲν πρὸς τὴν κοίλην 
περιφέρειαν προσπιπτουσῶν εὐϑειῶν μεγίστη μέν ἐστιν ἣ διὰ τοῦ κέντου, τῶν δὲ ἄλλων ἀεὶ ἣ 
ἔγγιον τῆς διὰ τοῦ κέντρου τῆς ἀπώτερον μείζων ἐστίν, τῶν δὲ πρὸς τὴν κυρτὴν περιφέρειαν 
προσπιπτουσῶν εὐϑειῶν ἐλαχίστη μέν ἐστιν ἣ μεταξὺ TOD τε σημείου καὶ τῆς διαμέτρου, τῶν 
δὲ ἄλλων ἀεὶ ἡ ἔγγιον τῆς ἐλαχίστης τῆς ἀπώτερόν ἐστιν ἐλάττων, δύο δὲ μόνον ἴσαι ἀπὸ τοῦ 
σημείου προσπεσοῦνται πρὸς τὸν κύκλον ἐφ᾽ ἑκάτερα τῆς ἐλαχίστης" ὅπερ ἔδει δεῖξαι. 
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MD. But, EM and MD is greater than ED [Prop. 1.20]. Thus, AD is also greater than ED. 
Again, since ME is equal to MF’, and MD (is) common, the (straight-lines) EM, MD are thus 
equal to FM, MD. And angle EMD is greater than angle ΕΜ D.*° Thus, the base ED is greater 
than the base FD [Prop. 1.24]. So, similarly, we can show that FD is also greater than CD. 
Thus, AD (is) the greatest (straight-line), and DE (is) greater than DF’, and DF than DC. 


And since MK and Καὶ ἢ is greater than MD [Prop. 1.20], and MG (is) equal to Μ Κὶ, the remain- 
der KD is thus greater than the remainder GD. So GD is less than KD. And since in triangle 
MLD, the two internal straight-lines ΜΚ and Καὶ D were constructed on one of the sides, / D, 
then Μ Καὶ and Καὶ ἢ are thus less than ML and LD [Prop. 1.21]. And MK (is) equal to ML. Thus, 
the remainder DK is less than the remainder DL. So, similarly, we can show that DL is also less 
than DH. Thus, DG (is) the least (straight-line), and DK (is) less than DL, and DL than DH. 


I also say that only two equal (straight-lines) will radiate from point D towards (the circumfer- 
ence of) the circle, (one) on each (side) on the least (straight-line), DG. Let the angle DMB, 
equal to angle Καὶ M D, have been constructed at the point Μ on the straight-line MD [Prop. 1.23], 
and let DB have been joined. And since MK is equal to ΜΒ, and MD (is) common, the two 
(straight-lines) ΚΜ, MD are equal to the two (straight-lines) BM, MD, respectively. And an- 
gle kK MD (is) equal to angle BMD. Thus, the base DK is equal to the base DB [Prop. 1.4]. 
[So] I say that another (straight-line) equal to DK will not radiate towards the (circumference 
of the) circle from point D. For, if possible, let (such a straight-line) radiate, and let it be DNV. 
Therefore, since DK is equal to DN, but DK is equal to DB, then DB is thus also equal to DN, 
(so that) a (straight-line) nearer to the least (straight-line) DG [is] equal to one further off. The 
very thing was shown (to be) impossible. Thus, not more than two equal (straight-lines) will 
radiate towards (the circumference of) circle ABC from point D, (one) on each side of the least 
(straight-line) DG. 


Thus, if some point is taken outside a circle, and some straight-lines are drawn from the point 
to the (circumference of the) circle, one of which (passes) through the center, the remainder 
(being) random, then for the straight-lines radiating towards the concave (part of the) circum- 
ference, the greatest is that (passing) through the center. For the others, a (straight-line) nearer 
to the (straight-line) through the center is always greater than one further away. For the straight- 
lines radiating towards the convex (part of the) circumference, the least is that between the point 
and the diameter. For the others, a (straight-line) nearer to the least (straight-line) is always less 
than one further away. And only two equal (straight-lines) will radiate towards the (circumfer- 
ence of the) circle, (one) on each (side) of the least (straight-line). (Which is) the very thing it 
was required to show. 


40This is not proved, except by reference to the figure. 
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Θ 


2 \ ΄ > ~ 2 ᾿ 2 Ν ~ , \ \ ΄ , ΄ 
Rav κύκλου ληφϑῇ τι σημεῖον ἐντός, ἀπο δὲ τοῦ σημείου πρὸς τὸν κύκλον προσπίπτωσι πλείους 
H δύο ἴσαι εὐϑεῖαι, τὸ ληφϑὲν σημεῖον κέντρον ἐστὶ τοῦ κύκλου. 


Ἔστω κύκλος ὁ ABI’, ἐντὸς δὲ αὐτοῦ σημεῖον τὸ Δ, καὶ ἀπὸ τοῦ Δ πρὸς τὸν ABI κύκλον 
προσπιπτέτωσαν πλείους ἢ δύο ἴσαι εὐϑεῖαι αἱ AA, AB, ΔΙ λέγω, ὅτι τὸ Δ σημεῖον κέντρον 
ἐστὶ τοῦ ΑΒΙ κύκλου. 


᾿Ἐπεζεύχϑωσαν γὰρ αἱ AB, BI καὶ τετμήσϑωσαν δίχα κατὰ τὰ E, Ζ σημεῖα, καὶ ἐπιζευχϑεῖσαι 
αἱ KA, ΖΔ διήχϑωσαν ἐπὶ τὰ H, K, ©, A σημεῖα. 


"Exel οὖν ἴση ἐστὶν ἣ AE τῇ EB, κοινὴ δὲ ἣ EA, δύο δὴ αἱ AE, ΕΔ δύο ταῖς ΒΕ, ἘΔ ἴσαι εἰσίν’ 
nat βάσις ἣ AA βάσει τῇ ΔΒ ἴση γωνία ἄρα ἣ ὑπὸ AEA γωνίᾳ τῇ ὑπὸ BEA ἴση ἐστίν: ὀρϑὴ 
ἄρα ἑκατέρα τῶν ὑπὸ AEA, ΒΕΔ γωνιῶν: ἣ ΗΚ ἄρα τὴν AB τέμνει δίχα καὶ πρὸς ὀρϑάς. καὶ 
ἐπεί, ἐὰν ἐν κύκλῳ εὐϑεῖά τις εὐϑεῖάν τινα δίχα τε καὶ πρὸς ὀρϑὰς τέμνῃ, ἐπὶ τῆς τεμνούσης 
ἐστὶ τὸ κέντρον τοῦ κύκλου, ἐπὶ τῆς ΗΚ ἄρα ἐστὶ τὸ κέντρον τοῦ κύκλου. διὰ τὰ αὐτὰ δὴ καὶ 
ἐπὶ τῆς ΘΛ ἐστι τὸ κέντρον τοῦ ABI κύκλου. καὶ οὐδὲν ἕτερον κοινὸν ἔχουσιν αἱ HK, ΘΛ 
εὐϑεῖαι Ἦἢ τὸ Δ σημεῖον: τὸ Δ ἄρα σημεῖον κέντρον ἐστὶ τοῦ ABI’ κύκλου. 


3 Ν oY ψ ~ ~ 2 ΄ 2 \ Ν ~ , \ \ ΄ ΄ 
Rav ἄρα κύκλου ληφϑῇ τι σημεῖον ἐντός, ἀπὸ δὲ τοῦ σημείου πρὸς τὸν κύκλον προσπίπτωσι 
πλείους ἢ δύο ἴσαι εὐϑεῖαι, τὸ ληφϑὲν σημεῖον κέντρον ἐστὶ τοῦ κύκλου: ὅπερ ἔδει δεῖξαι. 
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L 


If some point is taken inside a circle, and more than two equal straight-lines radiate from the 
point towards the (circumference of the) circle, then the point taken is the center of the circle. 


Let ABC be a circle, and D a point inside it, and let more than two equal straight-lines, DA, DB, 
and DC, radiate from D towards (the circumference of) circle ABC’. I say that point D is the 
center of circle ABC. 


For let AB and BC have been joined, and (then) have been cut in half at points E and F' (respec- 
tively) [Prop. 1.10]. And ED and ΕΠ) being joined, let them have been drawn through to points 
G, K, H, and L. 


Therefore, since AF is equal to EB, and ED (is) common, the two (straight-lines) AE, ED are 
equal to the two (straight-lines) BE, ΕΠ (respectively). And the base DA (is) equal to the base 
DB. Thus, angle AED is equal to angle BED [Prop. 1.8]. Thus, angles AED and BED (are) 
each right-angles [Def. 1.10]. Thus, G&A cuts AB in half, and at right-angles. And since, if some 
straight-line in a circle cuts some (other) straight-line in half, and at right-angles, then the center 
of the circle is on the former (straight-line) [Prop. 3.1 corr.], the center of the circle is thus on 
GK. So, for the same (reasons), the center of circle ABC is also on HL. And the straight-lines 
Gk and HL have no common (point) other than point D. Thus, point D is the center of circle 
ABC. 


Thus, if some point is taken inside a circle, and more than two equal straight-lines radiate from 


the point towards the (circumference of the) circle, then the point taken is the center of the circle. 
(Which is) the very thing it was required to show. 
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1 


Κύχλος κύκλον οὐ τέμνει κατὰ πλείονα σημεῖα ἢ δύο. 


Εἰ γὰρ δυνατόν, κύκλος ὁ ABI κύκλον τὸν ΔΕΖ τεμνέτω κατὰ πλείονα σημεῖα ἢ δύο τὰ B, Η, 
Z, ©, καὶ ἐπιζευχϑεῖσαι αἱ ΒΘ, ΒΗ δίχα τεμνέσϑωσαν κατὰ τὰ Κ, A σημεῖα: καὶ ἀπὸ τῶν Κ, 
A ταῖς ΒΘ, ΒΗ πρὸς ὀρϑὰς ἀχϑεῖσαι αἱ KT, AM διήχϑωσαν ἐπὶ τὰ A, E σημεῖα. 


"Enel οὖν ἐν κύκλῳ τῷ ΑΒΓ εὐϑεῖά τις ἣ AD εὐϑεῖάν τινα τὴν ΒΘ δίχα καὶ πρὸς ὀρϑὰς τέμνει, 
ἐπὶ τῆς AL ἄρα ἐστὶ τὸ κέντρον tod ΑΒΙ κύκλου. πάλιν, ἐπεὶ ἐν κύκλῳ τῷ αὐτῷ τῷ ABI εὐϑεῖά 
τις ἣ N& εὐϑεῖάν τινα τὴν BH δίχα καὶ πρὸς ὀρϑὰς τέμνει, ἐπὶ τῆς NE ἄρα ἐστὶ τὸ κέντρον 
τοῦ ABI χύχκλου. ἐδείχϑη δὲ καὶ ἐπὶ τῆς AT, καὶ κατ᾽ οὐδὲν συμβάλλουσιν αἱ ADT, N& εὐϑεῖαι 
H κατὰ τὸ Ο’ τὸ Ο ἄρα σημεῖον κέντρον ἐστὶ τοῦ ABI κύκλου. ὁμοίως δὴ δείξομεν, ὅτι καὶ 
τοῦ ΔΕΖ χύχλου κέντρον ἐστὶ τὸ Ο’ δύο ἄρα κύκλων τεμνόντων ἀλλήλους τῶν ABI’, ΔΕΖ τὸ 
αὐτό ἐστι κέντρον τὸ O ὅπερ ἐστὶν ἀδύνατον. 


Ww 


Οὐκ ἄρα κύκλος κύκλον τέμνει κατὰ πλείονα σημεῖα ἢ δύο ὅπερ ἔδει δεῖξαι. 
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A circle does not cut a(nother) circle at more than two points. 


For, if possible, let the circle ABC cut the circle DEF at more than two points, B, G, Ε', and H. 
And BH and BG being joined, let them (then) have been cut in half at points K and L (respec- 
tively). And AC and LM being drawn at right-angles to BH and BG from K and L (respectively) 
[Prop. 1.11], let them (then) have been drawn through to points A and F (respectively). 


Therefore, since in circle ABC some straight-line AC cuts some (other) straight-line BH in half, 
and at right-angles, the center of circle ABC is thus on AC [Prop. 3.1 corr.]. Again, since in 
the same circle ABC some straight-line NO cuts some (other straight-line) BG in half, and at 
right-angles, the center of circle ABC is thus on NO [Prop. 3.1 corr.]. And it was also shown (to 
be) on AC. And the straight-lines AC and NO meet at no other (point) than P. Thus, point P 
is the center of circle ABC. So, similarly, we can show that P is also the center of circle DEF. 
Thus, two circles cutting one another, ABC and DEF, have the same center P. The very thing is 
impossible [Prop. 3.5]. 


Thus, a circle does not cut a(nother) circle at more than two points. (Which is) the very thing it 
was required to show. 
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"Edy δύο κύκλοι ἐφάπτωνται ἀλλήλων ἐντός, καὶ ληφϑῇ αὐτῶν τὰ χέντρα, ἣ ἐπὶ τὰ κέντρα αὐτῶν 
ἐπιζευγνυμένη εὐϑεῖα καὶ ἐκβαλλομένη ἐπὶ τὴν συναφὴν πεσεῖται τῶν κύκλων. 


Δύο γὰρ κύκλοι ot ΑΒΙ, ΑΔΕ ἐφαπτέσϑωσαν ἀλλήλων ἐντὸς κατὰ TO A σημεῖον, καὶ εἰλήφϑω 


τοῦ μὲν ABI’ κύκλου xévtoov τὸ Ζ, τοῦ δὲ AAE τὸ H: λέγω, ὅτι H ἀπὸ τοῦ H ἐπὶ τὸ Ζ 
ἐπιζευγνυμένη εὐϑεῖα ἐκβαλλομένη ἐπὶ τὸ Α πεσεῖται. 


Μὴ γάρ, ἀλλ᾽ εἰ δυνατόν, πιπτέτω ὡς ἣ ΖΗΘ, καὶ ἐπεζεύχϑωσαν αἱ ΑΖ, ΑΗ. 


"Exel οὖν αἱ AH, ΗΖ τῆς ΖΑ, τουτέστι τῆς ΖΘ, μείζονές εἰσιν, κοινὴ ἀφῃρήσϑω ἣ ΖΗ: λοιπὴ 
ἄρα ἣ ΛΗ λοιπῆς τῆς ΗΘ μείζων ἐστίν. ἴση δὲ ἡ AH τῇ ΗΔ’ uot ἣ ΗΔ ἄρα τῆς HO 
μείζων ἐστὶν ἡ ἐλάττων τῆς μείζονος: ὅπερ ἐστὶν ἀδύνατον: οὐκ ἄρα ἣ ἀπὸ τοῦ Z ἐπὶ τὸ H 
ἐπιζευγνυμένη εὐϑεὶα ἐκτὸς πεσεῖται κατὰ τὸ A ἄρα ἐπὶ τῆς συναφῇς πεσεῖται. 

᾿ὰν ἄρα δύο κύκλοι ἐφάπτωνται ἀλλήλων ἐντός, [καὶ ληφϑῇ͵ αὐτῶν τὰ κέντρα], ἣ ἐπὶ τὰ κέντρα 


αὐτῶν ἐπιζευγνυμένη εὐϑεῖα [καὶ ἐκβαλλομένη] ἐπὶ τὴν συναφὴν πεσεῖται τῶν κύκλων: ὅπερ ἔδει 


δεῖξαι. 
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If two circles touch one another internally, and their centers are found, then the straight-line 
joining their centers, being produced, will fall upon the point of union of the circles. 


For let two circles, ABC and ADE, touch one another internally at point A, and let the center F’ 
of circle ABC have been found [Prop. 3.1], and (the center) G of (circle) ADE [Prop. 3.1]. I say 
that the line joining G to F’, being produced, will fall on A. 


For (if) not then, if possible, let it fall like FGH (in the figure), and let AF’ and AG have been 
joined. 


Therefore, since AG and GF is greater than F'A, that is to say FH [Prop. 1.20], let FG have 
been taken from both. Thus, the remainder AG is greater than the remainder GH. And AG (is) 
equal to GD. Thus, GD is also greater than GH, the lesser than the greater. The very thing is 
impossible. Thus, the straight-line joining Γ΄ to G will not fall outside (one circle but inside the 
other). Thus, it will fall upon the point of union (of the circles) at point A. 


Thus, if two circles touch one another internally, [and their centers are found], then the straight- 


line joining their centers, [being produced], will fall upon the point of union of the circles. (Which 
is) the very thing it was required to show. 
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Ἐὰν δύο κύκλοι ἐφάπτωνται ἀλλήλων ἐκτός, H ἐπὶ τὰ κέντρα αὐτῶν ἐπιζευγνυμένη διὰ τῆς 
ἐπαφῆς ἐλεύσεται. 


Δύο γὰρ κύκλοι οἱ ABT, AAE ἐφαπτέσϑωσαν ἀλλήλων ἐκτὸς κατὰ τὸ A σημεῖον, καὶ εἰλήφϑω 
τοῦ μὲν ABI κέντρον τὸ Ζ, τοῦ δὲ AAE τὸ Η’ λέγω, ὅτι ἡ ἀπὸ τοῦ Z ἐπὶ τὸ Η ἐπιζευγνυμένη 
εὐϑεῖα διὰ τῆς κατὰ τὸ A ἐπαφῆς ἐλεύσεται. 


Μὴ γάρ, ἀλλ᾽ εἰ δυνατόν, ἐρχέσϑω ὡς ἡ ΖΙΔΗ, καὶ ἐπεζεύχϑωσαν αἱ ΑΖ, AH. 


"Exel οὖν τὸ Ζ σημεῖον κέντρον ἐστὶ τοῦ ΑΒΓ κύκλου, ἴση ἐστὶν ἡ ΖΑ τῇ ZT. πάλιν, ἐπεὶ τὸ H 
σημεῖον κέντρον ἐστὶ τοῦ ΑΔΕ κύκλου, ἴση ἐστὶν ἣ ΗΛ τῇ ΗΔ. ἐδείχϑη δὲ καὶ ἣ ZA τῇ ZT 
ton αἱ ἄρα ZA, AH ταῖς ZT, ΗΔ ἴσαι εἰσίν: ὥστε ὅλη ἣ ΖΗ τῶν ZA, ΛΗ μείζων ἐστίν: ἀλλὰ 
nal ἐλάττων ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα ἣ ἀπὸ τοῦ Z ἐπὶ τὸ Η ἐπιζευγνυμένη εὐϑεῖα διὰ 
τῆς κατὰ τὸ A ἐπαφῆς οὐκ ἐλεύσεται" δι᾽ αὐτῆς ἄρα. 

᾿ὰν ἄρα δύο κύκλοι ἐφάπτωνται ἀλλήλων ἐκτός, ἣ ἐπὶ τὰ κέντρα αὐτῶν ἐπιζευγνυμένη [εὐϑεῖα] 
διὰ τῆς ἐπαφῆς ἐλεύσεται" ὅπερ ἔδει δεῖξαι. 
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If two circles touch one another externally then the (straight-line) joining their centers will go 
through the point of union. 


For let two circles, ABC and ADE, touch one another externally at point A, and let the center 
F of ABC have been found [Prop. 3.1], and (the center) G of ADE [Prop. 3.1]. I say that the 
straight-line joining F' to G will go through the point of union at A. 


For (if) not then, if possible, let it go like ΕΟ ΠΟ (in the figure), and let AF and AG have been 
joined. 


Therefore, since point Γ' is the center of circle ABC, FA is equal to F'C. Again, since point G is 
the center of circle ADE, GA is equal to GD. And ΕΑ was also shown (to be) equal to FC’. Thus, 
the (straight-lines) ΓΑ and AG are equal to the (straight-lines) ΕῸ and GD. So the whole of F'G 
is greater than ΓΑ and AG. But, (it is) also less [Prop. 1.20]. The very thing is impossible. Thus, 
the straight-line joining Γ' to G will not fail to go through the point of union at A. Thus, (it will 
go) through it. 


Thus, if two circles touch one another externally then the [straight-line] joining their centers will 
go through the point of union. (Which is) the very thing it was required to show. 
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Κύκλος κύκλου οὐκ ἐφάπτεται κατὰ πλείονα σημεῖα 7 uad ἕν, ἐάν te ἐντὸς ἐάν τε ἐκτὸς 
ἐφάπτηται. 


Εἰ γὰρ δυνατόν, κύκλος ὁ ΛΒΙ Δ κύκλου τοῦ EBZA ἐφαπτέσϑω πρότερον ἐντὸς κατὰ πλείονα 
σημεῖα ἢ ἕν τὰ Δ, Β. 


Kat εἰλήφϑω τοῦ μὲν ΑΒΙ Δ κύκλου κέντρον τὸ Η, τοῦ δὲ EBZA τὸ ©. 


Ἡ ἄρα ἀπὸ τοῦ Η ἐπὶ τὸ Θ ἐπιζευγνυμένη ἐπὶ τὰ Β, Δ πεσεῖται. πιπτέτω ὡς ἣ ΒΗΘΔ. καὶ 
ἐπεὶ τὸ Η σημεῖον κέντρον ἐστὶ τοῦ ΑΒΙ Δ κύκλου, ἴση ἐστὶν ἣ BH τῇ ΗΔ’ μείζων ἄρα ἣ BH 
τῆς OA: πολλῷ ἄρα μείζων ἡἣ ΒΘ τῆς ΘΔ. πάλιν, ἐπεὶ τὸ © σημεῖον κέντρον ἐστὶ τοῦ EBZA 
χκύχλου, ἴση ἐστὶν ἣ ΒΘ τῇ ΘΔ: ἐδείχϑη δὲ αὐτῆς καὶ πολλῷ μείζων ὅπερ ἀδύνατον: οὐκ ἄρα 
nOUAOG κύκλου ἐφάπτεται ἐντὸς κατὰ πλείονα σημεῖα ἢ ἕν. 


Λέγω δή, ὅτι οὐδὲ ἐχτός. 


Εἰ γὰρ δυνατόν, κύκλος ὁ AVK κύκλου τοῦ ΑΒΙ Δ ἐφαπτέσϑω ἐχτὸς κατὰ πλείονα σημεῖα ἢ ἕν 
τὰ A, Τ᾿, καὶ ἐπεζεύχϑω ἣ AT. 


"Ἐπεὶ οὖν κύκλων τῶν ΑΒΓΔ, ATK εἴληπται ἐπὶ τῆς περιφερείας ἑκατέρου δύο τυχόντα σημεῖα 
τὰ A, Τ᾽, ἣ ἐπὶ τὰ σημεῖα ἐπιζευγνυμένη εὐϑεῖα ἐντὸς ἑκατέρου πεσεῖται: ἀλλὰ τοῦ μὲν ABTA 
ἐντὸς ἔπεσεν, τοῦ δὲ AIK ἐχτός: ὅπερ ἄτοπον οὐκ ἄρα κύκλος κύκλου ἐφάπτεται ἐκτὸς κατὰ 
πλείονα σημεῖα ἢ ἕν. ἐδείχϑη δέ, ὅτι οὐδὲ ἐντός. 


Κύκλος ἄρα κύκλου οὐκ ἐφάπτεται κατὰ πλείονα σημεῖα ἢ [καϑ᾽ ἕν, ἐάν τε ἐντὸς ἐάν τε ἐκτὸς 
ἐφάπτηται ὅπερ ἔδει δεῖξαι. 
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Proposition 13 


A circle does not touch a(nother) circle at more than one point, whether they touch internally or 
externally. 


For, if possible, let circle ABDC *' touch circle E BF D—first of all, internally—at more than one 
point, D and B. 


And let the center G of circle ABDC have been found [Prop. 3.1], and (the center) H of EBFD 
[Prep. 3.1]. 


Thus, the (straight-line) joining G and H will fall on B and D [Prop. 3.11]. Let it fall like BGHD 
(in the figure). And since point G is the center of circle ABDC, BG is equal to GD. Thus, BG 
(is) greater than HD. Thus, BH (is) much greater than HD. Again, since point H is the center 
of circle EBF'D, BH is equal to HD. But it was also shown (to be) much greater than the same. 
The very thing (is) impossible. Thus, a circle does not touch a(nother) circle internally at more 
than one point. 


So, I say that neither (does it touch) externally (at more than one point). 


For, if possible, let circle ACK touch circle ABDC externally at more than one point, A and C. 
And let AC have been joined. 


Therefore, since two points, A and C, have been taken somewhere on the circumference of each 
of the circles ABDC and ACK, the straight-line joining the points will fall inside each (circle) 
[Prop. 3.2]. But, it fell inside ABDC, and outside ACK [Def. 3.3]. The very thing (is) absurd. 
Thus, a circle does not touch a(nother) circle externally at more than one point. And it was shown 
that neither (does it) internally. 


Thus, a circle does not touch a(nother) circle at more than one point, whether they touch inter- 
nally or externally. (Which is) the very thing it was required to show. 


41The Greek text has “ABCD”, which is obviously a mistake. 
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Ἔν χύκλῳ αἱ ἴσαι εὐθεῖαι ἴσον ἀπέχουσιν ἀπὸ τοῦ κέντρου, καὶ αἱ ἴσον ἀπέχουσαι ἀπὸ τοῦ 
χέντρου ἴσαι ἀλλήλαις εἰσίν. 


Ἔστω κύκλος ὁ ABLA, καὶ ἐν αὐτῷ ἴσαι εὐϑεῖαι ἔστωσαν αἱ AB, PA: λέγω, ὅτι αἱ ΑΒ, TA ἴσον 
ἀπέχουσιν ἀπὸ τοῦ κέντρου. 


Εἰλήφϑω γὰρ τὸ xévtov τοῦ ΑΒΙ Δ χύχλου καὶ ἔστω τὸ Ἐ, καὶ ἀπὸ τοῦ E ἐπὶ τὰς AB, TA 
nadetor ἤχϑωσαν αἱ ΕΖ, ΕΗ, καὶ ἐπεζεύχϑωσαν αἱ ΛΕ, ἘΠῚ, 


"Exel οὖν εὐϑεῖά τις Sta τοῦ κέντρου ἡ EZ εὐϑεῖάν τινα μὴ διὰ τοῦ κέντρου τὴν ΑΒ πρὸς ὀρϑὰς 
τέμνει, καὶ δίχα αὐτὴν τέμνει. ἴση ἄρα ἣ AZ τῇ ΖΒ: διπλῇ ἄρα ἣ AB τῆς ΑΖ. διὰ τὰ αὐτὰ δὴ 
nat ἣ ΓΔ τῆς ΓῊ ἐστι διπλῆ᾽ καί ἐστιν ton ἣ AB τῇ VA: ἴση ἄρα uot ἡἣ AZ τῇ ΤῊ. καὶ ἐπεὶ ἴση 
ἐστὶν ἣ AE τῇ ΕἸ", ἴσον καὶ τὸ ἀπὸ τῆς AE τῷ ἀπὸ τῆς ED. ἀλλὰ τῷ μὲν ἀπὸ τῆς AE ἴσα τὰ 
ἀπὸ τῶν ΑΖ, ΕΖ: ὀρϑὴ γὰρ ἣ πρὸς τῷ Ζ γωνία: τῷ δὲ ἀπὸ τῆς ET ἴσα τὰ ἀπὸ τῶν EH, HI™ 
ὀρϑὴ γὰρ ἣ πρὸς τῷ Η γωνία: τὰ ἄρα ἀπὸ τῶν ΑΖ, ZE ἴσα ἐστὶ τοῖς ἀπὸ τῶν TH, HE, ὧν τὸ 
ἀπὸ τῆς AZ ἴσον ἐστὶ τῷ ἀπὸ τῆς TH’ ἴση γάρ ἐστιν ἡ AZ τῇ CH: λοιπὸν ἄρα τὸ ἀπὸ τῆς ΖΕ 
τῷ ἀπὸ τῆς EH ἴσον ἐστίν: ἴση ἄρα HY ΕΖ τῇ ΕΗ. ἐν δὲ κύκλῳ ἴσον ἀπέχειν ἀπὸ τοῦ κέντρου 
εὐϑεῖαι λέγονται, ὅταν αἱ ἀπὸ τοῦ κέντρου ἐπ᾽ αὐτὰς χκάϑετοι ἀγόμεναι ἴσαι ὦσιν: αἱ ἄρα AB, 
TA ἴσον ἀπέχουσιν ἀπὸ τοῦ κέντρου. 


᾿Αλλὰ δὴ αἱ AB, TA εὐϑεῖαι ἴσον ἀπεχέτωσαν ἀπὸ τοῦ κέντρου, τουτέστιν ἴση ἔστω H ΕΖ τῇ 
EH. λέγω, ὅτι ἴση ἐστὶ καὶ ἣ AB τῇ VA. 


Ἰῶν γὰρ αὐτῶν κατασκευασϑέντων ὁμοίως δείξομεν, ὅτι διπλῇ ἐστιν ἣ μὲν AB τῆς AZ, ἣ δὲ 
TA τῆς ΓΗ: καὶ ἐπεὶ ἴση ἐστὶν ἣ AE τῇ VE, ἴσον ἐστὶ τὸ ἀπὸ τῆς AE τῷ ἀπὸ τῆς ΓΕ ἀλλὰ τῷ 


μὲν ἀπὸ τῆς AE ἴσα ἐστὶ τὰ ἀπὸ τῶν ΕΖ, ZA, τῷ δὲ ἀπὸ τῆς TE ἴσα τὰ ἀπὸ τῶν EH, HI. τὰ 
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In a circle, equal straight-lines are equally far from the center, and (straight-lines) which are 
equally far from the center are equal to one another. 


Let ABDC * be a circle, and let AB and CD be equal straight-lines within it. I say that AB and 
CD are equally far from the center. 


For let the center of circle ABDC have been found [Prop. 3.1], and let it be (at) Ε. And let 
EF and EG have been drawn from (point) FE, perpendicular to AB and C’'D (respectively) 
[Prop. 1.12]. And let AF and EC have been joined. 


Therefore, since some straight-line, EF’, through the center (of the circle), cuts some (other) 
straight-line, AB, not through the center, at right-angles, it also cuts it in half [Prop. 3.3]. Thus, 
AF (is) equal to ΕΒ. Thus, AB (is) double AF’. So, for the same (reasons), C'D is also double 
CG. And AB is equal to CD. Thus, AF’ (is) also equal to CG. And since AF is equal to EC, the 
(square) on AF (is) also equal to the (square) on EC. But, the (sum of the squares) on AF' and 
EF (is) equal to the (square) on AF. For the angle at F (is) a right-angle [Prop. 1.47]. And the 
(sum of the squares) on EG and GC (is) equal to the (square) on EC. For the angle at G (is) a 
right-angle [Prop. 1.47]. Thus, the (sum of the squares) on AF and FE is equal to the (sum of 
the squares) on CG and GE, of which the (square) on AF is equal to the (square) on CG. For 
AF is equal to CG. Thus, the remaining (square) on FE is equal to the (remaining square) on 
EG. Thus, EF (is) equal to EG. And straight-lines in a circle are said to be equally far from the 
center when perpendicular (straight-lines) which are drawn to them from the center are equal 
[Def. 3.4]. Thus, AB and CD are equally far from the center. 


42The Greek text has “ABCD”, which is obviously a mistake. 
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ἄρα ἀπὸ τῶν ΕΖ, ΖΑ ἴσα ἐστὶ τοῖς ἀπὸ τῶν ΕΗ, ΗΤ ὧν τὸ ἀπὸ τῆς ΕΖ τῷ ἀπὸ τῆς ΕΗ ἐστιν 
ἴσον: ἴση γὰρ ἣ EZ τῇ ΕΗ’ λοιπὸν ἄρα τὸ ἀπὸ τῆς ΛΖ ἴσον ἐστὶ τῷ ἀπὸ τῆς TH’ ἴση ἄρα ἣ 
AZ τῇ ΤῊ: καί ἐστι τῆς μὲν AZ διπλῆ ἡ AB, τῆς δὲ ΤῊ διπλῇ ἡ VA: ἴση ἄρα ἡ AB τῇ TA. 
Ἔν χύχλῳ ἄρα αἱ ἴσαι εὐϑεῖαι ἴσον ἀπέχουσιν ἀπὸ τοῦ χέντρου, καὶ αἱ ἴσον ἀπέχουσαι ἀπὸ τοῦ 
γέντρου ἴσαι ἀλλήλαις εἰσίν: ὅπερ ἔδει δεῖξαι. 
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So, let the straight-lines AB and C'D be equally far from the center. That is to say, let EF’ be 
equal to EG. I say that AB is also equal to CD. 


For, with the same construction, we can, similarly, show that AB is double AF’, and C'D (double) 
CG. And since AEF is equal to ΟΕ, the (square) on AF is equal to the (square) on C'E. But, the 
(sum of the squares) on EF and ΓΑ is equal to the (square) on AF [Prop. 1.47]. And the (sum 
of the squares) on FG and GC (is) equal to the (square) on CE [Prop. 1.47]. Thus, the (sum of 
the squares) on FF and FA is equal to the (sum of the squares) on EG and GC, of which the 
(square) on FF’ is equal to the (square) on HG. For EF (is) equal to EG. Thus, the remaining 
(square) on AF is equal to the (remaining square) on CG. Thus, AF (is) equal to CG. And AB 
is double AF’, and CD double CG. Thus, AB (is) equal to CD. 


Thus, in a circle, equal straight-lines are equally far from the center, and (straight-lines) which 


are equally far from the center are equal to one another. (Which is) the very thing it was required 
to show. 
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"Ev κύκλῳ μεγίστη μὲν ἣ διάμετρος, τῶν δὲ ἄλλων ἀεὶ ἣ ἔγγιον tod κέντρου τῆς ἀπώτερον 
μείζων ἐστίν. 


Ἔστω κύκλος ὁ ABLA, διάμετρος δὲ αὐτοῦ ἔστω ἡ ΛΔ, χέντρον δὲ τὸ E, καὶ ἔγγιον μὲν τῆς 
AA διαμέτρου ἔστω ἣ BI, ἀπώτερον δὲ ἣ ΖΗ: λέγω, ὅτι μεγίστη μέν ἐστιν ἣ AA, μείζων δὲ ἣ 
BI τῆς ΖΗ. 


Ἤχϑωσαν γὰρ ἀπὸ τοῦ E κέντρου ἐπὶ τὰς BI, ΖΗ χάϑετοι αἱ ΕΘ, EK. χαὶ ἐπεὶ ἔγγιον μὲν 
τοῦ κέντρου ἐστὶν ἡ BI, ἀπώτερον δὲ ἡἣ ΖΗ, μείζων ἄρα ἡ ΕΚ τῆς ΕΘ. χκείσϑω τῇ EO ἴση 7 
EA, χαὶ διὰ τοῦ A τῇ ΕΚ πρὸς ὀρϑὰς ἀχϑεῖσα 7 AM διήχϑω ἐπὶ τὸ Ν, καὶ ἐπεζεύχϑωσαν αἱ 
ME, ἘΝ, ZE, EH. 


Καὶ ἐπεὶ ἴση ἐστὶν ἣ ΕΘ τῇ EA, ἴση ἐστὶ καὶ ἣ BI τῇ MN. πάλιν, ἐπεὶ ἴση ἐστὶν ἣ μὲν AE 
τῇ EM, ἡἣ δὲ ΕΔ τῇ EN, ἣ ἄρα ΑΔ ταῖς ME, EN ἴση ἐστίν. ἀλλ᾽ αἱ μὲν ME, EN τῆς ΜΝ 
μείζονές εἰσιν [καὶ ἣ AA τῆς ΜΝ μείζων ἐστίν], ἴση δὲ ἣ ΜΝ τῇ BI ἡ AA ἄρα τῆς BI μείζων 
ἐστίν. καὶ ἐπεὶ δύο αἱ ME, EN δύο ταῖς ZE, EH ἴσαι εἰσίν, καὶ γωνία ἣ ὑπὸ MEN γωνίας τῆς 
ὑπὸ ZEH μείζων [ἐστίν], βάσις ἄρα ἣ ΜΝ βάσεως τῆς ΖΗ μείζων ἐστίν. ἀλλὰ ἣ ΜΝ τῇ BI 
ἐδείχϑη ἴση [καὶ 1 BI τῆς ΖΗ μείζων ἐστίν]. μεγίστη μὲν ἄρα ἣ ΛΔ διάμετρος, μείζων δὲ ἣ 
BI τῆς ΖΗ. 


"Ev κύκλῳ ἄρα μεγίστη μὲν got ἣ διάμετρος, τῶν δὲ ἄλλων ἀεὶ ἡ ἔγγιον τοῦ κέντρου τῆς 
ἀπώτερον μείζων ἐστίν: ὅπερ ἔδει δεῖξαι. 
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N C 


D 
In a circle, a diameter (is) the greatest (straight-line), and for the others, a (straight-line) nearer 
to the center is always greater than one further away. 


Let ABCD be a circle, and let AD be its diameter, and F (its) center. And let BC be nearer to 
the diameter AD *°, and FG further away. I say that AD is the greatest (straight-line), and BC 
(is) greater than FG. 


For let EH and EK have been drawn from the center F, at right-angles to BC and FG (respec- 
tively) [Prop. 1.12]. And since BC is nearer to the center, and FG further away, ΕΚ (is) thus 
greater than EH [Def. 3.5]. Let EL be made equal to EH [Prop. 1.3]. And LM being drawn 
through L, at right-angles to EK [Prop. 1.11], let it have been drawn through to NV. And let VE, 
EN, FE, and EG have been joined. 


And since FH is equal to EL, BC is also equal to MN [Prop. 3.14]. Again, since AF is equal to 
EM, and ED to EN, AD is thus equal to ME and EN. But, ME and ΕΝ is greater than ΜΝ 
[Prop. 1.20] [also AD is greater than / N], and MN (is) equal to BC. Thus, AD is greater than 
BC. And since the two (straight-lines) ME, EN are equal to the two (straight-lines) FE, EG 
(respectively), and angle MEN [is] greater than angle FEG,“ the base ΜΝ is thus greater than 
the base ΕΓ [Prop. 1.24]. But, ΜΝ was shown (to be) equal to BC [(so) BC is also greater than 
FG]. Thus, the diameter AD (is) the greatest (straight-line), and BC (is) greater than FG. 


Thus, in a circle, a diameter (is) the greatest (straight-line), and for the others, a (straight-line) 
nearer to the center is always greater than one further away. (Which is) the very thing it was 
required to show. 


Euclid should have said “to the center”, rather than ”to the diameter AD”, since BC, AD and FG are not 
necessarily parallel. 
44This is not proved, except by reference to the figure. 
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Ἡ τῇ διαμέτρῳ τοῦ κύκλου πρὸς ὀρϑὰς ἀπ᾽ ἄκρας ἀγομένη ἐκτὸς πεσεῖται τοῦ κύκλου, καὶ εἰς 
τὸν μεταξὺ τόπον τῆς Te εὐϑείας καὶ τῆς περιφερείας ἑτέρα εὐϑεῖα οὐ παρεμπεσεῖται, καὶ ἣ μὲν 
τοῦ ἡμικυκλίου γωνία ἁπάσης γωνίας ὀξείας εὐϑυγράμμου μείζων ἐστίν, 7 δὲ λοιπὴ ἐλάττων. 


Ἔστω κύκλος 6 ABI περὶ κέντρον τὸ A χαὶ διάμετρον τὴν ΑΒ’ λέγω, ὅτι ἣ ἀπὸ τοῦ A τῇ AB 
πρὸς ὀρϑὰς ἀπ᾽ ἄκρας ἀγομένη ἐκτὸς πεσεῖται τοῦ κύκλου. 


Μὴ γάρ, ἀλλ᾽ εἰ δυνατόν, πιπτέτω ἐντὸς ὡς ἣ ΓΑ, καὶ ἐπεζεύχϑω ἣ AT. 


Ἐπεὶ ἴση ἐστὶν ἣ AA τῇ AT, ἴση ἐστὶ καὶ γωνία ἣ ὑπὸ AAT γωνίᾳ τῇ ὑπὸ ΑΓΔ. ὀρϑὴ δὲ ἣ 
ὑπὸ AAT ὀρϑὴ ἄρα καὶ ἡ ὑπὸ ATA’ τριγώνου δὴ τοῦ ATA αἱ δύο γωνίαι αἱ ὑπὸ AAT, ATA 
δύο ὀρϑαῖς ἴσαι εἰσίν: ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα ἣ ἀπὸ τοῦ A σημείου τῇ ΒΑ πρὸς ὀρϑὰς 
ἀγομένη ἐντὸς πεσεῖται τοῦ κύκλου. ὁμοίως δὴ δεϊξομεν, ὅτι οὐδ᾽ ἐπὶ τῆς περιφερείας" ἐκτὸς 
ἄρα. 


Πιπτέτω ὡς ἣ AE λέγω δή, ὅτι εἰς τὸν μεταξὺ τόπον τῆς te AE εὐϑείας καὶ τῆς TOA 
περιφερείας ἑτέρα εὐϑεῖα OD παρεμπεσεῖται. 


Εἰ γὰρ δυνατόν, παρεμπιπτέτω ὡς ἣ ZA, καὶ ἤχϑω ἀπὸ τοῦ Δ σημείου ἐπὶ τῆν ZA χκάϑετος ἣ 
AH. καὶ ἐπεὶ ὀρϑή ἐστιν ἣ ὑπὸ AHA, ἐλάττων δὲ ὀρϑῆς H ὑπὸ AAH, μείζων ἄρα ἡ AA τῆς ΔΗ. 
ἴση δὲ ἣ AA τῇ ΔΘ’: μείζων ἄρα 7 ΔΘ τῆς AH, 7H ἐλάττων τῆς μείζονος: ὅπερ ἐστὶν ἀδύνατον. 
οὐκ ἄρα εἰς τὸν μεταξὺ τόπον τῆς τε εὐϑείας καὶ τῆς περιφερείας ἑτέρα εὐϑεῖα παρεμπεσεῖται. 


Λέγω, ὅτι καὶ ἣ μὲν τοῦ ἡμικυκλίου γωνία ἣ περιεχομένη ὑπό τε τῆς BA εὐϑείας καὶ τῆς TOA 


περιφερείας ἁπάσης γωνίας ὀξείας εὐϑυγράμμου μείζων ἐστίν, ἡ δὲ λοιπὴ ἣ περιεχομένη ὑπό τε 
τῆς TOA περιφερείας καὶ τῆς AE εὐϑείας ἁπάσης γωνίας ὀξείας εὐϑυγράμμου ἐλάττων ἐστίν. 
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Proposition 16 


B 


A (straight-line) drawn at right-angles to the diameter of a circle, from its end, will fall outside the 
circle. And another straight-line cannot be inserted into the space between the (aforementioned) 
straight-line and the circumference. And the angle of the semi-circle is greater than any acute 
rectilinear angle whatsoever, and the remaining (angle is) less (than any acute rectilinear angle). 


Let ABC be a circle around the center D and the diameter AB. I say that the (straight-line) 
drawn from A, at right-angles to AB [Prop 1.11], from its end, will fall outside the circle. 


For (if) not then, if possible, let it fall inside, like C'A (in the figure), and let DC have been joined. 


Since DA is equal to DC, angle DAC is also equal to angle ACD [Prop. 1.5]. And DAC (is) a 
right-angle. Thus, AC'D (is) also a right-angle. So, in triangle AC'D, the two angles DAC and 
ACD are equal to two right-angles. The very thing is impossible [Prop. 1.17]. Thus, the (straight- 
line) drawn from point A, at right-angles to BA, will not fall inside the circle. So, similarly, we 
can show that neither (will it fall) on the circumference. Thus, (it will fall) outside (the circle). 


Let it fall like AF (in the figure). So, I say that another straight-line cannot be inserted into the 
space between the straight-line AF and the circumference C'H A. 


For, if possible, let it be inserted like ΓΑ (in the figure), and let DG have been drawn from point 
D, perpendicular to ΓΑ [Prop. 1.12]. And since AG'D is a right-angle, and DAG (is) less than a 
right-angle, AD (is) thus greater than DG [Prop. 1.19]. And DA (is) equal to DH. Thus, DH (is) 
greater than DG, the lesser than the greater. The very thing is impossible. Thus, another straight- 
line cannot be inserted into the space between the straight-line (AF) and the circumference. 
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Ei γὰρ ἐστί τις γωνία εὐθύγραμμος μείζων μὲν τῆς περιεχομένης ὑπό τε τῆς BA εὐϑείας καὶ 
τῆς [ΘᾺ περιφερείας, ἐλάττων δὲ τῆς περιεχομένης ὑπό τε τῆς TOA περιφερείας καὶ τὴς AE 
εὐϑείας, εἰς τὸν μεταξὺ τόπον τῆς τε LOA περιφερείας καὶ τῆς AE εὐϑείας εὐϑεῖα παρεμπεσεῖται, 
ἥτις ποιήσει μείζονα μὲν τῆς περιεχομένης ὑπὸ τε τῆς BA εὐϑείας καὶ τῆς TOA περιφερείας 
ὑπὸ εὐϑειῶν περιεχομένην, ἐλάττονα δὲ τῆς περιεχομένης ὑπό τε τῆς TOA περιφερείας καὶ 
τῆς AE εὐϑείας. οὐ παρεμπίπτει δέ: οὐκ ἄρα τῆς περιεχομένης γωνίας ὑπό τε τῆς BA εὐϑείας 
nat τῆς TOA περιφερείας ἔσται μείζων ὀξεῖα ὑπὸ εὐϑειῶν περιεχομένη, οὐδὲ μὴν ἐλάττων τῆς 
περιεχομένης ὑπό τε τῆς TOA περιφερείας καὶ τῆς AE εὐϑείας. 


Πόρισμα 


"Ex δὴ τούτου φανερόν, ὅτι ἣ τῇ διαμέτρῳ τοῦ κύκλου πρὸς ὀρϑὰς ἀπ᾽ ἄκρας ἀγομένη ἐφάπτεται 
τοῦ κύκλου [καὶ ὅτι εὐϑεῖα κύκλου nad ἕν μόνον ἐφάπτεται σημεῖον, ἐπειδήπερ καὶ ἣ κατὰ δύο 
αὐτῷ συμβάλλουσα ἐντὸς αὐτοῦ πίπτουσα ἐδείχϑη] ὅπερ ἔδει δεῖξαι. 
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And I also say that the semi-circular angle contained by the straight-line BA and the circum- 
ference CHA is greater than any acute rectilinear angle whatsoever, and the remaining (angle) 
contained by the circumference C'H A and the straight-line AF is less than any acute rectilinear 
angle whatsoever. 


For if any rectilinear angle is greater than the (angle) contained by the straight-line BA and 
the circumference C'H A, or less than the (angle) contained by the circumference C'H A and the 
straight-line AF, then a straight-line can be inserted into the space between the circumference 
CHA and the straight-line AE—anything which will make (an angle) contained by straight-lines 
greater than the angle contained by the straight-line BA and the circumference CHA, or less 
than the (angle) contained by the circumference C'HA and the straight-line AE. But (such a 
straight-line) cannot be inserted. Thus, an acute (angle) contained by straight-lines cannot be 
greater than the angle contained by the straight-line BA and the circumference CHA, neither 
(can it be) less than the (angle) contained by the circumference C'H A and the straight-line AF. 


Corollary 


So, from this, (it is) manifest that a (straight-line) drawn at right-angles to the diameter of a 
circle, from its end, touches the circle [and that the straight-line touches the circle at a single 
point, inasmuch as it was also shown that a (straight-line) meeting (the circle) at two (points) 
falls inside it [Prop. 3.2] ]. (Which is) the very thing it was required to show. 
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᾿Απὸ τοῦ δοϑέντος σημείου τοῦ δοϑέντος κύκλου ἐφαπτομένην εὐϑεῖαν γραμμὴν ἀγαγεῖν. 


Ἔστω τὸ μὲν δοϑὲν σημεῖον τὸ A, ὁ δὲ δοϑεὶς κύκλος ὁ BLA’ δεῖ δὴ ἀπὸ τοῦ A σημείου τοῦ 
BLA χύχκλου ἐφαπτομένην εὐϑεῖαν γραμμὴν ἀγαγεῖν. 


Εἰλήφϑω γὰρ τὸ κέντρον τοῦ κύκλου τὸ E, καὶ ἐπεζεύχϑω ἡ AE, nat κέντρῳ μὲν τῷ E 
διαστήματι δὲ τῷ EA κύκλος γεγράφϑω ὁ AZH, καὶ ἀπὸ τοῦ Δ τῇ EA πρὸς ὀρϑὰς ἤχϑω ἣ 
ΔΖ, καὶ ἐπεζεύχϑωσαν αἱ EZ, ΑΒ’ λέγω, ὅτι ἀπὸ τοῦ A σημείου τοῦ BVA κύκλου ἐφαπτομένη 
Huta ἣ AB. 


"Exel γὰρ τὸ E κέντρον ἐστὶ τῶν BVA, ΑΖΗ κύκλων, ton ἄρα ἐστὶν ἣ μὲν EA τῇ EZ, ἣ δὲ EA 
τῇ EB: δύο δὴ αἱ AE, EB δύο ταῖς ΖΕ, EA ἴσαι εἰσίν: καὶ γωνίαν κοινὴν περιέχουσι τὴν πρὸς 
τῷ Ε΄ βάσις ἄρα ἣ ΔΖ βάσει τῇ AB ἴση ἐστίν, καὶ τὸ ΔΕΖ τρίγωνον τῷ EBA τριγώνῳ ἴσον 
ἐστίν, καὶ αἱ λοιπαὶ γωνίαι ταῖς λοιπαῖς γωνίαις" ἴση ἄρα ἣ ὑπὸ ΕΔΖ τῇ ὑπὸ EBA. ὀρϑὴ δὲ 7 
ὑπὸ EAZ: ὀρϑὴ ἄρα καὶ 7 ὑπὸ EBA. χαί ἐστιν ἣ ΕΒ ἐκ τοῦ κέντρου: ἣ δὲ τῇ διαμέτρῳ τοῦ 
κύκλου πρὸς ὀρϑὰς ἀπ᾽ ἄκρας ἀγομένη ἐφάπτεται τοῦ κύκλου: ἣ ΑΒ ἄρα ἐφάπτεται tod BVA 
χκύχλου. 


᾿Απὸ τοῦ ἄρα δοϑέντος σημείου τοῦ A τοῦ δοϑέντος κύκλου tod BLA ἐφαπτομένη εὐϑεῖα 
γραμμὴ Ὦκται ἡ ΑΒ’ ὅπερ ἔδει ποιῆσαι. 
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Proposition 17 


A 


“τὰ 


To draw a straight-line touching a given circle from a given point. 


Let A be the given point, and BCD the given circle. So it is required to draw a straight-line 
touching circle ΒΟ) from point A. 


For let the center EF of the circle have been found [Prop. 3.1], and let AF have been joined. And 
let (the circle) ΑΓ have been drawn with center Εἰ and radius EA. And let DF have been drawn 
from from (point) D, at right-angles to EA [Prop. 1.11]. And let EF and AB have been joined. 
I say that the (straight-line) AB has been drawn from point A touching circle ΒΟ. 


For since F is the center of circles ΒΟ ἢ and AFG, EA is thus equal to EF’, and ED to EB. So 
the two (straight-lines) AE, ΕΒ are equal to the two (straight-lines) FE, ED (respectively). And 
they contain a common angle at F’. Thus, the base DF is equal to the base AB, and triangle DEF’ 
is equal to triangle BA, and the remaining angles (are equal) to the (corresponding) remaining 
angles [Prop. 1.4]. Thus, (angle) EDF (is) equal to EBA. And EDF (is) a right-angle. Thus, 
EBA (is) also a right-angle. And FB is a radius. And a (straight-line) drawn at right-angles to 
the diameter of a circle, from its end, touches the circle [Prop. 3.16 corr.]. Thus, AB touches 
circle BCD. 


Thus, the straight-line AB has been drawn touching the given circle BCD from the given point 
A. (Which is) the very thing it was required to do. 
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Ἐὰν κύκλου ἐφάπτηταί τις εὐθεῖα, ἀπὸ δὲ τοῦ κέντρου ἐπὶ τὴν ἁφὴν ἐπιζευχϑῇ τις εὐϑεῖα, ἣ 
ἐπιζευχϑεῖσα κάϑετος ἔσται ἐπὶ τὴν ἐφαπτομένην. 


Κύχλου γὰρ τοῦ ABT ἐφαπτέσϑω τις εὐϑεῖα 1 AE κατὰ τὸ VP σημεῖον, καὶ εἰλήφϑω τὸ κέντρον 
τοῦ ABI κύκλου τὸ Ζ, uxi ἀπὸ τοῦ Z ἐπὶ τὸ Τ᾽ ἐπεζεύχϑω ἣ 21" λέγω, ὅτι ἣ ZV κάϑετός ἐστιν 
ἐπὶ τὴν ΔΗ. 

Εἰ γὰρ μή, ἤχϑω ἀπὸ tod Z ἐπὶ τὴν AE χκάϑετος ἡ ΖΗ. 

Ἐπεὶ οὖν ἣ ὑπὸ ΖΗΓ γωνία ὀρϑή ἐστιν, ὀξεῖα ἄρα ἐστὶν ἣ ὑπὸ ΖΓΙῊ: ὑπὸ δὲ τὴν μείζονα 
γωνίαν ἣ μείζων πλευρὰ ὑποτείνει: μείζων ἄρα ἡ ZIT τῆς ΖΗ: ἴση δὲ ἡ ZV τῇ ΖΒ: μείζων ἄρα 
nat ἣ ΖΒ τῆς ZH 7H ἐλάττων τῆς μείζονος: ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα ἣ ZH κάϑετός ἐστιν 
ἐπὶ τὴν AE. ὁμοίως δὴ δεῖξομεν, ὅτι οὐδ᾽ ἄλλη τις πλὴν τῆς ZI ἣ ZV ἄρα u&Getdc ἐστιν ἐπὶ 
τὴν ΔΗ. 


᾿ὰν ἄρα κύκλου ἐφάπτηταί τις εὐθεῖα, ἀπὸ δὲ τοῦ κέντρου ἐπὶ τὴν ἁφὴν ἐπιζευχϑῇ τις εὐϑεῖα, 
ἣ ἐπιζευχϑεῖσα κάϑετος ἔσται ἐπὶ τὴν ἐφαπτομένην᾽ ὅπερ ἔδει δεῖξαι. 
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E 


If some straight-line touches a circle, and some (other) straight-line is joined from the center (of 
the circle) to the point of contact, then the (straight-line) so joined will be perpendicular to the 
tangent. 


For let some straight-line DE touch the circle ABC at point C, and let the center F' of circle 
ABC have been found [Prop. 3.1], and let F.C have been joined from F to C. I say that FC is 
perpendicular to DE. 


For if not, let FG have been drawn from Γ᾽, perpendicular to DE [Prop. 1.12]. 


Therefore, since angle F'GC is a right-angle, (angle) FCG is thus acute [Prop. 1.17]. And the 
greater angle subtends the greater side [Prop. 1.19]. Thus, F'C (is) greater than FG. And FC 
(is) equal to ΓΒ. Thus, ΕΒ (is) also greater than FG, the lesser than the greater. The very thing 
is impossible. Thus, ΕΓ is not perpendicular to DE. So, similarly, we can show that neither (is) 
any other (straight-line) than ΕΓ. Thus, ΓῸ is perpendicular to DE. 


Thus, if some straight-line touches a circle, and some (other) straight-line is joined from the center 


(of the circle) to the point of contact, then the (straight-line) so joined will be perpendicular to 
the tangent. (Which is) the very thing it was required to show. 
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"Ey κύκλου ἐφάπτηταί τις εὐθεῖα, ἀπὸ δὲ τῆς ἁφῆς τῇ ἐφαπτομένῃ πρὸς ὀρϑὰς [γωνίας] εὐϑεῖα 
γραμμὴ ἀχϑῇ, ἐπὶ τῆς ἀχϑείσης ἔσται τὸ κέντρον TOD χκύχλου. 


Κύχλου γὰρ τοῦ ABI ἐφαπτέσϑω τις εὐϑεῖακ ἣ AE κατὰ τὸ Τ᾽ σημεῖον, καὶ ἀπὸ τοῦ T τῇ ΔΕ 
πρὸς OPES ἤχϑω HVA’ λέγω, ὅτι ἐπὶ τῆς AT ἐστι τὸ κέντρον τοῦ χκύχλου. 


Μὴ γάρ, ἀλλ᾽ εἰ δυνατόν, ἔστω τὸ Ζ, καὶ ἐπεζεύχϑω ἡἣ VZ. 


"Exel [οὖν] κύκλου tod ABI ἐφάπτεταί τις εὐϑεῖα ἡ ΔΕ, ἀπὸ δὲ τοῦ κέντρου ἐπὶ τὴν ἁφὴν 
ἐπέζευκται ἢ ZI, ἡ ZT ἄρα κάϑετός ἐστιν ἐπὶ τὴν ΔΕ" ὀρϑὴ ἄρα ἐστὶν ἡ ὑπὸ ΖΙῊ. ἐστὶ δὲ 
nat ἣ ὑπὸ AVE 0087 ἴση ἄρα ἐστὶν ἣ ὑπὸ ZTE τῇ ὑπὸ ATE 7 ἐλάττων τῇ μείζονι: ὅπερ ἐστὶν 
ἀδύνατον. οὐκ ἄρα τὸ Z χέντρον ἐστὶ τοῦ ABI’ κύκλου. ὁμοίως δὴ δείξομεν, ὅτι οὐδ᾽ ἄλλο τι 
πλὴν ἐπὶ τῆς AT. 


᾿ὰν ἄρα κύκλου ἐφάπτηταί τις εὐθεῖα, ἀπὸ δὲ τῆς ἁφῆς τῇ ἐφαπτομένῃ πρὸς ὀρϑὰς εὐϑεῖα 
γραμμὴ ἀχϑῇ, ἐπὶ τῆς ἀχϑείσης ἔσται τὸ κέντρον τοῦ κύκλου: ὅπερ ἔδει δεῖξαι. 
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D C Ε 


If some straight-line touches a circle, and a straight-line is drawn from the point of contact, at 
right-[angles] to the tangent, then the center (of the circle) will be on the (straight-line) so drawn. 


For let some straight-line DE touch the circle ABC at point C’. And let CA have been drawn from 
C, at right-angles to DE [Prop. 1.11]. I say that the center of the circle is on AC. 


For (if) not, if possible, let F' be (the center of the circle), and let CF have been joined. 


[Therefore], since some straight-line DE touches the circle ABC’, and FC has been joined from 
the center to the point of contact, ΓῸ is thus perpendicular to DE [Prop. 3.18]. Thus, FCE isa 
right-angle. And ACE is also a right-angle. Thus, ΕΟ ΚΕ is equal to ACE, the lesser to the greater. 
The very thing is impossible. Thus, Γ' is not the center of circle ABC. So, similarly, we can show 
that neither is any (point) other (than one) on AC. 


Thus, if some straight-line touches a circle, and a straight-line is drawn from the point of contact, 


at right-angles to the tangent, then the center (of the circle) will be on the (straight-line) so 
drawn. (Which is) the very thing it was required to show. 
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Ἔν κύκλῳ ἣ πρὸς τῷ κέντρῳ γωνία διπλασίων ἐστὶ τῆς πρὸς τῇ περιφερείᾳ, ὅταν τὴν αὐτὴν 
περιφέρειαν βάσιν ἔχωσιν αἱ γωνίαι. 


Ἔστω κύκλος ὁ ABI, καὶ πρὸς μὲν τῷ κέντρῳ αὐτοῦ γωνία ἔστω ἣ ὑπὸ BET, πρὸς δὲ τῇ 
περιφερείᾳ ἣ ὑπὸ BAT, ἐχέτωσαν δὲ τὴν αὐτὴν περιφέρειαν βάσιν τὴν BI™ λέγω, ὅτι διπλασίων 
ἐστὶν ἣ ὑπὸ BET γωνία τῆς ὑπὸ BAT. 


᾿ΕἘπιζευχϑεῖσα γὰρ ἡ AE διήχϑω ἐπὶ τὸ Z. 


"Exel οὖν ἴση ἐστὶν ἣ EA τῇ ΕΒ, ἴση καὶ γωνία ἡ ὑπὸ EAB τῇ ὑπὸ EBA’ αἱ ἄρα ὑπὸ EAB, 
EBA γωνίαι τῆς ὑπὸ EAB διπλασίους εἰσίν. ἴση δὲ 7 ὑπὸ ΒΕΖ ταῖς ὑπὸ EAB, EBA: καὶ ἡ ὑπὸ 
BEZ ἄρα τῆς ὑπὸ EAB ἐστι διπλῇ. διὰ τὰ αὐτὰ δὴ καὶ ἣ ὑπὸ ZET τῆς ὑπὸ EAT ἐστι διπλῇ. 
ὅλη ἄρα ἣ ὑπὸ BET ὅλης τῆς ὑπὸ BAT ἐστι διπλῇ. 

ΚΚεχλάσϑω δὴ πάλιν, καὶ ἔστω ἑτέρα γωνία ἣ ὑπὸ BAT, καὶ ἐπιζευχϑεῖσα 7 ΔΕ ἐκβεβλήσϑω ἐπὶ 
τὸ Η. ὁμοίως δὴ δείξομεν, ὅτι διπλῇ ἐστιν ἣ ὑπὸ HED γωνία τῆς ὑπὸ EAT, ὧν ἣ ὑπὸ HEB 
διπλῇ ἐστι τῆς ὑπὸ EAB: λοιπὴ ἄρα H ὑπὸ BET διπλῇ ἐστι τῆς ὑπὸ BAT. 


Ἔν κύκλῳ ἄρα ἣ πρὸς τῷ χέντρῳ γωνία διπλασίων ἐστὶ τῆς πρὸς τῇ περιφερείᾳ, ὅταν τὴν αὐτὴν 
περιφέρειαν βάσιν ἔχωσιν [αἱ γωνίαι] ὅπερ ἔδει δεῖξαι. 
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In a circle, the angle at the center is double that at the circumference, when the angles have the 
same circumference base. 


Let ABC bea circle, and let BEC be an angle at its center, and BAC (one) at (its) circumference. 
And let them have the same circumference base BC. I say that angle BEC is double (angle) BAC. 


For being joined, let AE have been drawn through to Γ΄. 


Therefore, since ΕΑ is equal to EB, angle EAB (is) also equal to EBA [Prop. 1.5]. Thus, angle 
EAB and EBA is double (angle) EAB. And BEF (is) equal to EAB and EBA [Prop. 1.32]. 
Thus, BEF is also double EAB. So, for the same (reasons), F EC is also double EAC. Thus, the 
whole (angle) BEC is double the whole (angle) BAC. 


So let a (straight-line) have been inflected again, and let there be another angle, BDC’. And 
DE being joined, let it have been produced to G. So, similarly, we can show that angle GEC is 
double EDC, of which GEB is double EDB. Thus, the remaining (angle) BEC is double the 
(remaining angle) BDC. 


Thus, in a circle, the angle at the center is double that at the circumference, when [the angles] 
have the same circumference base. (Which is) the very thing it was required to show. 
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Ἔν κύκλῳ αἱ ἐν τῷ αὐτῷ τμήματι γωνίαι ἴσαι ἀλλήλαις εἰσίν. 


Ἔστω χύχλος 6 ΑΒΙ Δ, καὶ ἐν τῷ αὐτῷ τμήματι τῷ BAKA γωνίαι ἔστωσαν αἱ ὑπὸ BAA, BEA: 
λέγω, ὅτι αἱ ὑπὸ ΒΑΔ, BEA γωνίαι ἴσαι ἀλλήλαις εἰσίν. 


Εἰλήφϑω γὰρ τοῦ ΑΒΓΔ χύχκλου τὸ κέντρον, καὶ ἔστω τὸ Ζ, καὶ ἐπεζεύχϑωσαν αἱ ΒΖ, ΖΔ. 


\ 


Kot ἐπεὶ ἡἣ μὲν ὑπὸ BZA γωνία πρὸς τῷ χέντρῳ ἐστίν, ἡ δὲ ὑπὸ BAA πρὸς τῇ περιφερείᾳ, καὶ 
ἔχουσι τὴν αὐτὴν περιφέρειαν βάσιν τὴν ΒΙ Δ, ἣ ἄρα ὑπὸ BZA γωνία διπλασίων ἐστὶ τῆς ὑπὸ 
BAA. διὰ τὰ αὐτὰ δὴ H ὑπὸ BZA καὶ τῆς ὑπὸ BEA ἐστι διπλσίων: ἴση ἄρα ἡ ὑπὸ BAA τῇ ὑπὸ 
BEA. 


"Ev χύχλῳ ἄρα αἱ ἐν τῷ αὐτῷ τμήματι γωνίαι ἴσαι ἀλλήλαις εἰσίν: ὅπερ ἔδει δεῖξαι. 
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In a circle, angles in the same segment are equal to one another. 


Let ABCD be a circle, and let BAD and BED be angles in the same segment ΒΑΕ). I say that 
angles BAD and BED are equal to one another. 


For let the center of circle ABCD have been found [Prop. 3.1], and let it be (at point) Ε΄. And let 
BF and FD have been joined. 


And since angle BF'D is at the center, and BAD at the circumference, and they have the same 
circumference base BC'D, angle ΒΕ) is thus double BAD [Prop. 3.20]. So, for the same (rea- 
sons), ΒΕ) is also double BED. Thus, BAD (is) equal to BED. 


Thus, in a circle, angles in the same segment are equal to one another. (Which is) the very thing 
it was required to show. 
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Tov ἐν τοῖς κύκλοις τετραπλεύρων αἱ ἀπεναντίον γωνίαι δυσὶν ὀρϑαῖς ἴσαι εἰσίν. 


Ἔστω κύκλος ὁ ABLA, χαὶ ἐν αὐτῷ τετράπλευρον ἔστω τὸ ΛΑΒΙ Δ’ λέγω, ὅτι αἱ ἀπεναντίον 
γωνίαι δυσὶν ὀρϑαῖς ἴσαι εἰσίν. 


᾿Ἐπεζεύχϑωσαν αἱ AT, ΒΔ. 


"Exel οὖν παντὸς τριγώνου αἱ τρεῖς γωνίαι δυσὶν ὀρϑαῖς ἴσαι εἰσίν, τοῦ ABT ἄρα τριγώνου αἱ 
τρεῖς γωνίαι αἱ ὑπὸ TAB, ABI, BIA δυσὶν ὀρϑαῖς ἴσαι εἰσίν. ἴση δὲ H μὲν ὑπὸ TAB τῇ ὑπὸ 
BAI™ ἐν γὰρ τῷ αὐτῷ τμήματί εἰσι τῷ BAAT™ ἡ δὲ ὑπὸ ΑΓΒ τῇ ὑπὸ ΑΔΒ’ ἐν γὰρ τῷ αὐτῷ 
τμήματί εἰσι τῷ ΑΔΙΒ: ὅλη ἄρα ἣ ὑπὸ AAT ταῖς ὑπὸ BAT’, ΑΓΒ ἴση ἐστίν. κοινὴ προσχκείσϑω 
ἣ ὑπὸ ABI™ αἱ ἄρα ὑπὸ ABP, BAT, ATB ταῖς ὑπὸ ABT, AAT ἴσαι εἰσίν. ἀλλ᾽ αἱ ὑπὸ ABT, 
BAT, ATVB δυσὶν ὀρϑαῖς ἴσαι εἰσίν. καὶ αἱ ὑπὸ ABD, AAT ἄρα δυσὶν ὀρϑαῖς ἴσαι εἰσίν. ὁμοίως 
δὴ δείξομεν, ὅτι καὶ αἱ ὑπὸ ΒΑΔ, ΔΙῈ γωνίαι δυσὶν ὀρϑαῖς ἴσαι εἰσίν. 


Τῶν ἄρα ἐν τοῖς κύκλοις τετραπλεύρων αἱ ἀπεναντίον γωνίαι δυσὶν ὀρϑαῖς ἴσαι εἰσίν: ὅπερ ἔδει 


δεῖξαι. 
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For quadrilaterals within circles, the (sum of the) opposite angles is equal to two right-angles. 


Let ABCD be a circle, and let ABCD be a quadrilateral within it. I say that the (sum of the) 
opposite angles is equal to two right-angles. 


Let AC and BD have been joined. 


Therefore, since the three angles of every triangle are equal to two right-angles [Prop. 1.32], the 
three angles CAB, ABC, and BCA of triangle ABC are thus equal to two right-angles. And 
CAB (is) equal to BDC. For they are in the same segment BADC [Prop. 3.21]. And ACB (is 
equal) to ADB. For they are in the same segment ADC'B [Prop. 3.21]. Thus, the whole of ADC 
is equal to BAC and ACB. Let ABC have been added to both. Thus, ABC’, BAC, and AC'B are 
equal to ABC and ADC. But, ABC, BAC, and ACB are equal to two right-angles. Thus, ABC 
and ADC are also equal to two right-angles. Similarly, we can show that angles BAD and DCB 
are also equal to two right-angles. 


Thus, for quadrilaterals within circles, the (sum of the) opposite angles is equal to two right- 
angles. (Which is) the very thing it was required to show. 
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"Ent τῆς αὐτῆς εὐθείας δύο τμήματα κύκλων ὅμοια καὶ ἄνισα οὐ συσταϑήσεται ἐπὶ τὰ αὐτὰ 
Pepi: 


Εἰ γὰρ δυνατόν, ἐπὶ τῆς αὐτῆς εὐϑείας τῆς AB δύο τμήματα κύκλων ὅμοια καὶ ἄνισα συνεστάτω 
ἐπὶ τὰ αὐτὰ μέρη τὰ ΑΓΒ, AAB, χαὶ διήχϑω ἡ ALA, καὶ ἐπεζεύχϑωσαν αἱ ΓΒ, ΔΒ. 


"Exel οὖν ὅμοιόν ἐστι τὸ ΑΓΒ τμῆμα τῷ ΑΔΒ τμήματι, ὅμοια δὲ τμήματα κύκλων ἐστὶ τὰ 
δεχόμενα γωνίας ἴσας, ἴση ἄρα ἐστὶν ἣ ὑπὸ ATB γωνία τῇ ὑπὸ ΑΔΒ 7 ἐκτὸς τῇ ἐντός: ὅπερ 
ἐστὶν ἀδύνατον. 


> ON 


Οὐκ ἄρα ἐπὶ τῆς αὐτῆς εὐϑείας δύο τμήματα κύκλων ὅμοια καὶ ἄνισα συσταϑήσεται ἐπὶ TH αὐτὰ 


μέρη ὅπερ ἔδει δεῖξαι. 
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Two similar and unequal segments of circles cannot be constructed on the same side of the same 
straight-line. 


For, if possible, let the two similar and unequal segments of circles, ACB and ADB, have been 
constructed on the same side of the same straight-line AB. And let ACD have been drawn 
through (the segments), and let CB and DB have been joined. 


Therefore, since segment ACB is similar to segment ADB, and similar segments of circles are 
those accepting equal angles [Def. 3.11], angle ACB is thus equal to ADB, the external to the 
internal. The very thing is impossible [Prop. 1.16]. 


Thus, two similar and unequal segments of circles cannot be constructed on the same side of the 
same straight-line. 
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T& ἐπὶ ἴσων εὐϑειῶν ὅμοια τμήματα κύλων ἴσα ἀλλήλοις ἐστίν. 


Ἔστωσαν γὰρ ἐπὶ ἴσων εὐϑειῶν τῶν AB, TA ὅμοια τμήματα κύκλων τὰ AEB, 1Ζ2Δ: λέγω, ὅτι 
ἴσον ἐστὶ τὸ AEB τμῆμα τῷ CZA τμήματι. 


᾿Ἔφαρμοζομένου γὰρ τοῦ AEB τμήματος ἐπὶ τὸ ΓΖΔ καὶ τιϑεμένου τοῦ μὲν A σημείου ἐπὶ τὸ 
T τῆς δὲ ΑΒ εὐϑείας ἐπὶ τὴν TA, ἐφαρμόσει καὶ τὸ Β σημεῖον ἐπὶ τὸ A σημεῖον διὰ τὸ ἴσην 
εἶναι τὴν ΑΒ τῇ ΓΔ’ τῆς δὲ ΑΒ ἐπὶ τὴν ΓΔ ἐφαρμοσάσης ἐφαρμόσει καὶ τὸ AEB τμῆμα ἐπὶ τὸ 
1ΖΔ. εἰ γὰρ 7 AB εὐϑεῖα ἐπὶ τὴν ΓΔ ἐφαρμόσει, τὸ δὲ AEB τμῆμα ἐπὶ τὸ [ΖΔ μὴ ἐφαρμόσει, 
ἤτοι ἐντὸς αὐτοῦ πεσεῖται ἢ ἐκτὸς ἢ παραλλάξει, ὡς TO THA, χαὶ κύκλος κύκλον τέμνει κατὰ 
πλείονα σημεῖα ἢ δύο: ὅπερ ἐστίν ἀδύνατον. οὐκ ἄρα ἐφαρμοζομένης τῆς AB εὐϑείας ἐπὶ τὴν 
TA οὐκ ἐφαρμόσει καὶ τὸ AEB τμῆμα ἐπὶ τὸ 12Δ- ἐφαρμόσει ἄρα, καὶ ἴσον αὐτῷ ἔσται. 


Tax ἄρα ἐπὶ ἴσων εὐθειῶν ὅμοια τμήματα κύκλων ἴσα ἀλλήλοις ἐστίν: ὅπερ ἔδει δεῖξαι. 
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Similar segments of circles on equal straight-lines are equal to one another. 


For let AEB and CFD be similar segments of circles on the equal straight-lines AB and CD 
(respectively). I say that segment AFB is equal to segment ΟΕ. 


For let the segment AFB be applied to the segment ΟΕ), the point A being placed on (point) 
C, and the straight-line AB on CD. The point B will also coincide with point D, on account of 
AB being equal to CD. And if AB coincides with CD, the segment AEB will also coincide with 
CFD. For if the straight-line AB coincides with CD, and the segment AFB does not coincide 
with CFD, then it will surely either fall inside it, outside (it),*° or it will miss like CGD (in 
the figure), and a circle (will) cut (another) circle at more than two points. The very thing is 
impossible [Prop. 3.10]. Thus, if the straight-line AB is applied to CD, the segment AFB cannot 
fail to also coincide with CFD. Thus, it will coincide, and will be equal to it [C.N. 4]. 


Thus, similar segments of circles on equal straight-lines are equal to one another. (Which is) the 
very thing it was required to show. 


45Both this possibilility, and the previous one, are precluded by Prop. 3.23. 
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Κύχλου τμήματος δοϑέντος προσαναγράψαι τὸν κύκλον, οὗπέρ ἐστι τμῆμα. 


Ἔστω τὸ δοϑὲν τμῆμα κύκλου τὸ ABI™ δεῖ δὴ τοῦ ABT τμήματος προσαναγράψαι τὸν κύκλον, 
οὖπέρ ἐστι τμῆμα. 


Ἰετμήσϑω γὰρ ἣ AT δίχα κατὰ τὸ Δ, καὶ ἤχϑω ἀπὸ τοῦ Δ σημείου τῇ AT πρὸς ὀρϑὰς ἣ ΔΒ, 
nat ἐπεζεύχϑω 7 ΑΒ’ ἣ ὑπὸ ABA γωνία ἄρα τῆς ὑπὸ ΒΑΔ ἤτοι μείζων ἐστὶν ἢ ἴση ἢ ἐλάττων. 


Ἔστω πρότερον μείζων, καὶ συνεστάτω πρὸς τῇ BA εὐϑεία καὶ τῷ πρὸς αὐτῇ σημείῳ τῷ A τῇ 
ὑπὸ ΑΒΔ γωνίᾳ ἴση ἡ ὑπὸ ΒΑΕ, χαὶ διήχϑω ἣ ΔΒ ἐπὶ τὸ E, καὶ ἐπεζεύχϑω ἣ ED. ἐπεὶ οὖν ἴση 
ἐστὶν ἣ ὑπὸ ABE γωνία τῇ ὑπὸ BAKE, ἴση ἄρα ἐστὶ καὶ ἡ EB εὐϑεῖα τῇ EA. χαὶ ἐπεὶ ἴση ἐστὶν 
ἡ AA τῇ AT, κοινὴ δὲ ἣ AE, δύο δὴ αἱ AA, AE δύο ταῖς TA, AE ἴσαι εἰσὶν ἑκατέρα ἑκατέρα" 
nat γωνία ἣ ὑπὸ ΑΔΕ γωνίᾳ τῇ ὑπὸ ΓΔΕ ἐστιν ἴση: ὀρϑὴ γὰρ ἑκατέρα: βάσις ἄρα ἣ AE βάσει 
τῇ VE ἐστιν ἴση. ἀλλὰ ἣ AE τῇ BE ἐδείχϑη ton καὶ ἣ ΒΕ ἄρα τῇ TE ἐστιν ton: αἱ τρεῖς ἄρα 
αἱ AE, EB, ED ἴσαι ἀλλήλαις εἰσίν: ὁ ἄρα κέντρῷ τῷ E διαστήματι δὲ ἑνὶ τῶν ΛΕ, EB, ED 
χκύχλος γραφόμενος ἕξει καὶ διὰ τῶν λοιπῶν σημείων καὶ ἔσται προσαναγεγραμμένος. κύκλου 
ἄρα τμήματος δοϑέντος προσαναγέγραπται ὁ κύκλος. καὶ δῆλον, ὡς τὸ ABI τμῆμα ἔλαττόν 
ἐστιν ἡμικυκλίου διὰ τὸ τὸ E κέντρον ἐκτὸς αὐτοῦ τυγχάνειν. 


Ὁμοίως [δὲ] κἂν ἢ ἣ ὑπὸ ΑΒΔ γωνία ἴση τῇ ὑπὸ ΒΑΔ, τῆς ΑΔ ἴσης γενομένης ἑκατέρᾳ 
τῶν BA, AT αἱ τρεῖς αἱ AA, AB, AT ἴσαι ἀλλήλαις ἔσονται, καὶ ἔσται τὸ Δ κέντρον τοῦ 
προσαναπεπληρωμένου χύκλου, καὶ δηλαδὴ ἔσται τὸ ABT ἡμικύλλιον. 

Ἐὰν δὲ ἣ ὑπὸ ΑΒΔ ἐλάττων ἢ τῆς ὑπὸ ΒΑΔ, καὶ συστησώμεϑα πρὸς τῇ ΒΑ εὐϑεία ual τῷ 
πρὸς αὐτῇ σημείῳ τῷ A τῇ ὑπὸ ABA γωνίᾳ ἴσην, ἐντὸς τοῦ ABI τμήματος πεσεῖται τὸ κέντρον 
ἐπὶ τῆς ΔΒ, καὶ ἔσται δηλαδὴ τὸ ABT τμῆμα μεῖζον ἡμικυκλίου. 


Κύχλου ἄρα τμήματος δοϑέντος προσαναγέγραπται ὁ κύκλος: ὅπερ ἔδει ποιῆσαι. 


212 


ELEMENTS BOOK 3 


Proposition 25 


A A A 

B D E B D B D 
E 

Cc C C 


To complete the circle for a given segment of a circle, the very one of which it is a segment. 


Let ABC be the given segment of a circle. So it is required to complete the circle for segment 
ABC, the very one of which it is a segment. 


For let AC have been cut in half at (point) D [Prop. 1.10], and let DB have been drawn from 
point D, at right-angles to AC [Prop. 1.11]. And let AB have been joined. Thus, angle ABD is 
surely either greater than, equal to, or less than (angle) BAD. 


First of all, let it be greater. And let (angle) ΒΑΕ have been constructed, equal to angle ABD, at 
the point A on the straight-line BA [Prop. 1.23]. And let DB have been drawn through to Κ᾽, and 
let EC have been joined. Therefore, since angle ABE is equal to ΒΑΕ, the straight-line ΕΒ is 
thus also equal to LA [Prop. 1.6]. And since AD is equal to DC, and DE (is) common, the two 
(straight-lines) AD, DE are equal to the two (straight-lines) CD, DE, respectively. And angle 
ADE is equal to angle CDE. For each (is) a right-angle. Thus, the base AF is equal to the base 
CE [Prop. 1.4]. But, AE’ was shown (to be) equal to BE. Thus, BE is also equal to CE. Thus, 
the three (straight-lines) AE, ΕΒ, and EC are equal to one another. Thus, if a circle is drawn 
with center Εἰ, and radius one of AE, ΕΒ, or EC, it will also go through the remaining points (of 
the segment), and the (associated circle) will be completed [Prop. 3.9]. Thus, a circle has been 
completed from the given segment of a circle. And (it is) clear that the segment ABC is less than 
a semi-circle, on account of the center F lying outside it. 


[And], similarly, even if angle ABD is equal to BAD, (since) AD becomes equal to each of BD 
[Prop. 1.6] and DC, the three (straight-lines) DA, DB, and DC will be equal to one another. 
And point D will be the center of the completed circle. And ABC will manifestly be a semi-circle. 


And if ABD is less than BAD, and we construct (angle BAE), equal to angle ABD, at the point 
A on the straight-line BA [Prop. 1.23], then the center will fall on DB, inside the segment ABC. 


And segment ABC will manifestly be greater than a semi-circle. 


Thus, a circle has been completed from the given segment of a circle. (Which is) the very thing it 
was required to do. 
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Ἔν τοῖς ἴσοις κύκλοις αἱ ἴσαι γωνίαι ἐπὶ ἴσων περιφερειῶν βεβήκασιν, ἐάν te πρὸς τοῖς κέντροις 
ἐάν τε πρὸς ταῖς περιφερείαις ὦσι βεβηκυῖαι. 


Ἔστωσαν ἴσοι κύκλοι οἱ ABT, ΔΕΖ χαὶ ἐν αὐτοῖς ἴσαι γωνίαι ἔστωσαν πρὸς μὲν τοῖς κέντροις 
αἱ ὑπὸ ΒΗ], E@Z, πρὸς δὲ ταῖς περιφερείαις αἱ ὑπὸ BAT, ΕΔΖ: λέγω, ὅτι ἴση ἐστὶν ἣ BKT 
περιφέρεια τῇ ΕΛΖ περιφερείᾳ. 


᾿Επεζεύχϑωσαν γὰρ αἱ BL, EZ. 


Kot ἐπεὶ ἴσοι εἰσὶν οἱ ABT’, ΔΕΖ κύκλοι, ἴσαι εἰσὶν at ex τῶν κέντρων δύο δὴ αἱ BH, HT δύο 
ταῖς EO, ΘΖ ἴσαι: καὶ γωνία ἣ πρὸς τῷ H γωνίᾳ τῇ πρὸς TH © ton’ βάσις ἄρα ἣ BI βάσει τῇ 
EZ ἐστιν ἴση. καὶ ἐπεὶ ἴση ἐστὶν ἣ πρὸς τῷ A γωνία τῇ πρὸς τῷ Δ, ὅμοιον ἄρα ἐστὶ τὸ BAT 
τμῆμα τῷ EAZ τμήματι’ καί εἰσιν ἐπὶ ἴσων εὐϑειῶν [τῶν BI, EZ] τὰ δὲ ἐπὶ ἴσων εὐθειῶν ὅμοια 
τμήματα κύκλων ἴσα ἀλλήλοις ἐστίν: ἴσον ἄρα TO BAT τμῆμα τῷ ΕΔΖ. ἔστι δὲ καὶ ὅλος 6 ABI 
κύγχλος ὅλῳ τῷ ΔΕΖ χύχκλῳ ἴσος: λοιπὴ ἄρα 7 BKT περιφέρεια τῇ EAZ περιφερείᾳ ἐστὶν ἴση. 


Ἔν ἄρα τοῖς ἴσοις κύκλοις αἱ ἴσαι γωνίαι ἐπὶ ἴσων περιφερειῶν βεβήκασιν, ἐάν τε πρὸς τοῖς 
γέντροις ἐάν τε πρὸς ταῖς περιφερείας ὦσι βεβηλκυῖαι: ὅπερ ἔδει δεῖξαι. 
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Equal angles stand upon equal circumferences in equal circles, whether they are standing at the 
center or at the circumference. 


Let ABC and DEF be equal circles, and within them let BGC and EHF be equal angles at the 
center, and BAC and EDF (equal angles) at the circumference. I say that circumference BKC 
is equal to circumference ELF’. 


For let BC and EF have been joined. 


And since circles ABC and DEF are equal, their radii are equal. So the two (straight-lines) BG, 
GC (are) equal to the two (straight-lines) EH, HF (respectively). And the angle at G (is) equal 
to the angle at H. Thus, the base BC is equal to the base EF [Prop. 1.4]. And since the angle at 
A is equal to the (angle) at D, the segment BAC is thus similar to the segment EDF [Def. 3.11]. 
And they are on equal straight-lines [BC and EF]. And similar segments of circles on equal 
straight-lines are equal to one another [Prop. 3.24]. Thus, segment BAC is equal to (segment) 
EDF. And the whole circle ABC is also equal to the whole circle DEF. Thus, the remaining 
circumference BKC is equal to the (remaining) circumference ELF. 


Thus, equal angles stand upon equal circumferences in equal circles, whether they are standing 
at the center or at the circumference. (Which is) the very thing which it was required to show. 
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Ἔν τοῖς ἴσοις κύκλοις αἱ ἐπὶ ἴσων περιφερειῶν βεβηκυῖαι γωνίαι ἴσαι ἀλλήλαις εἰσίν, ἐάν τε πρὸς 
τοῖς κέντροις ἐάν τε πρὸς ταῖς περιφερείαις ὦσι βεβηκυῖαι. 


Ἔν γὰρ ἴσοις κύκλοις τοῖς ABT, ΔΕΖ ἐπὶ ἴσων περιφερειῶν τῶν BE, EZ πρὸς μὲν τοῖς H, Θ 
γχέντροις γωνίαι βεβηκέτωσαν αἱ ὑπὸ ΒΗ], ΕΘΖ, πρὸς δὲ ταῖς περιφερείαις αἱ ὑπὸ BAT’, ΕΔΖ: 
λέγω, ὅτι ἣ μὲν ὑπὸ BHT γωνία τῇ ὑπὸ ΕΘΖ ἐστιν ἴση, ἡἣ δὲ ὑπὸ BAT τῇ ὑπὸ EAZ ἐστιν ἴση. 


Εἰ γὰρ ἄνισός ἐστιν ἣ ὑπὸ BHI τῇ ὑπὸ ΕΘΖ, μία αὐτῶν μείζων ἐστίν. ἔστω μείζων ἣ ὑπὸ 
BHI, καὶ συνεστάτω πρὸς τῇ ΒΗ εὐϑείᾳ καὶ τῷ πρὸς αὐτῇ σημείῳ τῷ Η τῇ ὑπὸ ΕΘΖ γωνίᾳ 
ἴση ἣ ὑπὸ BHK: αἱ δὲ ἴσαι γωνίαι ἐπὶ ἴσων περιφερειῶν βεβήκασιν, ὅταν πρὸς τοῖς κέντροις 
ὦσιν: ἴση ἄρα ἡ ΒΚ περιφέρεια τῇ ΕΖ περιφερείᾳ. ἀλλὰ ἡ ΕΖ τῇ ΒΓ ἐστιν ἴση: καὶ ἣ ΒΚ ἄρα 
τῇ ΒΙ ἐστιν ἴση ἣ ἐλάττων τῇ μείζονι: ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα ἄνισός ἐστιν ἣ ὑπὸ BHT 
γωνία τῇ ὑπὸ ΕΘΖ: ἴση ἄρα. καί ἐστι τῆς μὲν ὑπὸ BHI ἡμίσεια ἣ πρὸς τῷ A, τῆς δὲ ὑπὸ 
ΕΘΖ ἡμίσεια ἣ πρὸς τῷ Δ’ ἴση ἄρα καὶ ἣ πρὸς τῷ A γωνία τῇ πρὸς τῷ Δ. 


"Ey ¢ ἄρα, τοῖς ἴσοις κύκλοις αἱ ἐπὶ ἴσων περιφερειῶν βεβηκυῖαι γωνίαι ἴσαι ἀλλήλαις εἰσίν, ἐάν τε 
πρὸς τοῖς χέντροις ἐάν τε πρὸς ταῖς περιφερείαις ὦσι βεβηλκυῖαι: ὅπερ ἔδει δεῖξαι. 
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Angles standing upon equal circumferences in equal circles are equal to one another, whether 
they are standing at the center or at the circumference. 


For let the angles BGC and EHF at the centers G and H, and the (angles) BAC and EDF at the 
circumferences, stand upon the equal circumferences BC and EF, in the equal circles ABC and 
DEF (respectively). I say that angle BGC is equal to (angle) EHF’, and BAC is equal to EDF. 


For if BGC is unequal to EHF, one of them is greater. Let BGC be greater, and let the (angle) 
BGK, equal to the angle EHF, have been constructed at the point G on the straight-line BG 
[Prop. 1.23]. But equal angles (in equal circles) stand upon equal circumferences, when they are 
at the centers [Prop. 3.26]. Thus, circumference BK (is) equal to circumference EF’. But, E'F is 
equal to BC. Thus, BK is also equal to BC, the lesser to the greater. The very thing is impossible. 
Thus, angle BGC is not unequal to EHF’. Thus, (it is) equal. And the (angle) at A is half BGC, 
and the (angle) at D half EHF [Prop. 3.20]. Thus, the angle at A (is) also equal to the (angle) 
at D. 


Thus, angles standing upon equal circumferences in equal circles are equal to one another, 


whether they are standing at the center or at the circumference. (Which is) the very thing it 
was required to show. 
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Ἔν τοῖς ἴσοις κύκλοις αἱ ἴσαι εὐϑεῖαι ἴσας περιφερείας ἀφαιροῦσι τὴν μὲν μείζονα τῇ μείζονι τὴν 
δὲ ἐλάττονα τῇ ἐλάττονι. 


Ἔστωσαν ἴσοι κύκλοι οἱ ABIL, ΔΕΖ, χαὶ ἐν τοῖς κύκλοις ἴσαι εὐϑεῖαι ἔστωσαν αἱ AB, AE τὰς 
μὲν ΑΓΒ, AZE περιφερείας μείζονας ἀφαιροῦσαι τὰς δὲ AHB, AOE ἐλάττονας: λέγω, ὅτι ἣ 
μὲν ΑΓΒ μείζων περιφέρεια ἴση ἐστὶ τῇ ΔΖΕ μείζονι περιφερείᾳ ἣ δὲ AHB ἐλάττων περιφέρεια 
τῇ ΔΘΗ. 


Εἰλήφϑω γὰρ τὰ κέντρα τῶν κύκλων τὰ K, A, καὶ ἐπεζεύχϑωσαν αἱ AK, ΚΒ, AA, AE. 


Kot ἐπεὶ ἴσοι κύκλοι εἰσίν, ἴσαι εἰσὶ καὶ αἱ éx τῶν κέντρων: δύο δὴ αἱ AK, ΚΒ δυσὶ ταῖς AA, 
AE ἴσαι εἰσίν: καὶ βάσις 7 AB βάσει τῇ ΔΕ ἴση: γωνία ἄρα ἣ ὑπὸ AKB γωνίᾳ τῇ ὑπὸ ΔΛΕ 
ἴση ἐστίν. αἱ δὲ ἴσαι γωνίαι ἐπὶ ἴσων περιφερειῶν βεβήκασιν, ὅταν πρὸς τοῖς κέντροις ὦσιν: ἴση 
ἄρα 7 AHB περιφέρεια τῇ A@E. ἐστὶ δὲ καὶ ὅλος ὁ ABT κύκλος ὅλῳ τῷ ΔΕΖ κύκλῳ ἴσος: καὶ 
λοιπὴ ἄρα ἣ ΔΙῚ περιφέρεια λοιπῇ τῇ ΔΖΕ περιφερείᾳ ἴση ἐστίν. 


Ἔν ἄρα τοῖς ἴσοις κύκλοις αἱ ἴσαι εὐϑεῖαι ἴσας περιφερείας ἀφαιροῦσι τὴν μὲν μείζονα τῇ μείζονι 
τὴν δὲ ἐλάττονα τῇ ἐλάττονι᾽ ὅπερ ἔδει δεῖξαι. 


218 


ELEMENTS BOOK 3 


Proposition 28 


Equal straight-lines cut off equal circumferences in equal circles, the greater (circumference being 
equal) to the greater, and the lesser to the lesser. 


Let ABC and DEF be equal circles, and let AB and DE be equal straight-lines in these circles, 
cutting off the greater circumferences AC'B and DFE, and the lesser (circumferences) AGB and 
DHE (respectively). I say that the greater circumference ACB is equal to the greater circumfer- 
ence DFE, and the lesser circumference AG'B to (the lesser) DHE. 


For let the centers of the circles, Καὶ and L, have been found [Prop. 3.1], and let AK, ΚΒ, DL, 
and LE have been joined. 


And since (ABC and DEF) are equal circles, their radii are also equal [Def. 3.1]. So the two 
(straight-lines) Ak, KB are equal to the two (straight-lines) DL, LE (respectively). And the 
base AB (is) equal to the base DE. Thus, angle AK B is equal to angle DLE [Prop. 1.8]. And 
equal angles stand upon equal circumferences, when they are at the centers [Prop. 3.26]. Thus, 
circumference AGB (is) equal to DHE. And the whole circle ABC is also equal to the whole cir- 
cle DEF. Thus, the remaining circumference ACB is also equal to the remaining circumference 
DFE, 


Thus, equal straight-lines cut off equal circumferences in equal circles, the greater (circumference 


being equal) to the greater, and the lesser to the lesser. (Which is) the very thing it was required 
to show. 
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Ἔν τοῖς ἴσοις κύκλοις τὰς ἴσας περιφερείας ἴσαι εὐϑεῖαι ὑποτείνουσιν. 


Ἔστωσαν ἴσοι κύκλοι οἱ ABI, ΔΕΖ, not ἐν αὐτοῖς ἴσαι περιφέρειαι ἀπειλήφϑωσαν αἱ ΒΗ!" 
EOZ, not ἐπεζεύχϑωσαν at BL, EZ εὐϑεῖαι: λέγω, ὅτι ἴση ἐστὶν ἣ BI τῇ ΕΖ. 


Εἰλήφϑω γὰρ τὰ κέντρα τῶν κύκλων, καὶ ἔστω τὰ K, A, not ἐπεζεύχϑωσαν αἱ ΒΚ, KT, EA, 
ΛΖ. 


Kot ἐπεὶ ἴση ἐστὶν ἣ BHI περιφέρεια τῇ ΕΘΖ περιφερείᾳ, ἴση ἐστὶ καὶ γωνία 7 ὑπὸ BKT τῇ 
ὑπὸ ΕΛΖ. nat ἐπεὶ ἴσοι εἰσὶν ot ABT, ΔΕΖ χύχλοι, ἴσαι εἰσὶ καὶ αἱ éx τῶν κέντρων’ δύο δὴ αἱ 
BK, ΚΙ' δυσὶ ταῖς EA, AZ ἴσαι εἰσίν: καὶ γωνίας ἴσας περιέχουσιν: βάσις ἄρα ἣ BI βάσει τῇ 
EZ ἴση ἐστίν" 


Ἔν ἄρα τοῖς ἴσοις κύκλοις τὰς ἴσας περιφερείας ἴσαι εὐθεῖαι ὑποτείνουσιν᾽ ὅπερ ἔδει δεῖξαι. 
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Equal straight-lines subtend equal circumferences in equal circles. 


Let ABC and DEF be equal circles, and within them let the equal circumferences BGC and 
EHF have been cut off. And let the straight-lines BC’ and EF have been joined. I say that BC is 
equal to EF. 


For let the centers of the circles have been found [Prop. 3.1], and let them be (at) Καὶ and L. And 
let BK, KC, EL, and LF have been joined. 


And since the circumference BGC is equal to the circumference EHF’, the angle BKC is also 
equal to (angle) ELF [Prop. 3.27]. And since the circles ABC and DEF are equal, their radii 
are also equal [Def. 3.1]. So the two (straight-lines) ΒΚ, KC are equal to the two (straight-lines) 
EL, LF (respectively). And they contain equal angles. Thus, the base BC is equal to the base 
EF [Prop. 1.4]. 


Thus, equal straight-lines subtend equal circumferences in equal circles. (Which is) the very thing 
it was required to show. 
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Thy δοϑεῖσαν περιφέρειαν δίχα τεμεῖν. 

Ἔστω 1 δοϑεῖσα περιφέρεια ἣ ΑΔΒ’ δεῖ δὴ τὴν AAB περιφέρειαν δίχα τεμεῖν. 

᾿Ἐπεζεύχϑω ἡ ΑΒ, καὶ τετμήσϑω δίχα κατὰ TOT, καὶ ἀπὸ τοῦ Τ᾿ σημείου τῇ AB εὐϑείᾳ πρὸς 
ὀρϑὰς ἤχϑω ἣ VA, καὶ ἐπεζεύχϑωσαν αἱ AA, AB. 

Καὶ ἐπεὶ ἴση ἐστὶν ἡ AV τῇ ΓΒ, κοινὴ δὲ ἡ VA, δύο δὴ αἱ AT, VA δυσὶ ταῖς BV, PA ἴσαι εἰσίν’ 
nat γωνία ἣ ὑπὸ ATA γωνίᾳ τῇ ὑπὸ ΒΙ Δ ἴση: ὀρϑὴ γὰρ ἑκατέρα: βάσις ἄρα ἣ ΛΔ βάσει τῇ 
ΔΒ ἴση ἐστίν. αἱ δὲ ἴσαι εὐϑεῖαι ἴσας περιφερείας ἀφαιροῦσι τὴν μὲν μείζονα τῇ μείζονι τὴν δὲ 
ἐλάττονα τῇ ἐλάττονι κάι ἐστιν ἑκατέρα τῶν AA, ΔΒ περιφερειῶν ἐλάττων ἡμικυκλίου: ἴση ἄρα 


ἣ AA περιφέρεια τῇ ΔΒ περιφερεία. 


Ἡ ἄρα δοϑεῖσα περιφέρεια δίχα τέτμηται κατὰ τὸ Δ σημεῖον᾽ ὅπερ ἔδει ποιῆσαι. 
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A C B 


To cut a given circumference in half. 
Let ADB be the given circumference. So it is required to cut circumference ADB in half. 


Let AB have been joined, and let it have been cut in half at (point) C [Prop. 1.10]. And let CD 
have been drawn from point C, at right-angles to AB [Prop. 1.11]. And let AD, and DB have 
been joined. 


And since AC is equal to CB, and CD (is) common, the two (straight-lines) AC, CD are equal 
to the two (straight-lines) BC, CD (respectively). And angle ACD (is) equal to angle BC'D. For 
(they are) each right-angles. Thus, the base AD is equal to the base DB [Prop. 1.4]. And equal 
straight-lines cut off equal circumferences, the greater (circumference being equal) to the greater, 
and the lesser to the lesser [Prop. 1.28]. And the circumferences AD and DB are each less than 
a semi-circle. Thus, circumference AD (is) equal to circumference DB. 


Thus, the given circumference has been cut in half at point D. (Which is) the very thing it was 
required to do. 
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Ἔν κύκλῳ ἣ μὲν ἐν τῷ ἡμικυκλίῳ γωνία ὀρϑή ἐστιν, ἡ δὲ ἐν τῷ μείζονι τμήματι ἐλάττων ὀρϑῆς, 
ἣ δὲ ἐν τῷ ἐλάττονι τμήματι μείζων ὀρϑῆς᾽ καὶ ἔπι ἣ μὲν τοῦ μείζονος τμήματος γωνία μείζων 
ἐστὶν ὀρϑῆς, ἡ δὲ τοῦ ἐλάττονος τμήματος γωνία ἐλάττων ὀρϑῆς. 


Ἔστω χύχλος ὁ ABLA, διάμετρος δὲ αὐτοῦ ἔστω ἣ BI’, κέντρον δὲ τὸ E, καὶ ἐπεζεύχϑωσαν 
αἱ BA, ΑἸ, ΑΔ, ΔΙ᾽ λέγω, ὅτι ἣ μὲν ἐν τῷ BAT ἡμικυκλίῳ γωνία 7 ὑπὸ BAT 009%} ἐστιν, ἣ δὲ 
ἐν τῷ ABT μείζονι τοῦ ἡμικυκλίου τμήματι γωνία 7 ὑπὸ ABI ἐλάττων ἐστὶν ὀρϑῆς, ἣ δὲ ἐν τῷ 
AAT ἐλάττονι τοῦ ἡμικυκλίου τμήματι γωνία ἡ ὑπὸ AAT μείζων ἐστὶν ὀρϑῆς. 


᾿Ἐπεζεύχϑω ἣ AK, καὶ διήχϑω ἡ ΒΑ ἐπὶ τὸ Ζ. 

Καὶ ἐπεὶ ἴση ἐστὶν 7 BE τῇ EA, ἴση ἐστὶ καὶ γωνία ἣ ὑπὸ ABE τῇ ὑπὸ BAE. πάλιν, ἐπεὶ ἴση 
ἐστὶν ἣ ΤῈ τῇ EA, ἴση ἐστὶ καὶ ἣ ὑπὸ ATE τῇ ὑπὸ LAE: ὅλη ἄρα ἣ ὑπὸ BAT δυσὶ ταῖς ὑπὸ 
ABT, ΑΓΒ ἴση ἐστίν. ἐστὶ δὲ καὶ ἣ ὑπὸ ZAT ἐκτὸς tod ABI τριγώνου δυσὶ ταῖς ὑπὸ ABT, 
ATB γωνίαις ton: ἴση ἄρα καὶ ἣ ὑπὸ BAT γωνία τῇ ὑπὸ ZAI™ ὀρϑὴ ἄρα ἑκατέρα" ἣ ἄρα ἐν τῷ 


2 


BAT ἡμικυκλίῳ γωνία ἡ ὑπὸ BAT 009%) ἐστιν. 


Kot ἐπεὶ τοῦ ABI τρίγωνου δύο γωνίαι αἱ ὑπὸ ABI, BAT δύο ὀρϑῶν ἐλάττονές εἰσιν, ὀρϑὴ 
δὲ ἢ ὑπὸ BAT, ἐλάττων ἄρα ὀρϑῆς ἐστιν ἣ ὑπὸ ABI γωνία: καί ἐστιν ἐν τῷ ABI μείζονι τοῦ 
ἡμικυκλίου τμήματι. 


Kot ἐπεὶ ἐν κύκλῳ τετράπλευρόν ἐστι τὸ ΑΒΙ Δ, τῶν δὲ ἐν τοῖς κύκλοις τετραπλεύρων αἱ 
ἀπεναντίον γωνίαι δυσὶν ὀρϑαῖς ἴσαι εἰσίν [αἱ ἄρα ὑπὸ ABI, AAT γωνίαι δυσὶν ὀρϑαῖς ἴσας 
εἰσίν], καί ἐστιν ἣ ὑπὸ ABI ἐλάττων ὀρϑῆς: λοιπὴ ἄρα ἣ ὑπὸ AAT γωνία μείζων ὀρϑῆς ἐστιν’ 
nat ἐστιν ἐν τῷ AAT ἐλάττονι τοῦ ἡμικυκλίου τμήματι. 


224 


ELEMENTS BOOK 3 


Proposition 31 


In a circle, the angle in a semi-circle is a right-angle, and that in a greater segment (is) less than 
a right-angle, and that in a lesser segment (is) greater than a right-angle. And, further, the angle 
of a segment greater (than a semi-circle) is greater than a right-angle, and the angle of a segment 
less (than a semi-circle) is less than a right-angle. 


Let ABCD be a circle, and let BC be its diameter, and Εἰ its center. And let BA, AC, AD, and 
DC have been joined. I say that the angle BAC in the semi-circle BAC is a right-angle, and the 
angle ABC in the segment ABC, (which is) greater than a semi-circle, is less than a right-angle, 
and the angle ADC in the segment ADC, (which is) less than a semi-circle, is greater than a 
right-angle. 


Let AE have been joined, and let BA have been drawn through to Γ΄. 


And since BE is equal to EA, angle ABE is also equal to BAE [Prop. 1.5]. Again, since CE is 
equal to EA, ACE is also equal to CAE [Prop. 1.5]. Thus, the whole (angle) BAC is equal to the 
two (angles) ABC and ACB. And FAC, (which is) external to triangle ABC, is also equal to the 
two angles ABC and ACB [Prop. 1.32]. Thus, angle BAC (is) also equal to FAC. Thus, (they 
are) each right-angles. [Def. 1.10]. Thus, the angle BAC in the semi-circle BAC is a right-angle. 


And since the two angles ABC and BAC of triangle ABC are less than two right-angles [Prop. 1.17], 
and BAC is a right-angle, angle ABC is thus less than a right-angle. And it is in segment ABC, 
(which is) greater than a semi-circle. 


And since ABC D is a quadrilateral within a circle, and for quadrilaterals within circles the (sum 
of the) opposite angles is equal to two right-angles [Prop. 3.22] [angles ABC and ADC are thus 
equal to two right-angles], and (angle) ABC is less than a right-angle. The remaining angle ADC 
is thus greater than a right-angle. And it is in segment ADC, (which is) less than a semi-circle. 
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Λέγω, ὅτι καὶ ἣ μὲν τοῦ μείζονος τμήματος γωνία ἣ περιεχομένη ὑπό [τε] τῆς ABI περιφερείας 
nat τῆς ΑἸ εὐϑείας μείζων ἐστὶν ὀρϑῆς, ἡ δὲ τοῦ ἐλάττονος τμήματος γωνία ἣ περιεχομένη 
ὑπό [te] τῆς ΛΔΠῚ περιφερείας καὶ τῆς AT εὐθείας ἐλάττων ἐστὶν ὀρϑῆς. καί ἐστιν αὐτόϑεν 
φανερόν. ἐπεὶ γὰρ ἣ ὑπὸ τῶν BA, AT εὐθειῶν ὀρϑή ἐστιν, ἣ ἄρα ὑπὸ τῆς ABI περιφερείας καὶ 
τῆς AD εὐϑείας περιεχομένη μείζων ἐστὶν ὀρϑῆς. πάλιν, ἐπεὶ ἣ ὑπὸ τῶν AT, ΑΖ εὐϑειῶν ὀρϑή 
ἐστιν, ἣ ἄρα ὑπὸ τῆς ΤᾺ εὐϑείας καὶ τῆς ΑΔΙΠῚ περιφερείας περιεχομένη ἐλάττων ἐστὶν ὀρϑῆς. 


Ἔν κύκλῳ ἄρα ἣ μὲν ἐν τῷ ἡμικυκλίῳ γωνία ὀρϑή ἐστιν, ἣ δὲ ἐν τῷ μείζονι τμήματι ἐλάττων 
ὀρϑῆς, ἣ δὲ ἐν τῷ ἐλάττονι [τμήματι] μείζων ὀρϑῆς καὶ ἔπι ἣ μὲν τοῦ μείζονος τμήματος 
[γωνία] μείζων [ἐστὶν] ὀρϑῆς, 7 δὲ τοῦ ἐλάττονος τμήματος [γωνία] ἐλάττων ὀρϑῆς ὅπερ ἔδει 


δεῖξαι. 
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I also say that the angle of the greater segment, (namely) that contained by the circumference 
ABC and the straight-line AC, is greater than a right-angle. And the angle of the lesser segment, 
(namely) that contained by the circumference AD|C] and the straight-line AC, is less than a right- 
angle. And this is immediately apparent. For since the (angle contained by) the two straight-lines 
BA and AC is a right-angle, the (angle) contained by the circumference ABC and the straight- 
line AC is thus greater than a right-angle. Again, since the (angle contained by) the straight-lines 
AC and AF is a right-angle, the (angle) contained by the circumference AD|C] and the straight- 
line CA is less than a right-angle. 


Thus, in a circle, the angle in a semi-circle is a right-angle, and that in a greater segment (is) less 
than a right-angle, and that in a lesser [segment] (is) greater than a right-angle. And, further, the 
[angle] of a segment greater (than a semi-circle) [is] greater than a right-angle, and the [angle] 
of a segment less (than a semi-circle) is less than a right-angle. (Which is) the very thing it was 
required to show. 
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"Ey κύκλου ἐφάπτηταί τις εὐϑεῖα, ἀπὸ δὲ τῆς ἁφῆς εἰς τὸν κύκλον διαχϑῇ τις εὐϑεῖα τέμνουσα 
τὸν κύκλον, ἃς ποιεῖ γωνίας πρὸς τῇ ἐφαπτομένῃ, ἴσαι ἔσονται ταῖς ἐν τοῖς ἐναλλὰξ τοῦ κύκλου 
τμήμασι γωνίαις. 


Κύχλου γὰρ tod ΑΒΙ Δ ἐφαπτέσϑω τις εὐϑεῖα ἡ EZ κατὰ τὸ Β σημεῖον, καὶ ἀπὸ τοῦ Β σημείου 
διήχϑω τις εὐϑεῖα εἰς τὸν ABLA κύκλον τέμνουσα αὐτὸν ἣ ΒΔ. λέγω, ὅτι ἃς ποιεῖ γωνίας ἣ 
ΒΔ μετὰ τῆς ΕΖ ἐφαπτομένης, ἴσας ἔσονται ταῖς ἐν τοῖς ἐναλλὰξ τμήμασι τοῦ κύκλου γωνίαις, 
τουτέστιν, ὅτι ἣ μὲν ὑπὸ ZBA γωνία ἴση ἐστὶ τῇ ἐν τῷ ΒΑΔ τμήματι συνισταμένῃ γωνίᾳ, ἣ δὲ 
ὑπὸ EBA γωνία ἴση ἐστὶ τῇ ἐν τῷ ΔΙῚ τμήματι συνισταμένῃ γωνίᾳ. 


Ἤχϑω γὰρ ἀπὸ τοῦ Β τῇ ΕΖ πρὸς ὀρϑὰς ἣ BA, χαὶ εἰλήφϑω ἐπὶ τῆς ΒΔ περιφερείας τυχὸν 
σημεῖον τὸ I, καὶ ἐπεζεύχϑωσαν αἱ AA, AT, VB. 


Καὶ ἐπεὶ κύκλου tod ABTA ἐφάπτεταί τις εὐϑεῖα ἣ ΕΖ κατὰ τὸ Β, καὶ ἀπὸ τῆς ἁφῆς ἤκται τῇ 
ἐφαπτομένῃ πρὸς ὀρϑὰς ἣ BA, ἐπὶ τῆς BA ἄρα τὸ χέντρον ἐστὶ τοῦ ΑΒΙ Δ κύκλου. ἣ ΒΑ ἄρα 
διάμετός ἐστι τοῦ ΑΒΓΔ χύκλου: ἡ ἄρα ὑπὸ ΑΔΒ γωνία ἐν ἡμικυκλίῳ οὖσα 69} ἐστιν. λοιπαὶ 
ἄρα αἱ ὑπὸ BAA, ABA μιᾷ ὀρϑῇ ἴσαι εἰσίν. ἐστὶ δὲ καὶ ἣ ὑπὸ ABZ ὀρϑή; ἡ ἄρα ὑπὸ ABZ ἴση 
ἐστὶ ταῖς ὑπὸ BAA, ΑΒΔ. κοινὴ ἀφῃρήσϑω ἣ ὑπὸ ABA’ λοιπὴ ἄρα ἣ ὑπὸ ABZ γωνία ἴση ἐστὶ 
τῇ ἐν τῷ ἐναλλὰξ τμήματι τοῦ κύκλου γωνίᾳ τῇ ὑπὸ ΒΑΔ. χαὶ ἐπεὶ ἐν κύκλῳ τετράπλευρόν ἐστι 
τὸ ABLA, αἱ ἀπεναντίον αὐτοῦ γωνίαι δυσὶν ὀρϑαῖς ἴσαι εἰσίν. εἰσὶ δὲ καὶ αἱ ὑπὸ ABZ, ABE 
δυσὶν ὀρϑαῖς ἴσαι: αἱ ἄρα ὑπὸ ABZ, ABE ταῖς ὑπὸ BAA, BIA ἴσαι εἰσίν, ὧν ἣ ὑπὸ ΒΑΔ τῇ 
ὑπὸ ABZ ἐδείχϑη ἴση: λοιπὴ ἄρα ἣ ὑπὸ ABE τῇ ἐν τῷ ἐναλλὰξ τοῦ κύκλου τμήματι τῷ ΔΙῈ 
τῇ ὑπὸ ΔΙΓΒ γωνίᾳ ἐστὶν ἴση. 


᾿ὰν ἄρα κύκλου ἐφάπτηταί τις εὐθεῖα, ἀπὸ δὲ τῆς ἁφῆς εἰς τὸν κύκλον διαχϑῇ τις εὐϑεῖα 


τέμνουσα τὸν κύκλον, ἃς ποιεῖ γωνίας πρὸς τῇ ἐφαπτομένῃ, ἴσαι ἔσονται ταῖς ἐν τοῖς ἐναλλὰξ 
τοῦ κύκλου τμήμασι γωνίαις: ὅπερ ἔδει δεῖξαι. 
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A 


E F 
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If some straight-line touches a circle, and some (other) straight-line is drawn across, from the 
point of contact into the circle, cutting the circle (in two), then those angles the (straight-line) 
makes with the tangent will be equal to the angles in the alternate segments of the circle. 


For let some straight-line EF touch the circle ABCD at the point B, and let some (other) straight- 
line BD have been drawn from point BP into the circle ABCD, cutting it (in two). I say that the 
angles BD makes with the tangent EF will be equal to the angles in the alternate segments of 
the circle. That is to say, that angle F' BD is equal to one (of the) angle(s) constructed in segment 
BAD, and angle EBD is equal to one (of the) angle(s) constructed in segment DCB. 


For let BA have been drawn from B, at right-angles to EF [Prop. 1.11]. And let the point Οἱ have 
been taken somewhere on the circumference BD. And let AD, DC, and CB have been joined. 


And since some straight-line E'F touches the circle ABCD at point B, and BA has been drawn 
from the point of contact, at right-angles to the tangent, the center of circle ABCD is thus on BA 
[Prop. 3.19]. Thus, BA is a diameter of circle ABCD. Thus, angle ADB, being in a semi-circle, 
is a right-angle [Prop, 3.31]. Thus, the remaining angles (of triangle ADB) BAD and ABD are 
equal to one right-angle [Prop, 1.32] And ABF is also a right-angle. Thus, ABF is equal to BAD 
and ABD. Let ABD have been subtracted from both. Thus, the remaining angle DBF is equal 
to the angle BAD in the alternate segment of the circle. And since ABCD is a quadrilateral in a 
circle, (the sum of) its opposite angles is equal to two right-angles [Prop. 3.22]. And DBF and 
DBE is also equal to two right-angles [Prop. 1.13]. Thus, DBF and DBE is equal to BAD and 
BCD, of which BAD was shown (to be) equal to DBF’. Thus, the remaining angle DBE is equal 
to the angle DC B in the alternate segment DC’B of the circle. 


Thus, if some straight-line touches a circle, and some (other) straight-line is drawn across, from 
the point of contact into the circle, cutting the circle (in two), then those angles the (straight-line) 
makes with the tangent will be equal to the angles in the alternate segments of the circle. (Which 
is) the very thing it was required to show. 
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"Ent τῆς δοϑείσης εὐϑείας γράψαι τμῆμα κύκλου δεχόμενον γωνίαν ἴσην τῇ δοϑείσῃ γωνίᾳ 
εὐθυγράμμῳ. 


Ἔστω ἣ δοϑεῖσα εὐϑεῖα 7 AB, ἡ δὲ δοϑεῖσα γωνία εὐθύγραμμος ἣ πρὸς τῷ 1" δεῖ δὴ ἐπὶ τῆς 
δοϑείσης εὐϑείας τῆς AB γράψαι τμῆμα κύκλου δεχόμενον γωνίαν ἴσην τῇ πρὸς τῷ TI. 


Ἡ δὴ πρὸς τῷ T [γωνία] ἤτοι ὀξεῖά ἐστιν ἢ ὀρϑὴ ἢ ἀμβλεῖα: ἔστω πρότερον ὀξεῖα, καὶ ὡς ἐπὶ 
τῆς πρώτης καταγραφῆς συνεστάτω πρὸς τῇ AB εὐϑείᾳ καὶ τῷ A σημείῳ τῇ πρὸς τῷ 1 γωνίᾳ 
ton ἣ ὑπὸ BAA: ὀξεῖα ἄρα ἐστὶ καὶ ἣ ὑπὸ BAA. ἤχϑω τῇ AA πρὸς ὀρϑὰς ἡ AE, uci τετμήσϑω 
ἢ AB δίχα κατὰ τὸ Ζ, καὶ ἤχϑω ἀπὸ τοῦ Ζ σημείου τῇ AB πρὸς ὀρϑὰς H ZH, χαὶ ἐπεζεύχϑω 
ἢ ΗΒ. 


Καὶ ἐπεὶ ἴση ἐστὶν ἣ ΑΖ τῇ ZB, κοινὴ δὲ 7 ΖΗ, δύο δὴ αἱ AZ, ΖΗ δύο ταῖς ΒΖ, ΖΗ ἴσαι 
εἰσίν: καὶ γωνία 7 ὑπὸ AZH [γωνίᾳ] τῇ ὑπὸ BZH ἴση: βάσις ἄρα ἣ AH βάσει τῇ ΒΗ ἴση 
ἐστίν. ὁ ἄρα κέντρῳ μὲν τῷ H διαστήματι δὲ τῷ HA χύχλος γραφόμενος ἕξει καὶ διὰ τοῦ Β. 
γεγράφϑω καὶ ἔστω 6 ΑΒΕ, καὶ ἐπεζεύχϑω ἡ ΕΒ. ἐπεὶ οὖν ἀπ᾿ ἄκρας τῆς AE διαμέτρου ἀπὸ 
tod A τῇ AE πρὸς ὀρϑάς ἐστιν 4 AA, ἣ ΑΔ ἄρα ἐφάπτεται τοῦ ABE κύχλου: ἐπεὶ οὖν κύκλου 
τοῦ ABE ἐφάπτεταί τις εὐϑεῖα 7 ΑΔ, καὶ ἀπὸ τῆς κατὰ τὸ A ἁφῆς εἰς τὸν ABE κύκλον διΐῆκταί 
τις εὐθεῖα 7 AB, ἡ ἄρα ὑπὸ ΔΑΒ γωνία ἴση ἐστὶ τῇ ἐν τῷ ἐναλλὰξ τοῦ κύκλου τμήματι γωνία 
τῇ ὑπὸ AEB. ἀλλ᾽ ἡ ὑπὸ ΔΑΒ τῇ πρὸς τῷ T ἐστιν ἴση" καὶ ἣ πρὸς τῷ T ἄρα γωνία ἴση ἐστὶ τῇ 
ὑπὸ ΑΒΒ. 


Ἐπὶ τῆς δοϑείσης ἄρα εὐϑείας τῆς AB τμῆμα κύκλου γέγραπται τὸ AEB δεχόμενον γωνίαν 
τὴν ὑπὸ AEB ἴσην τῇ δοϑείσῃ τῇ πρὸς τῷ 1. 


᾿Αλλὰ δὴ ὀρϑὴ ἔστω ἣ πρὸς τῷ T° καὶ δέον πάλιν ἔστω ἐπὶ τῆς AB γράψαι τμῆμα κύκλου 
δεχόμενον γωνίαν ἴσην τῇ πρὸς τῷ 1 ὀρϑῇ [γωνίᾳ]. συνεστάτω [πάλιν] τῇ πρὸς τῷ T° ὀρϑῇ γωνίᾳ 
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To draw a segment of a circle, accepting an angle equal to a given rectilinear angle, on a given 
straight-line. 


Let AB be the given straight-line, and (Οἱ the given rectilinear angle. So it is required to draw a 
segment of a circle, accepting an angle equal to C, on the given straight-line AB. 


So the [angle] C is surely either acute, a right-angle, or obtuse. First of all, let it be acute. And, 
as in the first diagram (from the left), let (angle) BAD, equal to angle C, have been constructed 
at the point A on the straight-line AB [Prop. 1.23]. Thus, BAD is also acute. Let AE have been 
drawn, at right-angles to DA [Prop. 1.11]. And let AB have been cut in half at Γ' [Prop. 1.10]. 
And let FG have been drawn from point F’, at right-angles to AB [Prop. 1.11]. And let GB have 
been joined. 


And since AF is equal to ΓΒ, and FG (is) common, the two (straight-lines) AF’, FG are equal 
to the two (straight-lines) BF’, FG (respectively). And angle AFG (is) equal to [angle] BFG. 
Thus, the base AG is equal to the base BG [Prop. 1.4]. Thus, the circle drawn with center G, and 
radius GA, will also go through B (as well as A). Let it have been drawn, and let it be (denoted) 
ABE. And let EB have been joined. Therefore, since AD is at the end of diameter AF, at (point) 
A, at right-angles to AF, the (straight-line) AD thus touches the circle ABE [Prop. 3.16 corr.]. 
Therefore, since some straight-line AD touches the circle ABE, and some (other) straight-line 
AB has been drawn across from the point of contact A into circle ABE, angle DAB is thus equal 
to the angle AFB in the alternate segment of the circle [Prop. 3.32]. But, DAB is equal to C. 
Thus, angle C is also equal to AEB. 


Thus, a segment AFB of a circle, accepting the angle AEB (which is) equal to the given (angle) 
Ο, has been drawn on the given straight-line AB. 
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ἴση ἣ ὑπὸ BAA, ὡς ἔχει ἐπὶ τῆς δευτέρας καταγραφῆς, καὶ τετμήσϑω ἣ ΛΒ δίχα κατὰ τὸ Z, 
nal κέντρῳ τῷ Z, διαστήματι δὲ ὁποτέρῳ τῶν ZA, ΖΒ, κύκλος γεγράφϑω 6 AEB. 


᾿φάπτεται ἄρα ἣ AA εὐϑεῖα τοῦ ABE κύκλου διὰ τὸ ὀρϑὴν εἶναι τὴν πρὸς τῷ A γωνίαν. καὶ 
ἴση ἐστὶν ἣ ὑπὸ ΒΑΔ γωνία τῇ ἐν τῷ ΛΕΒ τμήματι: ὀρϑὴ γὰρ καὶ αὐτὴ ἐν ἡμικυκλίῳ οὖσα. 
ἀλλὰ καὶ ἣ ὑπὸ ΒΑΔ τῇ πρὸς τῷ T ἴση ἐστίν. καὶ ἣ ἐν τῷ AEB ἄρα ἴση ἐστὶ τῇ πρὸς τῷ T. 


Τέγραπται ἄρα πάλιν ἐπὶ τῆς AB τμῆμα κύκλου τὸ AEB δεχόμενον γωνίαν ἴσην τῇ πρὸς THT. 


᾿Αλλὰ δὴ ἣ πρὸς τῷ T ἀμβλεῖα ἔστω: καὶ συνεστάτω αὐτῇ ἴση πρὸς τῇ AB εὐϑείᾳ καὶ τῷ A 
σημείῳ ἣ ὑπὸ BAA, ὡς ἔχει ἐπὶ τῆς τρίτης καταγραφῆς, καὶ τῇ AA πρὸς ὀρϑὰς ἤχϑω ἣ AE, 
nal τετμήσϑω πάλιν ἣ AB δίχα κατὰ τὸ Ζ, καὶ τῇ AB πρὸς ὀρϑὰς ἤχϑω ἣ ΖΗ, χαὶ ἐπεζεύχϑω 
ἢ ΗΒ. 


Καὶ ἐπεὶ πάλιν ἴση ἐστὶν ἣ AZ τῇ ZB, καὶ κοινὴ 7 ΖΗ, δύο δὴ αἱ AZ, ΖΗ δύο ταῖς BZ, ZH 
ἴσαι εἰσίν: καὶ γωνία ἣ ὑπὸ ΑΖΗ γωνίᾳ τῇ ὑπὸ ΒΖΗ ἴση: βάσις ἄρα ἡἣ ΛΗ βάσει τῇ ΒΗ ἴση 
ἐστίν: ὁ ἄρα κέντρῳ μὲν τῷ Η διαστήματι δὲ τῷ HA χύκλος γραφόμενος ἥξει καὶ διὰ τοῦ B. 
ἐρχέσϑω ὡς ὁ AEB. καὶ ἐπεὶ τῇ AE διαμέτρῳ ἀπ᾽ ἄκρας πρὸς ὀρϑάς ἐστιν ἣ ΑΔ, ἡ ΑΔ ἄρα 
ἐφάπτεται τοῦ AEB κύκλου. καὶ ἀπὸ τῆς κατὰ TO A ἐπαφῆς διῆκται ἣ ΑΒ’ ἡ ἄρα ὑπὸ BAA 
γωνία ἴση ἐστὶ τῇ ἐν τῷ ἐναλλὰξ τοῦ κύκλου τμήματι τῷ ΑΘΒ συνισταμένῃ γωνίᾳ. ἀλλ᾽ ἣ ὑπὸ 
ΒΑΔ γωνία τῇ πρὸς τῷ 1 ἴση ἐστίν. καὶ ἣ ἐν τῷ ΑΘΒ ἄρα τμήματι γωνία ἴση ἐστὶ τῇ πρὸς τῷ 


"Ent τῆς ἄρα δοϑείσης εὐϑείας τῆς ΑΒ γέγραπται τμῆμα κύκλου τὸ ΑΘΒ δεχόμενον γωνίαν 
ἴσην τῇ πρὸς τῷ 1" ὅπερ ἔδει ποιῆσαι. 
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And so let C be a right-angle. And let it again be necessary to draw a segment of a circle on 
AB, accepting an angle equal to the right-[angle] C. Let the (angle) BAD [again] have been 
constructed, equal to the right-angle Οἱ [Prop. 1.23], as in the second diagram (from the left). 
And let AB have been cut in half at F' [Prop. 1.10]. And let the circle AEB have been drawn 
with center fF’, and radius either F'A or ΕΒ. 


Thus, the straight-line AD touches the circle ABE, on account of the angle at A being a right- 
angle [Prop. 3.16 corr.]. And angle BAD is equal to the angle in segment AFB. For (the latter 
angle), being in a semi-circle, is also a right-angle [Prop. 3.31]. But, BAD is also equal to C. 
Thus, the (angle) in (segment) AFB is also equal to C. 


Thus, a segment AFB of a circle, accepting an angle equal to C’,, has again been drawn on AB. 


And so let (angle) Οὐ be obtuse. And let (angle) BAD, equal to (C), have been constructed at the 
point A on the straight-line AB [Prop. 1.23], as in the third diagram (from the left). And let AF 
have been drawn, at right-angles to AD [Prop. 1.11]. And let AB have again been cut in half at 
F [Prop. 1.10]. And let FG have been drawn, at right-angles to AB [Prop. 1.10]. And let GB 
have been joined. 


And again, since AF is equal to ΓΒ, and ΕΓ (is) common, the two (straight-lines) AF’, FG are 
equal to the two (straight-lines) BF’, F'G (respectively). And angle AFG (is) equal to angle BFG. 
Thus, the base AG is equal to the base BG [Prop. 1.4]. Thus, a circle of center G,, and radius GA, 
being drawn, will also go through B (as well as A). Let it go like AFB (in the third diagram from 
the left). And since AD is at right-angles to the diameter AF, at the end, AD thus touches circle 
AEB [Prop. 3.16 corr.]. And AB has been drawn across (the circle) from the point of contact A. 
Thus, angle BAD is equal to the angle constructed in the alternate segment AH B of the circle 
[Prop. 3.32]. But, angle BAD is equal to C. Thus, the angle in segment AH B is also equal to C. 


Thus, a segment AH B of a circle, accepting an angle equal to C, has been drawn on the given 
straight-line AB. (Which is) the very thing it was required to do. 
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"And tod δοϑέντος κύκλου τμῆμα ἀφελεῖν δεχόμενον γωνίαν ἴσην τῇ δοϑείσῃ γωνίᾳ εὐϑυγράμμῳ. 


Ἔστω ὁ δοϑεὶς κύκλος ὁ ABI, ἣ δὲ δοϑεῖσα γωνία εὐθύγραμμος ἣ πρὸς τῷ Δ’ δεῖ δὴ ἀπὸ τοῦ 
ABT κύκλου τμῆμα ἀφελεῖν δεχόμενον γωνίαν ἴσην τῇ δοϑείσῃ γωνία εὐθυγράμμῳ τῇ πρὸς τῷ 
Δ. 


Ἤχϑω tod ABI ἐφαπτομένη ἣ EZ κατὰ τὸ Β σημεῖον, καὶ συνεστάτω πρὸς τῇ ZB εὐϑείᾳ καὶ 
τῷ πρὸς αὐτῇ σημείῳ τῷ Β τῇ πρὸς τῷ Δ γωνίᾳ ἴση ἡ ὑπὸ ZBI. 

"Exel οὖν κύκλου τοῦ ABT ἐφάπτεταί τις εὐϑεῖα ἣ ΕΖ, καὶ ἀπὸ τῆς κατὰ τὸ Β ἐπαφῆς Syntax ἣ 
BI, ἣ ὑπὸ ZBI ἄρα γωνία ἴση ἐστὶ τῇ ἐν τῷ BAT ἐναλλὰξ τμήματι συνισταμένῃ γωνίᾳ. ἀλλ᾽ ἣ 
ὑπὸ ZBI τῇ πρὸς τῷ Δ ἐστιν ἴση" καὶ ἣ ἐν τῷ BAT ἄρα τμήματι ἴση ἐστὶ τῇ πρὸς τῷ Δ [γωνίᾳ]. 


᾿Απὸ τοῦ δοϑέντος ἄρα κύκλου τοῦ ABI τμῆμα ἀφήρηται τὸ BAT δεχόμενον γωνίαν ἴσην τῇ 
δοϑείσῃ γωνίᾳ εὐθυγράμμῳ τῇ πρὸς τῷ Δ’ ὅπερ ἔδει ποιῆσαι. 
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To cut off a segment, accepting an angle equal to a given rectilinear angle, from a given circle. 


Let ABC be the given circle, and D the given rectilinear angle. So it is required to cut off a 
segment, accepting an angle equal to the given rectilinear angle D, from the given circle ABC. 


Let EF have been drawn touching ABC at point B.*° And let (angle) FBC, equal to angle D, 
have been constructed at the point B on the straight-line ΕΒ [Prop. 1.23]. 


Therefore, since some straight-line EF’ touches the circle ABC, and BC has been drawn across 
(the circle) from the point of contact B, angle F'BC is thus equal to the angle constructed in the 
alternate segment BAC [Prop. 1.32]. But, BC is equal to D. Thus, the (angle) in the segment 
BAC is also equal to [angle] D. 


Thus, the segment BAC, accepting an angle equal to the given rectilinear angle D, has been cut 
off from the given circle ABC. (Which is) the very thing it was required to do. 


46Presumably, by finding the center of ABC [Prop. 3.1], drawing a straight-line between the center and point B, 
and then drawing FF through point B, at right-angles to the aforementioned straight-line [Prop. 1.11]. 
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Ἐὰν ἐν κύκλῳ δύο εὐϑεῖαι τέμνωσιν ἀλλήλας, τὸ ὑπὸ τῶν τῆς μιᾶς τμημάτων περιεχόμενον 
ὀρϑογώνιον ἴσον ἐστὶ τῷ ὑπὸ τῶν τῆς ἑτέρας τμημάτων περιεχομένῳ ὀρϑογωνίῳ. 


Ἔν γὰρ κύκλῳ τῷ ABLA δύο εὐϑεῖαι αἱ AT, BA τεμνέτωσαν ἀλλήλας κατὰ τὸ E σημεῖον" λέγω, 
ὅτι τὸ ὑπὸ τῶν AE, ED περιεχόμενον ὀρϑογώνιον ἴσον ἐστὶ τῷ ὑπὸ τῶν ΔΕ, EB περιεχομένῳ 
ὀρϑογωνίῳ. 


Εἰ μὲν οὖν αἱ AT, ΒΔ διὰ τοῦ γχέντρου εἰσὶν ὥστε τὸ E κέντρον εἶναι τοῦ ΑΒΓΔ κύκλου, φα- 
νερόν, ὅτι ἴσων οὐσῶν τῶν AE, ET, AE, EB καὶ τὸ ὑπὸ τῶν AB, ED περιεχόμενον ὀρϑογώνιον 
ἴσον ἐστὶ τῷ ὑπὸ τῶν AB, EB περιεχομένῳ ὀρϑογωνίῳ. 


Μὴ ἔστωσαν δὴ αἱ AT, ΔΒ διὰ τοῦ κέντρου, καὶ εἰλήφϑω τὸ κέντρον τοῦ ABTA, καὶ ἔστω τὸ 
Z, καὶ ἀπὸ τοῦ Z ἐπὶ τὰς AT, ΔΒ εὐϑείας κάϑετοι ἤχϑωσαν αἱ ΖΗ, ZO, nat ἐπεζεύχϑωσαν αἱ 
ZB, ΖΙ, ZE. 


Καὶ ἐπεὶ εὐϑεῖά τις διὰ τοῦ κέντρου ἡ HZ εὐϑεῖάν τινα μὴ διὰ tod κέντρου τὴν AT πρὸς ὀρϑὰς 
τέμνει, καὶ δίχα αὐτὴν τέμνει: ἴση ἄρα ἡἣ ΑΗ τῇ HI. ἐπεὶ οὖν εὐϑεῖα ἡ AD τέτμηται εἰς μὲν ἴσα 
nate τὸ Η, εἰς δὲ ἄνισα κατὰ τὸ E, τὸ ἄρα ὑπὸ τῶν AE, ED περιεχόμενον ὀρϑογώνιον μετὰ 
τοῦ ἀπὸ τῆς EH τετραγώνου ἴσον ἐστὶ τῷ ἀπὸ τῆς HI™ [κοινὸν] προσκείσϑω τὸ ἀπὸ τῆς HZ 
τὸ ἄρα ὑπὸ τῶν ΛΗ, ED μετὰ τῶν ἀπὸ τῶν HE, ΗΖ ἴσον ἐστὶ τοῖς ἀπὸ τῶν ΤῊ, ΗΖ. ἀλλὰ 
τοῖς μὲν ἀπὸ τῶν EH, ΗΖ ἴσον ἐστὶ τὸ ἀπὸ τῆς ZE, τοὶς δὲ ἀπὸ τῶν ΤῊ, ΗΖ ἴσον ἐστὶ τὸ 
ἀπὸ τῆς Ζ1" τὸ ἄρα ὑπὸ τῶν AE, ED μετὰ τοῦ ἀπὸ τῆς ΖΕ ἴσον ἐστὶ τῷ ἀπὸ τῆς ZI. ἴση δὲ 
yn ZI τῇ ΖΒ: τὸ ἄρα ὑπὸ τῶν ΛΗ, ED μετὰ τοῦ ἀπὸ τῆς ΕΖ ἴσον ἐστὶ τῷ ἀπὸ τῆς ZB. διὰ τὰ 
αὐτὰ δὴ καὶ τὸ ὑπὸ τῶν ΔΕ, EB μετὰ τοῦ ἀπὸ τῆς ZE ἰσον ἐστὶ τῷ ἀπὸ τῆς ΖΒ. ἐδείχϑη δὲ 
nat τὸ ὑπὸ τῶν AB, ED μετὰ τοῦ ἀπὸ τῆς ΖΕ, ἴσον τῷ ἀπὸ τῆς ΖΒ’ τὸ ἄρα ὑπὸ τῶν ΛΕ, ET 
μετὰ τοῦ ἀπὸ τῆς ΖΕ ἴσον ἐστὶ τῷ ὑπὸ τῶν AB, EB μετὰ τοῦ ἀπὸ τῆς ΖΕ. κοινὸν ἀφῃρήσθω 
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If two straight-lines in a circle cut one another then the rectangle contained by the pieces of one 
is equal to the rectangle contained by the pieces of the other. 


C 


For let the two straight-lines AC’ and BD, in the circle ABCD, cut one another at point Ε΄. I say 
that the rectangle contained by AF and EC is equal to the rectangle contained by DE and EB. 


In fact, if AC and BD are through the center (as in the first diagram from the left), so that E 
is the center of circle ABCD, then (it is) clear that, AE, EC, DE, and EB being equal, the 
rectangle contained by AF and EC is also equal to the rectangle contained by DE and ΕΒ. 


So let AC and DB not be though the center (as in the second diagram from the left), and let the 
center of ABC'D have been found [Prop. 3.1], and let it be (at) Ε΄. And let ΕΓ and ΕΠ have 
been drawn from F’, perpendicular to the straight-lines AC and DB (respectively) [Prop. 1.12]. 
And let ΕΒ, FC, and F'E have been joined. 


And since some straight-line, GF’, through the center cuts at right-angles some (other) straight- 
line, AC, not through the center, then it also cuts it in half [Prop. 3.3]. Thus, AG (is) equal to 
GC. Therefore, since the straight-line AC is cut equally at G, and unequally at Κ᾽, the rectangle 
contained by AE and EC plus the square on EG is thus equal to the (square) on GC [Prop. 2.5]. 
Let the (square) on GF have been added [to both]. Thus, the (rectangle contained) by AF and 
EC plus the (sum of the squares) on GE and GF is equal to the (sum of the squares) on C'G and 
GF. But, the (sum of the squares) on HG and GF is equal to the (square) on ΓΕ [Prop. 1.47], 
and the (sum of the squares) on CG and GF is equal to the (square) on FC [Prop. 1.47]. Thus, 
the (rectangle contained) by AF and EC plus the (square) on ΓΕ is equal to the (square) on 
FC. And FC (is) equal to ΕΒ. Thus, the (rectangle contained) by AF and EC plus the (square) 
on ΓΚ is equal to the (square) on ΓΒ. So, for the same (reasons), the (rectangle contained) by 
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τὸ ἀπὸ τῆς ΖΕ; λοιπὸν ἄρα τὸ ὑπὸ τῶν AE, ET περιεχόμενον ὀρϑογώνιον ἴσον ἐστὶ τῷ ὑπὸ 
τῶν ΔΗ, ΕΒ περιεχομένῳ ὀρϑογωνίῳ. 


᾿ὰν ἄρα ἐν κύκλῳ εὐϑεῖαι δύο τέμνωσιν ἀλλήλας, τὸ ὑπὸ τῶν τῆς μιᾶς τμημάτων περιεχόμενον 


ὀρϑογώνιον ἴσον ἐστὶ τῷ ὑπὸ τῶν τῆς ἑτέρας τ ἄτων περιεχομένῳ ὀρϑογωνίῳ: ὅπερ ἔδει 
e Ὡς ρᾶς τμὴμ ριεχομενῷ OO ι e 


δεῖξαι. 


238 


ELEMENTS BOOK 3 
Proposition 35 


DE and EB plus the (square) on F'E is equal to the (square) on ΓΒ. And the (rectangle con- 
tained) by AE and EC plus the (square) on F'E was also shown (to be) equal to the (square) 
on ΓΒ. Thus, the (rectangle contained) by AF and EC plus the (square) on FE is equal to the 
(rectangle contained) by DE and ΕΒ plus the (square) on F'E. Let the (square) on ΓΕ have 
been taken from both. Thus, the remaining rectangle contained by AF and EC is equal to the 
rectangle contained by DE and EB. 


Thus, if two straight-lines in a circle cut one another then the rectangle contained by the pieces 


of one is equal to the rectangle contained by the pieces of the other. (Which is) the very thing it 
was required to show. 
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A 


᾿ὰν χύχλου ληφϑῇ τι σημεῖον ἐκτός, καὶ ἀπ᾿ αὐτοῦ πρὸς τὸν κύκλον προσπίπτωσι δύο εὐϑεῖαι, 
nol ἣ μὲν αὐτῶν τέμνῃ τὸν κύκλον, ἣ δὲ ἐφάπτηται, ἔσται τὸ ὑπὸ ὅλης τῆς τεμνούσης καὶ τῆς 
ἐκτὸς ἀπολαμβανομένης μεταξὺ τοῦ τε σημείου καὶ τῆς κυρτῆς περιφερείας ἴσον τῷ ἀπὸ τῆς 
ἐφαπτομένης τετραγώνῳ. 


Κύχλου γὰρ tod ABI εἰλήφϑω τι σημεῖον ἐκτὸς τὸ A, καὶ ἀπὸ τοῦ Δ πρὸς τὸν ABI’ κύκλον 
προσπιπτέτωσαν δύο εὐϑεῖαι αἱ ATTA], ΔΒ’ καὶ ἣ μὲν ALA τεμνέτω tov ABI κύκλον, ἡ δὲ BA 
ἐφαπτέσϑω: λέγω, ὅτι τὸ ὑπὸ τῶν AA, AT περιεχόμενον ὀρϑογώνιον ἴσον ἐστὶ τῷ ἀπὸ τῆς AB 
τετραγώνῳ. 


Ἡ ἄρα [ΔΙΓᾺ ἤτοι διὰ τοῦ κέντρου ἐστὶν Ἦ οὔ. ἔστω πρότερον διὰ τοῦ κέντρου, καὶ ἔστω τὸ 
Z κέντρον τοῦ ABIL κύκλου, καὶ ἐπεζεύχϑω 7 ZB ὀρϑὴ ἄρα ἐστὶν 7 ὑπὸ ΖΒΔ. καὶ ἐπεὶ εὐϑεῖα 
ἢ AT δίχα τέτμηται κατὰ τὸ Ζ, πρόσκειται δὲ αὐτῇ ἣ VA, τὸ ἄρα ὑπὸ τῶν AA, ΔΙ᾿ μετὰ τοῦ 
ἀπὸ τῆς ZI ἴσον ἐστὶ τῷ ἀπὸ τῆς ΖΔ. ἴση δὲ ἡ ZT τῇ ΖΒ’ τὸ ἄρα ὑπὸ τῶν AA, AT μετὰ τοῦ 
ἀπὸ τῆς ΖΒ ἴσον ἐστὶ τῷ ἀπὸ τὴς ΖΔ. τῷ δὲ ἀπὸ τῆς ΖΔ ἴσα ἐστὶ τὰ ἀπὸ τῶν ΖΒ, ΒΔ’ τὸ ἄρα 
ὑπὸ τῶν AA, AT μετὰ τοῦ ἀπὸ τῆς ΖΒ ἴσον ἐστὶ τοῖς ἀπὸ τῶν ΖΒ, ΒΔ. κοινὸν ἀφῃρήσϑω τὸ 


2 N 


ἀπὸ τῆς ZB: λοιπὸν ἄρα τὸ ὑπὸ τῶν AA, AT ἴσον ἐστὶ τῷ ἀπὸ τῆς AB ἐφαπτομένης. 


a 


ἀλλὰ δὴ 7 ALA μὴ ἔστω διὰ τοῦ κέντρου τοῦ ABI κύκλου, nat εἰλήφϑω τὸ κέντρον τὸ E, καὶ 
ἀπὸ τοῦ E ἐπὶ τὴν AV κάϑετος ἤχϑω ἣ ΕΖ, καὶ ἐπεζεύχϑωσαν αἱ EB, ED, ἘΔ’ ὀρϑὴ ἄρα ἐστὶν 
y ὑπὸ ΕΒΔ. καὶ ἐπεὶ εὐϑεῖά τις διὰ τοῦ κέντρου ἡ ΕΖ, εὐϑεῖάν τινα μὴ διὰ τοῦ κέντρου τὴν AT 
πρὸς ὀρϑὰς τέμνει, καὶ δίχα αὐτὴν τέμνει: ἣ AZ ἄρα τῇ ZI ἐστιν ἴση. καὶ ἐπεὶ εὐϑεῖα ἡ AT 
τέτμηται δίχα κατὰ τὸ Ζ σημεῖον, πρόσκειται δὲ αὐτῇ ἣ VA, τὸ ἄρα ὑπὸ τῶν AA, AT μετὰ τοῦ 
ἀπὸ τῆς ZI ἴσον ἐστὶ τῷ ἀπὸ τῆς ΖΔ. κοινὸν προσκείσϑω τὸ ἀπὸ τῆς ZE τὸ ἄρα ὑπὸ τῶν AA, 
AT μετὰ τῶν ἀπὸ τῶν ΓΖ, ZE ἴσον ἐστὶ τοῖς ἀπὸ τῶν ΖΔ, ΖΗ. τοῖς δὲ ἀπὸ τῶν 12, ΖΕ ἴσον 
ἐστὶ τὸ ἀπὸ τῆς Ε΄ ὀρϑὴ γὰρ [ἐστιν] ἣ ὑπὸ EZT [γωνία] τοῖς δὲ ἀπὸ τῶν ΔΖ, ZE ἴσον ἐστὶ 
τὸ ἀπὸ τῆς ΕΔ’ τὸ ἄρα ὑπὸ τῶν AA, ΔΙ᾽ μετὰ τοῦ ἀπὸ τῆς ET ἴσον ἐστὶ τῷ ἀπὸ τῆς EA. ἴση 
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D 


If some point is taken outside a circle, and two straight-lines radiate from it towards the circle, 
and (one) of them cuts the circle, and the (other) touches (it), then the (rectangle contained) 
by the whole (straight-line) cutting (the circle), and the (part of it) cut off outside (the circle), 
between the point and the convex circumference, will be equal to the square on the tangent (line). 


For let some point D have been taken outside circle ABC, and let two straight-lines, DC|A] and 
DB, radiate from D towards circle ABC. And let DCA cut circle ABC, and let BD touch (it). I 
say that the rectangle contained by AD and DC is equal to the square on DB. 


[D]CA is surely either through the center, or not. Let it first of all be through the center, and let 
F be the center of circle ABC, and let ΕΒ have been joined. Thus, (angle) F BD is a right-angle 
[Prop. 3.18]. And since straight-line AC is cut in half at F’, let CD have been added to it. Thus, 
the (rectangle contained) by AD and DC plus the (square) on ΕΓ is equal to the (square) on F'D 
[Prop. 2.6]. And FC (is) equal to ΓΒ. Thus, the (rectangle contained) by AD and DC plus the 
(square) on ΓΒ is equal to the (square) on F'D. And the (square) on ΓΕ) is equal to the (sum of 
the squares) on ΓΒ and BD [Prop. 1.47]. Thus, the (rectangle contained) by AD and DC plus 
the (square) on ΓΒ is equal to the (sum of the squares) on ΕΒ and BD. Let the (square) on ΕΒ 
have been subtracted from both. Thus, the remaining (rectangle contained) by AD and DC is 
equal to the (square) on the tangent DB. 


And so let DCA not be through the center of circle ABC, and let the center E have been found, 
and let EF have been drawn from EF, perpendicular to AC’ [Prop. 1.12]. And let EB, EC, and 
ED have been joined. (Angle) EBD (is) thus a right-angle [Prop. 3.18]. And since some straight- 
line, EF’, through the center cuts some (other) straight-line, AC’, not through the center, at right- 
angles, it also cuts it in half [Prop. 3.3]. Thus, AF’ is equal to Ε΄. And since the straight-line AC 
is cut in half at point F’, let CD have been added to it. Thus, the (rectangle contained) by AD and 
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δὲ ἢ ED τὴ EB: τὸ ἄρα ὑπὸ τῶν AA, AT μετὰ tod ἀπὸ τῆς EB ἴσον ἐστὶ τῷ ἄπὸ τῆς EA. τῷ 
δὲ ἀπὸ τῆς EA ἴσα ἐστὶ τὰ ἀπὸ τῶν EB, ΒΔ’ ὀρϑὴ γὰρ ἣ ὑπὸ ΕΒΔ γωνία: τὸ ἄρα ὑπὸ τῶν 
AA, AT μετὰ τοῦ ἀπὸ τῆς EB ἴσον ἐστὶ τοῖς ἀπὸ τῶν EB, ΒΔ. κοινὸν ἀφῃρήσϑω τὸ ἀπὸ τῆς 
EB: λοιπὸν ἄρα τὸ ὑπὸ τῶν AA, AT ἴσον ἐστὶ τῷ ἀπὸ τῆς ΔΒ. 


Ἐὰν ἄρα κύκλου ληφϑῇ τι σημεῖον ἐκτός, καὶ ἀπ᾿ αὐτοῦ πρὸς τὸν κύκλον προσπίπτωσι δύο 
εὐϑεῖαι, καὶ ἣ μὲν αὐτῶν τέμνῃ τὸν κύκλον, ἣ δὲ ἐφάπτηται, ἔσται τὸ ὑπὸ ὅλης τῆς τεμνούσης 
Hal τῆς ἐκτὸς ἀπολαμβανομένης μεταξὺ τοῦ τε σημείου καὶ τῆς κυρτῆς περιφερείας ἴσον τῷ ἀπὸ 
τῆς ἐφαπτομένης τετραγώνῳ: ὅπερ ἔδει δεῖξαι. 
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DC plus the (square) on ΕῸ is equal to the (square) on ΕΠ) [Prop. 2.6]. Let the (square) on 
FE have been added to both. Thus, the (rectangle contained) by AD and DC plus the (sum 
of the squares) on CF’ and FE is equal to the (sum of the squares) on ΕΠ) and ΓΕ. But the 
(sum of the squares) on CF and FE is equal to the (square) on EC. For [angle] EFC [is] a 
right-angle [Prop. 1.47]. And the (sum of the squares) on DF and F'E is equal to the (square) 
on ED [Prop. 1.47]. Thus, the (rectangle contained) by AD and DC plus the (square) on EC 
is equal to the (square) on ED. And EC (is) equal to EB. Thus, the (rectangle contained) by 
AD and DC plus the (square) on ΕΒ is equal to the (square) on ED. And the (square) on ED 
is equal to the (sum of the squares) on EB and BD. For EBD (is) a right-angle [Prop. 1.47]. 
Thus, the (rectangle contained) by AD and DC plus the (square) on EB is equal to the (sum of 
the squares) on ΕΒ and BD. Let the (square) on ΕΒ have been subtracted from both. Thus, the 
remaining (rectangle contained) by AD and DC is equal to the (square) on BD. 


Thus, if some point is taken outside a circle, and two straight-lines radiate from it towards the cir- 
cle, and (one) of them cuts the circle, and (the other) touches (it), then the (rectangle contained) 
by the whole (straight-line) cutting (the circle), and the (part of it) cut off outside (the circle), be- 
tween the point and the convex circumference, will be equal to the square on the tangent (line). 
(Which is) the very thing it was required to show. 
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"Exyv κύκλου ληφϑῇ tt σημεῖον ἐκτός, ἀπὸ δὲ tod σημείου πρὸς τὸν κύκλον προσπίπτωσι δύο 
εὐϑεῖαι, καὶ ἡ μὲν αὐτῶν τέμνῃ τὸν κύκλον, ἡ δὲ προσπίπτῃ, ἢ δὲ τὸ ὑπὸ [τῆς] ὅλης τῆς 
τεμνούσης UAL τῆς ἐκτὸς ἀπολαμβανομένης μεταξὺ τοῦ τε σημείου καὶ τῆς κυρτῆς περιφερείας 
ἴσον τῷ ἀπὸ τῆς προσπιπτούσης, ἣ προσπίπτουσα ἐφάψεται τοῦ κύκλου. 


χκύχλου γὰρ tod ABI εἰλήφϑω τι σημεῖον ἐκτὸς τὸ Δ, καὶ ἀπὸ τοῦ Δ πρὸς τὸν ABI’ κύκλον 
προσπιπτέτωσαν δύο εὐϑεῖαι αἱ ATA, AB, χαὶ ἣ μὲν ΔΙῚ τεμνέτω τὸν κύκλον, ἡ δὲ ΔΒ 
προσπιπτέτω, ἔστω δὲ τὸ ὑπὸ τῶν AA, AT ἴσον τῷ ἀπὸ τῆς ΔΒ. λέγω, ὅτι ἣ ΔΒ ἐφάπτεται τοῦ 
ABT κύκλου. 


Ἤχϑω γὰρ τοῦ ABT ἐφαπτομένη ἣ AE, χκαὶ εἰλήφϑω τὸ κέντρον τοῦ ABI κύκλου, καὶ ἔστω 
τὸ Ζ, nal ἐπεζεύχϑωσαν αἱ ΖΕ, ZB, ΖΔ. ἡ ἄρα ὑπὸ ZEA ὀρϑὴ ἐστιν. καὶ ἐπεὶ ἣ AE ἐφάπτεται 
τοῦ ΑΒΓ κύκλου, τέμνει δὲ ἣ ΔΙΑ, τὸ ἄρα ὑπὸ τῶν ΑΔ, AT ἴσον ἐστὶ τῷ ἀπὸ τῆς AE. Ἦν 
δὲ καὶ τὸ ὑπὸ τῶν ΑΔ, AT ἴσον τῷ ἀπὸ τῆς ΔΒ’ τὸ ἄρα ἀπὸ τῆς ΔΕ ἴσον ἐστὶ τῷ ἀπὸ τῆς 
AB: ἴση ἄρα 7 ΔΕ τῇ ΔΒ. ἐστὶ δὲ καὶ ἡ ΖΕ τῇ ΖΒ ἴση: δύο δὴ αἱ ΔΕ, EZ δύο ταῖς ΔΒ, BZ 
ἴσαι εἰσίν: καὶ βάσις αὐτῶν κοινὴ ἣ ΖΔ’ γωνία ἄρα ἡ ὑπὸ ΔΕΖ γωνίᾳ τῇ ὑπὸ ABZ ἐστιν ἴση. 
ὀρϑὴ δὲ ἡ ὑπὸ ΔΕΖ: ὀρϑὴ ἄρα nat ἡ ὑπὸ ABZ. καί ἐστιν ἣ ΖΒ ἐκβαλλομένη διάμετρος: ἣ 
δὲ τῇ διαμέτρῳ τοῦ κύκλου πρὸς ὀρϑὰς ἀπ᾽ ἄκρας ἀγομένη ἐφάπτεται τοῦ κύκλου: ἣ ΔΒ ἄρα 
ἐφάπτεται τοῦ ABI κύχλου. ὁμοίως δὴ δειχϑήσεται, κἂν τὸ κέντρον ἐπὶ τῆς AT τυγχάνῃ. 


᾿ὰν ἄρα κύκλου ληφϑῇ τι σημεῖον ἐκτός, ἀπὸ δὲ τοῦ σημείου πρὸς τὸν κύκλον προσπίπτωσι 
δύο εὐϑεῖαι, καὶ h μὲν αὐτῶν τέμνῃ τὸν κύκλον, ἡ δὲ προσπίπτῃ, ἢ δὲ τὸ ὑπὸ ὅλης τῆς τεμνούσης 
καὶ τῆς ἐκτὸς ἀπολαμβανομένης μεταξὺ τοῦ τε σημείου καὶ τῆς κυρτῆς περιφερείας ἴσον τῷ ἀπὸ 
τῆς προσπιπτούσης, ἣ προσπίπτουσα ἐφάψεται τοῦ κύκλου: ὅπερ ἔδει δεῖξαι. 
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If some point is taken outside a circle, and two straight-lines radiate from the point towards the 
circle, and one of them cuts the circle, and the (other) meets (it), and the (rectangle contained) 
by the whole (straight-line) cutting (the circle), and the (part of it) cut off outside (the circle), 
between the point and the convex circumference, is equal to the (square) on the (straight-line) 
meeting (the circle), then the (straight-line) meeting (the circle) will touch the circle. 


For let some point D have been taken outside circle ABC, and let two straight-lines, DC'A and 
DB, radiate from D towards circle ABC, and let DCA cut the circle, and let DB meet (the cir- 
cle). And let the (rectangle contained) by AD and DC be equal to the (square) on DB. I say that 
DB touches circle ABC. 


For let DE have been drawn touching ABC [Prop. 3.17], and let the center of the circle ABC 
have been found, and let it be (at) Ε΄. And let FE, ΕΒ, and F'D have been joined. (Angle) FED 
is thus a right-angle [Prop. 3.18]. And since DE touches circle ABC, and DCA cuts (it), the 
(rectangle contained) by AD and DC is thus equal to the (square) on DE [Prop. 3.36]. And the 
(rectangle contained) by AD and DC was also equal to the (square) on DB. Thus, the (square) 
on DE is equal to the (square) on DB. Thus, DE (is) equal to DB. And FE is also equal to 
ΕΒ. So the two (straight-lines) DE, EF are equal to the two (straight-lines) DB, BF (respec- 
tively). And their base, ΕἼ), is common. Thus, angle DEF is equal to angle DBF [Prop. 1.8]. 
And DEF (is) a right-angle. Thus, DBF (is) also a right-angle. And ΓΒ produced is a diameter, 
And a (straight-line) drawn at right-angles to a diameter of a circle, at its end, touches the circle 
[Prop. 3.16 corr.]. Thus, DB touches circle ABC. Similarly, (the same thing) can be shown, even 
if the center is somewhere on AC. 


Thus, if some point is taken outside a circle, and two straight-lines radiate from the point to- 
wards the circle, and one of them cuts the circle, and the (other) meets (it), and the (rectangle 
contained) by the whole (straight-line) cutting (the circle), and the (part of it) cut off outside 
(the circle), between the point and the convex circumference, is equal to the (square) on the 
(straight-line) meeting (the circle), then the (straight-line) meeting (the circle) will touch the 
circle. (Which is) the very thing it was required to show. 
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Construction of rectilinear figures in and 
around circles 


ΣΤΟΙΧΕΊΩΝ δ΄ 
Ὅροι 
Σχῆμα εὐθύγραμμον εἰς σχῆμα εὐθύγραμμον ἐγγράφεσϑαι λέγεται, ὅταν ἑκάστη τῶν τοῦ 


ἐγγραφομένου σχήματος γωνιῶν ἑκάστης πλευρᾶς τοῦ, εἰς ὃ ἐγγράφεται, ἅπτηται. 


Σχῆμα δὲ ὁμοίως περὶ σχῆμα περιγράφεσϑαι λέγεται, ὅταν ἑκάστη πλευρὰ τοῦ περιγρα- 
φομένου ἑκάστης γωνίας τοῦ, περὶ ὃ περιγράφεται, ἅπτηται. 


Σχῆμα εὐϑύγραμμον εἰς κύκλον ἐγγράφεσϑαι λέγεται, ὅταν ἑκάστη γωνία τοῦ ἐγγραφο- 
μένου ἅπτηται τῆς τοῦ κύκλου περιφερείας. 


Σχῆμα δὲ εὐθύγραμμον περὶ κύκλον περιγράφεσϑαι λέγεται, ὅταν ἑκάστη πλευρὰ τοῦ 
περιγραφομένου ἐφάπτηται τῆς τοῦ κύκλου περιφερείας. 


Κύχλος δὲ εἰς σχῆμα ὁμοίως ἐγγράφεσϑαι λέγεται, ὅταν H τοῦ κύκλου περιφέρεια ἑκάστης 
πλευρᾶς τοῦ, εἰς ὃ ἐγγράφεται, ἅπτηται. 


Κύχλος δὲ περὶ σχῆμα περιγράφεσϑαι λέγεται, ὅταν ἣ τοῦ κύκλου περιφέρεια ἑκάστης 
γωνίας τοῦ, περὶ ὃ περιγράφεται, ἅπτηται. 


Εὐϑεῖα εἰς κύκλον ἐναρμόζεσϑαι λέγεται, ὅταν τὰ πέρατα αὐτῆς ἐπὶ τῆς περιφερείας ἢ τοῦ 
χύχλου. 
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1 A rectilinear figure is said to be inscribed in a(nother) rectilinear figure when each of the 
angles of the inscribed figure touches each (respective) side of the (figure) in which it is 
inscribed. 


2 And, similarly, a (rectilinear) figure is said to be circumscribed about a(nother rectilinear) 
figure when each side of the circumscribed (figure) touches each (respective) angle of the 
(figure) about which it is circumscribed. 


3 A rectilinear figure is said to be inscribed in a circle when each angle of the inscribed (figure) 
touches the circumference of the circle. 


4 And a rectilinear figure is said to be circumscribed about a circle when each side of the 
circumscribed (figure) touches the circumference of the circle. 


5 And, similarly, a circle is said to be inscribed in a (rectilinear) figure when the circumference 
of the circle touches each side of the (figure) in which it is inscribed. 


6 And a circle is said to be circumscribed about a rectilinear (figure) when the circumference 
of the circle touches each angle of the (figure) about which it is circumscribed. 


7 A straight-line is said to be inserted into a circle when its ends are on the circumference of 
the circle. 
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Εἰς τὸν δοϑέντα κύκλον τῇ δοϑείσῃ εὐθείᾳ μὴ μείζονι οὔσῃ τῆς τοῦ κύκλου διαμέτρου ἴσην 
εὐϑεῖαν ἐναρμόσαι. 


Ἔστω ὁ δοϑεὶς κύκλος ὁ ABI, ἡ δὲ δοϑεῖσα εὐϑεῖα μὴ μείζων τῆς τοῦ κύκλου διαμέτρου ἣ Δ. 
δεῖ δὴ εἰς τὸν ABT’ κύκλον τῇ Δ εὐϑείᾳ ἴσην εὐϑεῖαν ἐναρμόσαι. 


Ἤχϑω tod ΑΒΓ κύκλου διάμετρος ἡ BI. εἰ μὲν οὖν ἴση ἐστὶν ἣ BI τῇ Δ, γεγονὸς ἂν εἴη τὸ 
ἐπιταχϑέν᾽ ἐνήρμοσται γὰρ εἰς τὸν ABI’ κύκλον τῇ A εὐϑείᾳ ἴση ἡ BI. εἰ δὲ μείζων ἐστὶν 7 
BI τῆς Δ, κείσϑω τῇ Δ ἴση ἡ VE, καὶ κέντρῳ τῷ TD διαστήματι δὲ τῷ TE κύκλος γεγράφϑω ὁ 
EAZ, καὶ ἐπεζεύχϑω 7 DA. 


"Enel οὖν to T° σημεῖον κέντρον ἐστὶ τοῦ EAZ χύκλου, ἴση ἐστὶν ἣ DA τῇ VE. ἀλλὰ τῇ Δ ἣ ΓΕ 
ἐστιν ton καὶ ἣ Δ ἄρα tH VA ἐστιν ἴση. 


Εἰς ἄρα τὸν δοϑέντα κύκλον τὸν ABI’ τῇ δοϑείσῃ εὐϑείᾳ τῇ Δ ton ἐνήρμοσται ἣ TA’ ὅπερ ἔδει 
ποιῆσαι. 
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To insert a straight-line equal to a given straight-line into a circle, (the latter straight-line) not 
being greater than the diameter of the circle. 


Let ABC be the given circle, and D the given straight-line (which is) not greater than the diameter 
of the circle. So it is required to insert a straight-line, equal to the straight-line D, into the circle 
ABC. 


Let a diameter BC of circle ABC have been drawn.*’ Therefore, if BC is equal to D, then that 
(which) was prescribed has taken place. For the (straight-line) BC’, equal to the straight-line D, 
has been inserted into the circle ABC. And if BC is greater than D, then let CE be made equal 
to D [Prop. 1.3], and let the circle HAF have been drawn with center C’ and radius ΟΕ. And let 
CA have been joined. 


Therefore, since the point C is the center of circle FEAF’, CA is equal to CE. But, CE is equal to 
D. Thus, D is also equal to CA. 


Thus, ΟἽΑ, equal to the given straight-line D, has been inserted into the given circle ABC. (Which 
is) the very thing it was required to do. 


47Presumably, by finding the center of the circle [Prop. 3.1], and then drawing a line through it. 
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XTOLTXEIQN δ΄ 


8 


Θ 
Εἰς τὸν δοϑέντα κύκλον τῷ δοϑέντι τριγώνῳ ἰσογώνιον τρίγωνον ἐγγράψαι. 


Ἔστω ὁ δοϑεὶς κύκλος ὁ ABI, τὸ δὲ δοϑὲν τριγωνον τὸ ΔΕΖ’ δεῖ δὴ εἰς τὸν ABT κύκλον τῷ 
ΔΕΖ τριγώνῳ ἰσογώνιον τρίγωνον ἐγγράψαι. 


“Hy8w tod ABI κύκλου ἐφαπτομένη ἣ ΗΘ uate τὸ A, καὶ συνεστάτω πρὸς τῇ A@ εὐϑείᾳ καὶ 
τῷ πρὸς αὐτῇ σημείῳ τῷ A τῇ ὑπὸ ΔΕΖ γωνίᾳ ἴση H ὑπὸ OAT, πρὸς δὲ τῇ AH εὐϑείᾳ καὶ τῷ 
πρὸς αὐτῇ σημείῳ τῷ A τῇ ὑπὸ ΔΖΕ [γωνίᾳ] ἴση ἣ ὑπὸ HAB, χαὶ ἐπεζεύχϑω ἣ BI. 


"Exel οὖν κύκλου τοῦ ABT ἐφάπτεταί τις εὐϑεῖα ἣ AO, καὶ ἀπὸ τῆς κατὰ τὸ A ἐπαφῆς εἰς τὸν 
ndurov διῆχται εὐϑεῖα ἡ ALD, ἣ ἄρα ὑπὸ OAT ἴση ἐστὶ τῇ ἐν τῷ ἐναλλὰξ τοῦ κύκλου τμήματι 
γωνίᾳ τῇ ὑπὸ ABD. ἀλλ᾽ ἣ ὑπὸ OAT τῇ ὑπὸ ΔΕΖ ἐστιν ἴση: καὶ ἣ ὑπὸ ΑΒΙ ἄρα γωνία τῇ ὑπὸ 
ΔΕΖ ἐστιν ἴση. διὰ τὰ αὐτὰ δὴ καὶ ἣ ὑπὸ ΑΤῈ τῇ ὑπὸ ΔΖΕ ἐστιν ἴση" καὶ λοιπὴ ἄρα ἣ ὑπὸ 
BAT λοιπῇ τῇ ὑπὸ ΕΔΖ ἐστιν ἴση [ἰσογώνιον ἄρα ἐστὶ τὸ ABI τρίγωνον τῷ ΔΕΖ τριγώνῳ, καὶ 
ἐγγέγραπται εἰς τὸν ABI’ χύχλον]. 


Εἰς tov δοϑέντα ἄρα κύκλον τῷ δοϑέντι τριγώνῳ ἰσογώνιον τρίγωνον ἐγγέγραπται: ὅπερ ἔδει 
ποιῆσαι. 
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ELEMENTS BOOK 4 


Proposition 2 


H 


To inscribe a triangle, equiangular to a given triangle, in a given circle. 


Let ABC be the given circle, and DEF the given triangle. So it is required to inscribe a triangle, 
equiangular to triangle DEF, in circle ABC. 


Let GH have been drawn touching circle ABC at 4.48 And let (angle) H AC, equal to angle DEF, 
have been constructed at the point A on the straight-line AH, and (angle) GAB, equal to [angle] 
DFE, at the point A on the straight-line AG [Prop. 1.23]. And let BC have been joined. 


Therefore, since some straight-line AH touches the circle ABC, and the straight-line AC’ has 
been drawn across (the circle) from the point of contact A, (angle) HAC is thus equal to the 
angle ABC in the alternate segment of the circle [Prop. 3.32]. But, HAC is equal to DEF’. Thus, 
angle ABC is also equal to DEF. So, for the same (reasons), ACB is also equal to DFE. Thus, 
the remaining (angle) BAC is equal to the remaining (angle) EDF [Prop. 1.32]. [Thus, triangle 
ABC is equiangular to triangle DEF’, and has been inscribed in circle ABC]. 


Thus, a triangle, equiangular to the given triangle, has been inscribed in the given circle. (Which 
is) the very thing it was required to do. 


48See the footnote to Prop. 3.34. 
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XTOTXEIQN δ΄ 


Η 
Λ "Ὁ Ν 


Περὶ τὸν δοϑέντα κύκλον τῷ δοϑέντι τριγώνῳ ἰσογώνιον τρίγωνον περιγράψαι. 


Ἔστω ὁ δοϑεὶς κύκλος ὁ ABI, τὸ δὲ δοϑὲν τρίγωνον τὸ ΔΕΖ’ δεῖ δὴ περὶ τὸν ABI κύκλον 
τῷ ΔΕΖ τριγώνῳ ἰσογώνιον τρίγωνον περιγράψαι. 


Ἔκχβεβλήσϑω ἡ ΕΖ ἐφ᾽ ἑκάτερα τὰ μέρη κατὰ τὰ H, © σημεῖα, καὶ εἰλήφϑω tod ABT κύκλου 
γέντρον τὸ Κ,, nat διήχϑω, ὡς ἔτυχεν, εὐθεῖα ἡ KB, καὶ συνεστάτω πρὸς τῇ KB εὐϑείᾳ καὶ τῷ 
πρὸς αὐτῇ σημείῳ τῷ Κ τῇ μὲν ὑπὸ AEH γωνίᾳ ἴση ἣ ὑπὸ BKA, τῇ δὲ ὑπὸ AZO ἴση 7H ὑπὸ 
BKT, καὶ διὰ τῶν A, B, Τ᾽ σημείων ἤχϑωσαν ἐφαπτόμεναι τοῦ ABT κύκλου αἱ AAM, MBN, 
NIA. 


Καὶ ἐπεὶ ἐφάπτονται τοῦ ABI κύκλου αἱ AM, MN, NA χκατὰ τὰ A, B, Τ᾽ σημεῖα, ἀπὸ δὲ tod 
K χέντρου ἐπὶ τὰ A, B, Τ᾽ σημεῖα ἐπεζευγμέναι εἰσὶν αἱ KA, KB, KT’, ὀρϑαὶ ἄρα εἰσὶν αἱ πρὸς 
τοῖς A, B, T° σημείοις γωνίαι. καὶ ἐπεὶ τοῦ AMBK τετραπλεύρου αἱ τέσσαρες γωνίαι τέτρασιν 
ὀρϑοαῖς ἴσαι εἰσίν, ἐπειδήπερ καὶ εἰς δύο τρίγωνα διαιρεῖται τὸ AMBK, καί εἰσιν ὀρϑαὶ αἱ ὑπὸ 
KAM, ΚΒΜ γωνίαι, λοιπαὶ ἄρα αἱ ὑπὸ AKB, AMB δυσὶν ὀρϑαῖς ἴσαι εἰσίν. εἰσὶ δὲ καὶ αἱ 
ὑπὸ ABH, ΔΕΖ δυσὶν ὀρϑαῖς ἴσαι: αἱ ἄρα ὑπὸ AKB, AMB ταῖς ὑπὸ AEH, ΔΕΖ ἴσαι εἰσίν, 
ὧν ἣ ὑπὸ AKB τῇ ὑπὸ AEH ἐστιν ἴση: λοιπὴ ἄρα ἣ ὑπὸ ΑΜΒ λοιπῇ τῇ ὑπὸ ΔΕΖ ἐστιν ἴση. 
ὁμοίως δὴ δειχϑήσεται, ὅτι καὶ ἣ ὑπὸ ANB τῇ ὑπὸ ΔΖΕ ἐστιν ἴση: καὶ λοιπὴ ἄρα ἣ ὑπὸ MAN 
[λοιπῇ] τῇ ὑπὸ EAZ ἐστιν ἴση. ἰσογώνιον ἄρα ἐστὶ τὸ ΛΜΝ τρίγωνον τῷ ΔΕΖ τριγώνῳ: καὶ 
περιγέγραπται περὶ τὸν ABI’ κύκλον. 


Περὶ τὸν δοϑέντα ἄρα κύκλον τῷ δοϑέντι τριγώνῳ ἰσογώνιον τρίγωνον περιγέγραπται: ὅπερ 
ἔδει ποιῆσαι. 
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ELEMENTS BOOK 4 


Proposition 3 


mM ἢ 
Ε 


G 
L C N 


To circumscribe a triangle, equiangular to a given triangle, about a given circle. 


Let ABC be the given circle, and DEF the given triangle. So it is required to circumscribe a 
triangle, equiangular to triangle DEF’, about circle ABC. 


Let E'F have been produced in each direction to points G and H. And let the center Καὶ οἵ circle 
ABC have been found [Prop. 3.1]. And let the straight-line kK B have been drawn across (ABC), 
at random. And let (angle) Bk A, equal to angle DEG, have been constructed at the point Καὶ 
on the straight-line KB, and (angle) BKC, equal to DF'H [Prop. 1.23]. And let the (straight- 
lines) LAM, MBN, and NCL have been drawn through the points A, B, and C (respectively), 
touching the circle ABC.*? 


And since LM, MN, and NL touch circle ABC at points A, B, and C (respectively), and Κα, 
KB, and KC are joined from the center Καὶ to points A, B, and C (respectively), the angles at 
points A, B, and C are thus right-angles [Prop. 3.18]. And since the (sum of the) four angles of 
quadrilateral AM BK is equal to four right-angles, in as much as AMBK (can) also (be) divided 
into two triangles [Prop. 1.32], and angles KAM and kK BM are (both) right-angles, the (sum of 
the) remaining (angles), AK B and AMB, is thus equal to two right-angles. And DEG and DEF 
is also equal to two right-angles [Prop. 1.13]. Thus, AK B and AMB is equal to DEG and DEF, 
of which Ak B is equal to DEG. Thus, the remainder ΑΜΒ is equal to the remainder DEF’. So, 
similarly, it can be shown that LNB is also equal to DF'E. Thus, the remaining (angle) MLN is 
also equal to the [remaining] (angle) EDF [Prop. 1.32]. Thus, triangle LVN is equiangular to 
triangle DEF’. And it has been drawn around circle ABC. 


Thus, a triangle, equiangular to the given triangle, has been circumscribed about the given circle. 
(Which is) the very thing it was required to do. 


4°See the footnote to Prop. 3.34. 
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XTOTXEIQN δ΄ 


B 


Εἰς τὸ δοϑὲν τρίγωνον κύκλον ἐγγράψαι. 
Ἔστω τὸ δοϑὲν τρίγωνον τὸ ABI™ det δὴ εἰς τὸ ABI τρίγωνον κύκλον ἐγγράψαι. 


Ἰετμήσϑωσαν αἱ ὑπὸ ABT, ΑΓΒ γωνίαι δίχα ταῖς ΒΔ, PA εὐϑείαις, καὶ συμβαλλέτωσαν ἀλλήλαις 
nate τὸ Δ σημεῖον, καὶ ἤχϑωσαν ἀπὸ τοῦ Δ ἐπὶ τὰς AB, BI, ΤᾺ εὐϑείας κάϑετοι αἱ ΔΗ, ΔΖ, 
ΔΗ. 


Kot ἐπεὶ ἴση ἐστὶν 7 ὑπὸ ABA γωνία τῇ ὑπὸ TBA, ἐστὶ δὲ καὶ ὀρϑὴ 7 ὑπὸ BEA ὀρϑῇ τῇ ὑπὸ 
BZA ἴση, δύο δὴ τρίγωνά ἐστι τὰ EBA, ZBA τὰς δύο γωνίας ταῖς δυσὶ γωνίαις ἴσας ἔχοντα 
nal μίαν πλευρὰν μιᾷ πλευρᾷ ἴσην τὴν ὑποτείνουσαν ὑπὸ μίαν τῶν ἴσων γωνιῶν κοινὴν αὐτῶν 
τὴν BA: καὶ τὰς λοιπὰς ἄρα πλευρὰς ταῖς λοιπαῖς πλευραῖς ἴσας ἕξουσιν: ἴση ἄρα ἡἣ ΔΕ τῇ ΔΖ. 
διὰ τὰ αὐτὰ δὴ καὶ ἣ ΔΗ τῇ ΔΖ ἐστιν ἴση. αἱ τρεῖς ἄρα εὐϑεῖαι αἱ ΔΕ, ΔΖ, ΔΗ ἴσαι ἀλλήλαις 
εἰσίν: ὁ ἄρα κέντρῷ τῷ Δ καὶ διαστήματι ἑνὶ τῶν Ε, Ζ, Η κύκλος γραφόμενος ἥξει καὶ διὰ τῶν 
λοιπῶν σημείων καὶ ἐφάψεται τῶν AB, BI, ΤᾺ εὐϑειῶν διὰ τὸ ὀρϑὰς εἶναι τὰς πρὸς τοῖς E, Ζ, 
H σημείοις γωνίας. εἰ γὰρ τεμεῖ αὐτάς, ἔσται 4 τῇ διαμέτρῳ τοῦ κύκλου πρὸς ὀρϑὰς ἀπ᾽ ἄκρας 
ἀγομένη ἐντὸς πίπτουσα τοῦ κύκλου: ὅπερ ἄτοπον ἐδείχϑη οὐκ ἄρα ὁ κέντρῳ τῷ Δ διαστήματι 
δὲ ἑνὶ τῶν E, Ζ, Η γραφόμενος κύκλος τεμεῖ τὰς AB, BY, ΓᾺ εὐϑείας: ἐφάψεται ἄρα αὐτῶν, 
nal ἔσται ὁ κύκλος ἐγγεγραμμένος εἰς τὸ ABI τρίγωνον. ἐγγεγράφϑω ὡς ὁ ZHE. 


Εἰς ἄρα τὸ δοϑὲν τρίγωνον τὸ ABI κύκλος ἐγγέγραπται ὁ ΕΖΗ: ὅπερ ἔδει ποιῆσαι. 
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ELEMENTS BOOK 4 


Proposition 4 


B 


To inscribe a circle in a given triangle. 
Let ABC be the given triangle. So it is required to inscribe a circle in triangle ABC. 


Let the angles ABC and ACB have been cut in half by the straight-lines BD and CD (respec- 
tively) [Prop. 1.9], and let them meet one another at point D, and let DE, DF, and DG have 
been drawn from point D, perpendicular to the straight-lines AB, BC, and CA (respectively) 
[Prop. 1.12]. 


And since angle ABD is equal to CBD, and the right-angle BED is also equal to the right-angle 
BFD, EBD and F BD are thus two triangles having two angles equal to two angles, and one 
side equal to one side—the (one) subtending one of the equal angles (which is) common to the 
(triangles)—(namely), BD. Thus, they will also have the remaining sides equal to the (corre- 
sponding) remaining sides [Prop. 1.26]. Thus, DE (is) equal to DF’. So, for the same (reasons), 
DG is also equal to DF’. Thus, the three straight-lines DE, DF’, and DG are equal to one another. 
Thus, the circle drawn with center D, and radius one of FE, F, or G,°° will also go through the 
remaining points, and will touch the straight-lines AB, BC, and ΟἽΑ, on account of the angles at 
E, F, and G being right-angles. For if it cuts (one of) them then it will be a (straight-line) drawn 
at right-angles to a diameter of the circle, from its end, falling inside the circle. They very thing 
was shown (to be) absurd [Prop. 3.16]. Thus, the circle drawn with center D, and radius one of 
E, F, or G, does not cut the straight-lines AB, BC, and CA. Thus, it will touch them. And the 
circle will have been inscribed in triangle ABC. Let it have been (so) inscribed, like FGE (in the 
figure). 


Thus, the circle EF'G has been inscribed in the given triangle ABC’. (Which is) the very thing it 
was required to do. 


>°Here, and in the following propositions, it is understood that the radius is actually one of DE, DF, or DG. 
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ΣΤΟΙΧΗΊΙΩΝ δ΄ 


B 
“Sie 
Περὶ τὸ δοϑὲν τρίγωνον κύκλον περιγράψαι. 


Ἔστω τὸ δοϑὲν τρίγωνον τὸ ABI™ δεῖ δὲ περὶ τὸ δοϑὲν τρίγωνον τὸ ABI κύκλον περιγράψαι. 


Ἰετμήσϑωσαν αἱ AB, AD εὐϑεῖαι δίχα κατὰ τὰ Δ, E σημεῖα, καὶ ἀπὸ τῶν Δ, E σημείων ταῖς 
AB, ADV πρὸς ὀρϑὰς ἤχϑωσαν αἱ AZ, EZ: συμπεσοῦνται δὴ ἤτοι ἐντὸς τοῦ ABI τριγώνου ἢ 
ἐπὶ τῆς BI εὐϑείας Ἦ ἐκτὸς τῆς BI. 


Συμπιπτέτωσαν πρότερον ἐντὸς κατὰ τὸ Z, καὶ ἐπεζεύχϑωσαν αἱ ZB, ZT, ZA. καὶ ἐπεὶ ἴση 
ἐστὶν ἣ AA τῇ ΔΒ, nowy δὲ καὶ πρὸς ὀρϑὰς ἣ ΔΖ, βάσις ἄρα ἡ AZ βάσει τῇ ZB ἐστιν ἴση. 
ὁμοίως δὴ δείξομεν, ὅτι καὶ ἣ [2 τῇ AZ ἐστιν ἴση: ὥστε καὶ ἣ ΖΒ τῇ ZV ἐστιν ton: αἱ τρεῖς 
ἄρα αἱ ZA, ZB, Ζ1 ἴσαι ἀλλήλαις εἰσίν. ὁ ἄρα κέντρῳ τῷ Z διαστήματι δὲ ἑνὶ τῶν A, Β, 1 
χκύχλος γραφόμενος ἕξει καὶ διὰ τῶν λοιπῶν σημείων, καὶ ἔσται περιγεγραμμένος ὁ κύκλος περὶ 
τὸ ABI’ τρίγωνον. περιγεγράφϑω ὡς ὁ ABI. 


ἀλλὰ δὴ αἱ AZ, EZ συμπιπτέτωσαν ἐπὶ τῆς BI εὐϑείας κατὰ τὸ Ζ, ὡς ἔχει ἐπὶ τῆς δευτέρας 
γκαταγραφῇς, καὶ ἐπεζεύχϑω ἡ AZ. ὁμοίως δὴ δείξομεν, ὅτι τὸ Ζ σημεῖον κέντρον ἐστὶ τοῦ περὶ 
τὸ ABI τρίγωνον περιγραφομένου χύχλου. 


᾿Αλλὰ δὴ αἱ AZ, EZ συμπιπτέτωσαν ἐκτὸς tod ABI τριγώνου κατὰ τὸ Ζ πάλιν, ὡς ἔχει ἐπὶ τῆς 
τρίτης καταγραφῆς, καί ἐπεζεύχϑωσαν αἱ AZ, ΒΖ, 12. καὶ ἐπεὶ πάλιν ἴση ἐστὶν ἣ AA τῇ ΔΒ, 
nowy δὲ καὶ πρὸς ὀρϑὰς ἡ ΔΖ, βάσις ἄρα ἡ AZ βάσει τῇ ΒΖ ἐστιν ἴση. ὁμοίως δὴ δείξομεν, 
ὅτι καὶ ἣ 12 τῇ AZ ἐστιν ἴση ὥστε καὶ ἣ ΒΖ τῇ ZIT ἐστιν ἴση ὁ ἄρα [πάλιν] κέντρῳ τῷ Ζ 
διαστήματι δὲ ἑνὶ τῶν ZA, ZB, ZT κύκλος γραφόμενος ἥξει καὶ διὰ τῶν λοιπῶν σημείων, καὶ 
ἔσται περιγεγραμμένος περὶ τὸ ABI’ τρίγωνον. 


Περὶ τὸ δοϑὲν ἄρα τρίγωνον κύκλος περιγέγραπται: ὅπερ ἔδει ποιῆσαι. 
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ELEMENTS BOOK 4 


Proposition 5 


C 


To circumscribe a circle about a given triangle. 


Let ABC be the given circle. So it is required to circumscribe a circle about the given triangle 
ABC. 


Let the straight-lines AB and AC have been cut in half at points D and E (respectively) [Prop. 1.10]. 
And let DF and EF have been drawn from points D and FE, at right-angles to AB and AC (re- 
spectively) [Prop. 1.11]. So (DF and EF) will surely either meet inside triangle ABC, on the 
straight-line BC, or beyond BC. 


Let them, first of all, meet inside (triangle ABC) at (point) Εἰ, and let FB, FC, and F'A have 
been joined. And since AD is equal to DB, and DF is common and at right-angles, the base AF’ 
is thus equal to the base ΓΒ [Prop. 1.4]. So, similarly, we can show that C’F is also equal to AF’. 
So that ΡΒ is also equal to FC. Thus, the three (straight-lines) ΕΑ, ΕΒ, and FC are equal to 
one another. Thus, the circle drawn with center Ε΄, and radius one of A, B, or C, will also go 
through the remaining points. And the circle will have been circumscribed about triangle ABC. 
Let it have been (so) circumscribed, like ABC (in the first diagram from the left). 


And so, let DF and EF meet on the straight-line BC at (point) F, like in the second diagram 
(from the left). And let AF have been joined. So, similarly, we can show that point F' is the center 
of the circle circumscribed about triangle ABC. 


And so, let DF and EF meet outside triangle ABC, again at (point) F’, like in the third diagram 
(from the left). And let AF’, BF’, and CF have been joined. And again since AD is equal to DB, 
and DF is common and at right-angles, the base AF’ is thus equal to the base BF [Prop. 1.4]. 
So, similarly, we can show that C’F is also equal to AF’. So that BF is also equal to FC. Thus, 
[again] the circle drawn with center F’, and radius one of ΓΑ, ΓΒ, and FC, will also go through 
the remaining points. And it will have been circumscribed about triangle ABC. 


Thus, a circle has been circumscribed about the given triangle. (Which is) the very thing it was 
required to do. 
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XTOLTXEIQN δ΄ 


Ι 


Εἰς τὸν δοϑέντα κύκλον τετράγωνον ἐγγράψαι. 
Ἔστω ἣ δοϑεὶς κύκλος ὁ ABTA: δεῖ δὴ εἰς tov ΑΒΙ Δ κύκλον τετράγωνον ἐγγράψαι. 


Ἤχϑωσαν τοῦ ΑΒΓΔ χύχλου δύο διάμετροι πρὸς ὀρϑὰς ἀλλήλαις αἱ AT, ΒΔ, καὶ ἐπεζεύχϑωσαν 
αἱ AB, BY, ΓΔ, ΔΑ. 


Kot ἐπεὶ ἴση ἐστὶν ἣ BE τῇ ΕΔ’ κέντρον γὰρ τὸ Ε΄" κοινὴ δὲ καὶ πρὸς ὀρϑὰς ἡ EA, βάσις 
ἄρα 7 AB βάσει τῇ AA ἴση ἐστίν. διὰ τὰ αὐτὰ δὴ καὶ ἑκατέρα τῶν BI, VA ἑκατέρᾳ τῶν AB, 
AA ἴση ἐστίν: ἰσόπλευρον ἄρα ἐστὶ τὸ ΑΒΓΔ τετράπλευρον. λέγω δή, ὅτι καὶ ὀρϑογώνιον. 
ἐπεὶ γὰρ 7 BA εὐϑεῖα διάμετρός ἐστι τοῦ ΑΒΙ Δ χύχκλου, ἡμικύκλιον ἄρα ἐστὶ τὸ BAA: ὀρϑὴ 
ἄρα ἣ ὑπὸ ΒΑΔ γωνία. διὰ τὰ αὐτὰ δὴ καὶ ἑκάστη τῶν ὑπὸ ABI, BVA, TAA ὀρϑή ἐστιν’ 
ὀρϑογώνιον ἄρα ἐστὶ τὸ ABTA τετράπλευρον. ἐδείχϑη δὲ nal ἰσόπλευρον: τετράγωνον ἄρα 
ἐστίν. καὶ ἐγγέγραπται εἰς τὸν ABTA κύκλον. 


Εἰς ἄρα τὸν δοϑέντα κύκλον τετράγωνον ἐγγέγραπται TO ABTA: ὅπερ ἔδει ποιῆσαι. 
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ELEMENTS BOOK 4 


Proposition 6 


A 


To inscribe a square in a given circle. 
Let ABCD be the given circle. So it is required to inscribe a square in circle ABCD. 


Let two diameters of circle ABCD, AC and BD, have been drawn at right-angles to one another.°! 
And let AB, BC, CD, and DA have been joined. 


And since BE is equal to ED, for FE (is) the center (of the circle), and L.A is common and at 
right-angles, the base AB is thus equal to the base AD [Prop. 1.4]. So, for the same (reasons), 
each of BC and CD is equal to each of AB and AD. Thus, the quadrilateral ABC D is equilateral. 
So I say that (it is) also right-angled. For since the straight-line BD is a diameter of circle ABCD, 
BAD is thus a semi-circle. Thus, angle BAD (is) a right-angle [Prop. 3.31]. So, for the same 
(reasons), (angles) ABC, BCD, and C'DA are each right-angles. Thus, the quadrilateral ABCD 
is right-angled. And it was also shown (to be) equilateral. Thus, it is a square [Def. 1.22]. And it 
has been inscribed in circle ABCD. 


Thus, the square ABCD has been inscribed in the given circle. (Which is) the very thing it was 
required to do. 


>!Presumably, by finding the center of the circle [Prop. 3.1], drawing a line through it, and then drawing a second 
line through it, at right-angles to the first [Prop. 1.11]. 
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ΣΤΟΙΧΗΙΩΝ δ΄ 


ζ 


Θ 1 Κ 


Περὶ τὸν δοϑέντα κύκλον τετράγωνον περιγράψαι. 
Ἔστω ὁ δοϑεὶς κύκλος ὁ ABA: δεῖ δὴ περὶ tov ΑΒΙΔ χκύχλον τετράγωνον περιγράψαι. 


Ἤχϑωσαν tod ΑΒΙΔ κύκλου δύο διάμετροι πρὸς ὀρϑὰς ἀλλήλαις αἱ AT, ΒΔ, καὶ διὰ τῶν A, 
Β, 1, Δ σημείων ἤχϑωσαν ἐφαπτόμεναι τοῦ ΑΒΙΔ κύκλου αἱ ΖΗ, ΗΘ, ΘΚ, ΚΖ. 


"Enel οὖν ἐφάπτεται ἣ ΖΗ τοῦ ΑΒΓΔ κύκλου, ἀπὸ δὲ τοῦ E κέντρου ἐπὶ τὴν κατὰ τὸ A ἐπαφὴν 
ἐπέζευκται ἡ EA, αἱ ἄρα πρὸς τῷ A γωνίαι ὀρϑαί εἰσιν. διὰ τὰ αὐτὰ δὴ καὶ αἱ πρὸς τοῖς B, I, 
Δ σημείοις γωνίαι ὀρϑαί εἰσιν. καὶ ἐπεὶ ὀρϑή ἐστιν ἣ ὑπὸ AEB γωνία, ἐστὶ δὲ ὀρϑὴ καὶ ἣ ὑπὸ 
EBH, παράλληλος ἄρα ἐστὶν ἣ ΗΘ τῇ ALT. διὰ τὰ αὐτὰ δὴ καὶ ἡ AV τῇ ΖΚ ἐστι παράλληλος. 
ὥστε καὶ ἣ ΗΘ τῇ ΖΚ ἐστι παράλληλος. ὁμοίως δὴ δείξομεν, ὅτι καὶ ἑκατέρα τῶν ΗΖ, ΘΚ 
τῇ ΒΕΔ ἐστι παράλληλος. παραλληλόγραμμα ἄρα ἐστὶ τὰ HK, HI, AK, ΖΒ, BK: ἴση ἄρα 
ἐστὶν ἣ μὲν ΗΖ τῇ OK, ἡἣ δὲ ΗΘ τῇ ΖΚ. καὶ ἐπεὶ ἴση ἐστὶν ἡ AT τῇ ΒΔ, ἀλλὰ καὶ H μὲν AT 
ἑκατέρα τῶν ΗΘ, ZK, ἣ δὲ ΒΔ ἑκατέρᾳ τῶν HZ, ΘΚ ἐστιν ἴση [καὶ ἑκατέρα ἄρα τῶν HO, 
ZK ἑκατέρᾳ τῶν ΗΖ, ΘΚ ἐστιν ἴση], ἰσόπλευρον ἄρα ἐστὶ τὸ ZHOK τετράπλευρον. λέγω δή, 
ὅτι καὶ ὀρθογώνιον. ἐπεὶ γὰρ παραλληλόγραμμόν ἐστι τὸ HBEA, χαί ἐστιν ὀρϑὴ ἡ ὑπὸ AEB, 
ὀρϑὴ ἄρα nat 7 ὑπὸ AHB. ὁμοίως δὴ δείξομεν, ὅτι καὶ αἱ πρὸς τοῖς Θ, K, Z γωνίαι ὀρϑαί 
εἰσιν. ὀρϑογώνιον ἄρα ἐστὶ τὸ ZHOK. ἐδείχϑη δὲ καὶ ἰσόπλευρον" τετράγωνον ἄρα ἐστίν. καὶ 
περιγέγραπται περὶ τὸν ABTA κύκλον. 


Περὶ τὸν δοϑέντα ἄρα κύκλον τετράγωνον περιγέγραπται: ὅπερ ἔδει ποιῆσαι. 
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ELEMENTS BOOK 4 


Proposition 7 


G A F 
B D 
H C K 


To circumscribe a square about a given circle. 
Let ABCD be the given circle. So it is required to circumscribe a square about circle ABCD. 


Let two diameters of circle ABCD, AC and BD, have been drawn at right-angles to one another.°” 
And let FG, GH, HK, and K F have been drawn through points A, B, C, and D (respectively), 
touching circle ABC D.*° 


Therefore, since ΕΓ touches circle ABCD, and ΕΑ has been joined from the center F to the 
point of contact A, the angle at A is thus a right-angle [Prop. 3.18]. So, for the same (reasons), 
the angles at points B, C, and D are also right-angles. And since angle AFB is a right-angle, and 
EBG is also a right-angle, GH is thus parallel to AC’ [Prop. 1.29]. So, for the same (reasons), 
AC is also parallel to ΕΚ. So that GH is also parallel to ΕΚ [Prop. 1.30]. So, similarly, we 
can show that GF and HK are each parallel to BED. Thus, Gk, GC, AK, ΕΒ, and BK are 
(all) parallelograms. Thus, GF is equal to HK, and GH to ΕΚ [Prop. 1.34]. And since AC 
is equal to BD, but AC (is) also (equal) to each of GH and ΕΚ, and BD is equal to each of 
GF and HK [Prop. 1.34] [and each of GH and F'K is thus equal to each of GF and HK], the 
quadrilateral FGHK is thus equilateral. So I say that (it is) also right-angled. For since GBEA 
is a parallelogram, and AFB is a right-angle, AGB is thus also a right-angle [Prop. 1.34]. So, 
similarly, we can show that the angles at H, K, and F are also right-angles. Thus, FGHK is 
right-angled. And it was also shown (to be) equilateral. Thus, it is a square [Def. 1.22]. And it 
has been circumscribed about circle ABCD. 


Thus, a square has been circumscribed about the given circle. (Which is) the very thing it was 
required to do. 


°2See the footnote to the previous proposition. 
°3See the footnote to Prop. 3.34. 
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ΣΤΟΙΧΕΊΩΝ δ΄ 


Ρ Θ 1 


Εἰς τὸ δοϑὲν τετράγωνον κύκλον ἐγγράψαι. 
Ἔστω τὸ δοϑὲν τετράγωνον τὸ ABTA. δεῖ δὴ εἰς τὸ ΑΒΙ Δ τετράγωνον κύκλον ἐγγράψαι. 


Ἰετμήσϑω ἑκατέρα τῶν AA, AB δίχα κατὰ τὰ E, Ζ σημεῖα, καὶ διὰ μὲν τοῦ E ὁποτέρᾳ τῶν 
AB, TA παράλληλος ἤχϑω ὁ ΕΘ, διὰ δὲ tod Ζ ὁποτέρᾳ τῶν AA, BI παράλληλος ἤχϑω ἣ 
ΖΚ: παραλληλόγραμμον ἄρα ἐστὶν ἕκαστον τῶν AK, ΚΡ, ΛΘ, ΘΔ, AH, HI, BH, ΗΔ, καὶ 
αἱ ἀπεναντίον αὐτῶν πλευραὶ δηλονότι ἴσαι [εἰσίν]. καὶ ἐπεὶ ἴση ἐστὶν ἣ AA tH AB, χαί ἐστι 
τῆς μὲν ΛΔ ἡμίσεια ἣ AE, τῆς δὲ AB ἡμίσεια ἡ AZ, ἴση ἄρα nat ἣ AE τῇ ΑΖ: ὥστε καὶ 
αἱ ἀπεναντίον" ἴση ἄρα καὶ ἣ ΖΗ τῇ HE. ὁμοίως δὴ δείξομεν, ὅτι καὶ ἑκατέρα τῶν ΗΘ, ΗΚ 
ἑκατέρα τῶν ZH, HE ἐστιν ion: αἱ τέσσαρες ἄρα αἱ HE, ΗΖ, ΗΘ, HK ἴσαι ἀλλήλαις [εἰσίν]. ὁ 
ἄρα xévtow μὲν τῷ Η διαστήματι δὲ ἑνὶ τῶν Ε, Ζ, Θ, Κ κύκλος γραφόμενος ἥξει καὶ διὰ τῶν 
λοιπῶν σημείων: καὶ ἐφάψεται τῶν AB, BI, ΓΔ, AA εὐϑειῶν διὰ τὸ ὀρϑὰς εἶναι τὰς πρὸς τοῖς 
Ε, Z, ©, Κ γωνίας: εἰ γὰρ τεμεῖ ὁ κύκλος τὰς AB, BI, ΓΔ, AA, ἣ τῇ διαμέτρῳ τοῦ κύκλου 
πρὸς ὀρϑὰς ἀπ᾿ ἄκρας ἀγομένη ἐντὸς πεσεῖται τοῦ κύκλου: ὅπερ ἄτοπον ἐδείχϑη. οὐκ ἄρα ὁ 
κέντρῳ τῷ Η διαστήματι δὲ ἑνὶ τῶν E, Ζ, Θ, K κύκλος γραφόμενος τεμεῖ τὰς AB, BI, TA, 
ΔΑ εὐϑείας. ἐφάψεται ἄρα αὐτῶν καὶ ἔσται ἐγγεγραμμένος εἰς τὸ ΑΒΙ Δ τετράγωνον. 


Εἰς ἄρα τὸ δοϑὲν τετράγωνον κύκλος ἐγγέγραπται: ὅπερ ἔδει ποιῆσαι. 
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ELEMENTS BOOK 4 


Proposition 8 


A E D 
F K 
B H C 


To inscribe a circle in a given square. 
Let the given square be ABCD. So it is required to inscribe a circle in square ABCD. 


Let AD and AB each have been cut in half at points Εἰ and F (respectively) [Prop. 1.10]. And let 
EH have been drawn through F, parallel to either of AB or CD, and let ΕΚ have been drawn 
through Ε΄, parallel to either of AD or BC [Prop. 1.31]. Thus, ΑΚ, KB, AH, HD, AG, GC, BG, 
and GD are each parallelograms, and their opposite sides [are] manifestly equal [Prop. 1.34]. 
And since AD is equal to AB, and AEF is half of AD, and AF half of AB, AF (is) thus also 
equal to AF’. So that the opposite (sides are) also (equal). Thus, F'G (is) also equal to GE. So, 
similarly, we can also show that each of GH and GK is equal to each of FG and GE. Thus, the 
four (straight-lines) GE, GF, GH, and GK [are] equal to one another. Thus, the circle drawn 
with center G, and radius one of Κ᾽, Ε', H, or Καὶ, will also go through the remaining points. And 
it will touch the straight-lines AB, BC, CD, and DA, on account of the angles at FE, Ε', H, and 
K being right-angles. For if the circle cuts AB, BC, CD, or DA, then a (straight-line) drawn at 
right-angles to a diameter of the circle, from its end, will fall inside the circle. The very thing was 
shown (to be) absurd [Prop. 3.16].Thus, the circle drawn with center G, and radius one of E, F, 
H, or K, does not cut the straight-lines AB, BC, CD, or DA. Thus, it will touch them, and will 
have been inscribed in the square ABCD. 


Thus, a circle has been inscribed in the given square. (Which is) the very thing it was required to 
do. 
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ΣΤΟΙΧΗΙΩΝ δ΄ 
9΄ 


Α 


ii 


Περὶ τὸ δοϑὲν τετράγωνον κύκλον περιγράψαι. 
Ἔστω τὸ δοϑὲν τετράγωνον τὸ ΑΒΙΔ’ δεῖ δὴ περὶ τὸ ΑΒΓΔ τετράγωνον κύκλον περιγράψαι. 
᾿Επιζευχϑεῖσαι γὰρ αἱ AT, BA τεμνέτωσαν ἀλλήλας κατὰ τὸ E. 


Καὶ ἐπεὶ ἴση ἐστὶν ἣ AA τῇ ΑΒ, κοινὴ δὲ ἣ AT, δύο δὴ αἱ AA, AT δυσὶ ταῖς BA, AT ἴσαι 
εἰσίν: καὶ βάσις ἡ ΔΙ᾽ βάσει τῇ BI ἴση: γωνία ἄρα ἣ ὑπὸ AAT γωνίᾳ τῇ ὑπὸ BAT ἴση ἐστίν" ἣ 
ἄρα ὑπὸ ΔΑΒ γωνία δίχα τέτμηται ὑπὸ τῆς AT. ὁμοίως δὴ δείξομεν, ὅτι καὶ ἑκάστη τῶν ὑπὸ 
ABI, BPA, TAA δίχα τέτμηται ὑπὸ τῶν AT, ΔΒ εὐϑειῶν. καὶ ἐπεὶ ἴση ἐστὶν ἣ ὑπὸ ΔΑΒ γωνία 
τῇ ὑπὸ ABI, καί ἐστι τῆς μὲν ὑπὸ ΔΑΒ ἡμίσεια ἡ ὑπὸ EAB, τῆς δὲ ὑπὸ ABT ἡμίσεια ἣ ὑπὸ 
EBA, καὶ 7 ὑπὸ EAB ἄρα τῇ ὑπὸ EBA ἐστιν ἴση: ὥστε καὶ πλευρὰ ἣ EA τῇ EB ἐστιν ἴση. 
ὁμοίως δὴ δείξομεν, ὅτι καὶ ἑκατέρα τῶν EA, EB [εὐϑειῶν] ἑκατέρᾳ τῶν ED, ἘΔ ἴση ἐστίν. αἱ 
τέσσαρες ἄρα αἱ EA, EB, ED, EA ἴσαι ἀλλήλαις εἰσίν. ὁ ἄρα κέντρῳ τῷ E καὶ διαστήματι ἑνὶ 
τῶν A, B, 1., Δ κύχλος γραφόμενος ἥξει καὶ διὰ τῶν λοιπῶν σημείων καὶ ἔσται περιγεγραμμένος 
περὶ τὸ ΛΒΙΔ τετράγωνον. περιγεγράφϑω ὡς ὁ ABIA. 


Περὶ τὸ δοϑὲν ἄρα τετράγωνον κύκλος περιγέγραπται᾽ ὅπερ ἔδει ποιῆσαι. 
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ELEMENTS BOOK 4 


Proposition 9 


A 


To circumscribe a circle about a given square. 
Let ABCD be the given square. So it is required to circumscribe a circle about square ABCD. 
AC and BD being joined, let them cut one another at EL. 


And since DA is equal to AB, and AC (is) common, the two (straight-lines) DA, AC are thus 
equal to the two (straight-lines) BA, AC. And the base DC (is) equal to the base BC’. Thus, 
angle DAC is equal to angle BAC [Prop. 1.8]. Thus, the angle DAB has been cut in half by AC. 
So, similarly, we can show that ABC’, BCD, and ΟἿΑ have each been cut in half by the straight- 
lines AC and DB. And since angle DAB is equal to ABC, and EAB is half of DAB, and EBA 
half of ABC, EAB is thus also equal to EBA. So that side EA is also equal to EB [Prop. 1.6]. 
So, similarly, we can show that each of the [straight-lines] HA and ΕΒ are also equal to each 
of EC and ED. Thus, the four (straight-lines) EA, ΕΒ, EC, and ED are equal to one another. 
Thus, the circle drawn with center Κ᾽, and radius one of A, B, C, or D, will also go through the 
remaining points, and will have been circumscribed about the square ABCD. Let it have been 
(so) circumscribed, like ABCD (in the figure). 


Thus, a circle has been circumscribed about the given square. (Which is) the very thing it was 
required to do. 
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ΣΤΟΙΧΗΊΙΩΝ δ΄ 


(\) : 
π| ΞΞΞΞΞΞΞ 5 


᾿σοσκελὲς τρίγωνον συστήσασϑαι ἔχον ἑκατέραν τῶν πρὸς τῇ βάσει γωνιῶν διπλασίονα τῆς 
λοιπῆς. 


Ἔχκείσϑω τις εὐθεῖα ἣ ΑΒ, καὶ τετμήσϑω uate τὸ TI σημεῖον, ὥστε τὸ ὑπὸ τῶν AB, BI 
περιεχόμενον ὀρϑογώνιον ἴσον εἶναι τῷ ἀπὸ τῆς DA τετραγώνῳ: καὶ κέντρῳ τῷ A noel διαστήματι 
τῷ AB χύκλος γεγράγϑω ὁ ΒΔΕ, καὶ ἐνηρμόσϑω εἰς τὸν ΒΔΕ, κύκλον τῇ AT εὐϑείᾳ μὴ μείζονι 
οὔσῃ τῆς τοῦ ΒΔΕ χύχλου διαμέτρου ἴση εὐθεῖα ἡ ΒΔ’ uci ἐπεζεύχϑωσαν αἱ AA, AT, καὶ 
περιγεγράφϑω περὶ τὸ ATA τρίγωνον κύκλος 6 ATA. 


Kot ἐπεὶ τὸ ὑπὸ τῶν AB, BI ἴσον ἐστὶ τῷ ἀπὸ τῆς AT, ἴση δὲ ἡ AT τῇ ΒΔ, τὸ ἄρα ὑπὸ τῶν 
AB, BI ἴσον ἐστὶ τῷ ἀπὸ τῆς ΒΔ. καὶ ἐπεὶ κύκλου τοῦ ATA εἴληπταί τι σημεῖον ἐκτὸς τὸ B, 
καὶ ἀπὸ τοῦ Β πρὸς τὸν ATA κύκλον προσπεπτώχασι δύο εὐϑεῖαι αἱ BA, ΒΔ, καὶ ἡ μὲν αὐτῶν 
τέμνει, ἣ δὲ προσπίπτει, καί ἐστι τὸ ὑπὸ τῶν AB, BI ἴσον τῷ ἀπὸ τῆς ΒΔ, 7 ΒΔ ἄρα ἐφάπτεται 
tod ALA χύχλου. ἐπεὶ οὖν ἐφάπτεται μὲν ἣ ΒΔ, ἀπὸ δὲ τῆς κατὰ τὸ Δ ἐπαφῆς Sixt ἣ AT, 
ἡ ἄρα ὑπὸ BAT γωνιά ἴση ἐστὶ τῇ ἐν τῷ ἐναλλὰξ τοῦ κύκλου τμήματι γωνίᾳ τῇ ὑπὸ AAT. ἐπεὶ 
οὖν ἴση ἐστὶν ἣ ὑπὸ BAT τῇ ὑπὸ AAT, κοινὴ προσκείσϑω ἣ ὑπὸ TAA: ὅλη ἄρα ἣ ὑπὸ ΒΔΑ ἴση 
ἐστὶ δυσὶ ταῖς ὑπὸ TAA, AAT. ἀλλὰ ταῖς ὑπὸ TAA, AAT ἴση ἐστὶν ἣ ἐκτὸς H ὑπὸ BVA: χκαὶ ἣ 
ὑπὸ BAA ἄρα ἴση ἐστὶ τῇ ὑπὸ BIA. ἀλλὰ ἡ ὑπὸ BAA τῇ ὑπὸ VBA ἐστιν ἴση, ἐπεὶ καὶ πλευρὰ 
ἡ AA τῇ AB ἐστιν ton ὥστε καὶ ἣ ὑπὸ ABA τῇ ὑπὸ ΒΙ Δ ἐστιν ἴση. αἱ τρεῖς ἄρα αἱ ὑπὸ BAA, 
ABA, BIA ἴσαι ἀλλήλαις εἰσίν. καὶ ἐπεὶ ἴση ἐστὶν ἡ ὑπὸ ABI γωνία τῇ ὑπὸ BLA, ἴση ἐστὶ καὶ 
πλευρὰ ἣ ΒΔ πλευρᾷ τῇ AT. ἀλλὰ ἡ ΒΔ τῇ VA ὑπόκειται ἴση" καὶ ἣ VA ἄρα τῇ VA ἐστιν ton: 
ὥστε nat γωνία ἡ ὑπὸ TAA γωνίᾳ τῇ ὑπὸ AAT ἐστιν ton αἱ ἄρα ὑπὸ ΓΔΑ, AAT τῆς ὑπὸ AAT 
εἰσι διπλασίους. ἴση δὲ H ὑπὸ BIA ταῖς ὑπὸ TAA, AAT™ χκαὶ ἣ ὑπὸ BVA ἄρα τῆς ὑπὸ ΓᾺΔ ἐστι 
διπλῇ. ἴση δὲ ἡ ὑπὸ BVA ἑκατέρᾳ τῶν ὑπὸ BAA, ABA: χαὶ ἑκατέρα ἄρα τῶν ὑπὸ BAA, ABA 
τῆς ὑπὸ ΔΑΒ ἐστι διπλῆ. 


᾿σοσκελὲς ἄρα τρίγωνον συνέσταται τὸ ΑΒΔ ἔχον ἑκατέραν τῶν πρὸς τῇ ΔΒ βάσει γωνιῶν 
διπλασίονα τῆς λοιπῆς ὅπερ ἔδει ποιῆσαι. 
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ELEMENTS BOOK 4 


Proposition 10 


To construct an isosceles triangle having each of the angles at the base double the remaining 
(angle). 


Let some straight-line AB be taken, and let it have been cut at point C so that the rectangle 
contained by AB and BC is equal to the square on (ΤΑ [Prop. 2.11]. And let the circle BDE 
have been drawn with center A, and radius AB. And let the straight-line BD, equal to the 
straight-line AC, being not greater than the diameter of circle BDE, have been inserted into 
circle BDE [Prop. 4.1]. And let AD and DC have been joined. And let the circle AC'D have been 
circumscribed about triangle ACD [Prop. 4.5]. 


And since the (rectangle contained) by AB and BC is equal to the (square) on AC, and AC (is) 
equal to BD, the (rectangle contained) by AB and BC is thus equal to the (square) on BD. 
And since some point B has been taken outside of circle AC'D, and two straight-lines BA and 
BD have radiated from B towards the circle ABC, and (one) of them cuts (the circle), and (the 
other) meets (the circle), and the (rectangle contained) by AB and BC is equal to the (square) 
on BD, BD thus touches circle ABC [Prop. 3.37]. Therefore, since BD touches (the circle), and 
DC has been drawn across (the circle) from the point of contact D, the angle BDC is thus equal 
to the angle DAC in the alternate segment of the circle [Prop. 3.32]. Therefore, since BDC is 
equal to DAC, let CDA have been added to both. Thus, the whole of BDA is equal to the two 
(angles) CDA and DAC. But, CDA and DAC is equal to the external (angle) ΒΟ ἢ) [Prop. 1.32]. 
Thus, BDA is also equal to BC'D. But, BDA is equal to CBD, since the side AD is also equal to 
AB [Prop. 1.5]. So that DBA is also equal to BCD. Thus, the three (angles) BDA, DBA, and 
BCD are equal to one another. And since angle DBC is equal to BCD, side BD is also equal 
to side DC [Prop. 1.6]. But, BD was assumed (to be) equal to C'A. Thus, CA is also equal to 
CD. So that angle C'DA is also equal to angle DAC [Prop. 1.5]. Thus, CDA and DAC is double 
DAC. But BCD (is) equal to CDA and DAC. Thus, BCD is also double CAD. And BCD (is) 
equal to to each of BDA and DBA. Thus, BDA and DBA are each double DAB. 


Thus, the isosceles triangle ABD has been constructed having each of the angles at the base BD 
double the remaining (angle). (Which is) the very thing it was required to do. 
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ΣΤΟΙΧΗΙΩΝ δ΄ 


Ν 
I A H Θ 
Εἰς τὸν δοϑέντα κύκλον πεντάγωνον ἰσόπλευρόν τε χαὶ ἰσογώνιον ἐγγράψαι. 


Ἔστω ὁ δοϑεὶς κύκλος ὁ ΛΒΙ͂ΔΕ; δεῖ δὴ εἰς τὸν ΑΒΙΔΕ κύκλον πεντάγωνον ἰσόπλευρόν τε 
nal ἰσογώνιον ἐγγράψαι. 


"Exncto9w τρίγωνον ἰσοσκελὲς τὸ ΖΗΘ διπλασίονα ἔχον ἑκατέραν τῶν πρὸς τοῖς Η, © γωνιῶν 
τῆς πρὸς τῷ Z, not ἐγγεγράφϑω εἰς τὸν ABLAE κύκλον τῷ ΖΗΘ τριγώνῳ ἰσογώνον τρίγωνον 
τὸ ATA, ὥστε τῇ μὲν πρὸς τῷ Z γωνίᾳ ἴσην εἶναι τὴν ὑπὸ ΓΑΔ, ἑκατέραν δὲ τῶν πρὸς τοῖς H, 
© ἴσην ἑκατέρᾳ τῶν ὑπὸ ATA, TAA: καὶ ἑκατέρα ἄρα τῶν ὑπὸ ATA, PAA τῆς ὑπὸ TAA ἐστι 
διπλῇ. τετμήσϑω δὴ ἑκατέρα τῶν ὑπὸ ATA, TAA δίχα ὑπὸ ἑκατέρας τῶν TE, ΔΒ εὐϑειῶν, καὶ 
ἐπεζεύχϑωσαν αἱ AB, BI, [VA], ΔΕ, EA. 


"Enel οὖν ἑκατέρα τῶν ὑπὸ ATA, TAA γωνιῶν διπλασίων ἐστὶ τῆς ὑπὸ TAA, καὶ τετμημέναι εἰσὶ 
δίχα ὑπὸ τῶν CE, ΔΒ εὐϑειῶν, αἱ πέντε ἄρα γωνίαι αἱ ὑπὸ AAT, ATE, ΕΓΔ, ΓΔΒ, BAA ἴσαι 
ἀλλήλαις εἰσίν. αἱ δὲ ἴσαι γωνίαι ἐπὶ ἴσων περιφερειῶν βεβήκασιν: αἱ πέντε ἄρα περιφέρειαι αἱ AB, 
BI, VA, ΔΕ, EA ἴσαι ἀλλήλαις εἰσίν. ὑπὸ δὲ τὰς ἴσας περιφερείας ἴσαι εὐϑεῖαι ὑποτείνουσιν: αἱ 
πέντε ἄρα εὐϑεῖαι αἱ AB, BI, VA, ΔΕ, EA ἴσαι ἀλλήλαις εἰσίν: ἰσόπλευρον ἄρα ἐστὶ τὸ ΑΒΓΔΕ 
πεντάγωνον. λέγω δή, ὅτι καὶ ἰσογώνιον. ἐπεὶ γὰρ ἣ AB περιφέρεια τῇ ΔΕ περιφερείᾳ ἐστὶν ἴση, 
κοινὴ προσχείσϑω ἣ BLA: ὅλη ἄρα ἣ ΛΒΙ Δ περιφέρια ὅλῃ τῇ EATB περιφερείᾳ ἐστὶν ἴση. καὶ 
βέβηκεν ἐπὶ μὲν τῆς ΑΒΓΔ περιφερείας γωνία 7 ὑπὸ AEA, ἐπὶ δὲ τῆς EATB περιφερείας γωνία 
ἣ ὑπὸ BAE: χαὶ ἣ ὑπὸ BAE ἄρα γωνία τῇ ὑπὸ AEA ἐστιν ἴση. διὰ τὰ αὐτὰ δὴ καὶ ἑκάστη τῶν 
ὑπὸ ΑΒΙ, BVA, ΤΔΕ γωνιῶν ἑκατέρᾳ τῶν ὑπὸ ΒΛΗ, AEA ἐστιν ἴση ἰσογώνιον ἄρα ἐστὶ τὸ 
ABLAE πεντάγωνον. ἐδείχϑη δὲ καὶ ἰσόπλευρον. 


Εἰς ἄρα τὸν δοϑέντα κύκλον πεντάγωνον ἰσόπλευρόν τε καὶ ἰσογώνιον ἐγγέγραπται: ὅπερ ἔδει 
ποιῆσαι. 
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Proposition 11 


A 


C D G H 
To inscribe an equilateral and equiangular pentagon in a given circle. 


Let ABCDE be the given circle. So it is required to inscribed an equilateral and equiangular 
pentagon in circle ABCDE. 


Let the the isosceles triangle F'GH be set up having each of the angles at G and H double the 
(angle) at F' [Prop. 4.10]. And let triangle AC'D, equiangular to FGH, have been inscribed in 
circle ABCDE, so that CAD is equal to the angle at F’, and each of the (angles) at G and H 
(are) equal to each of ACD and ΟἽΑ (respectively) [Prop. 4.2]. Thus, ACD and CDA are each 
double C'AD. So let ACD and ΟἿΑ have each been cut in half by each of the straight-lines CE 
and DB (respectively) [Prop. 1.9]. And let AB, BC, [CD], DE and EA have been joined. 


Therefore, since angles ACD and C'DA are each double CAD, and are cut in half by the straight- 
lines CE and DB, the five angles DAC, ACE, ECD, CDB, and BDA are thus equal to one 
another. And equal angles stand upon equal circumferences [Prop. 3.26]. Thus, the five circum- 
ferences AB, BC, CD, DE, and EA are equal to one another [Prop. 3.29]. Thus, the pentagon 
ABCDE is equilateral. So I say that (it is) also equiangular. For since the circumference AB 
is equal to the circumference DE, let BCD have been added to both. Thus, the whole circum- 
ference ABCD is equal to the whole circumference EDC'B. And the angle AED stands upon 
circumference ABCD, and angle BAF upon circumference EDC'B. Thus, angle ΒΑΕ is also 
equal to AED [Prop. 3.27]. So, for the same (reasons), each of the angles ABC’, BCD, and 
CDE are also equal to each of BAE and AED. Thus, pentagon ABC DE is equiangular. And it 
was also shown (to be) equilateral. 


Thus, an equilateral and equiangular pentagon has been inscribed in the given circle. (Which is) 
the very thing it was required to do. 
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ιβ΄ 
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+3 X / 4 / 2 / / x. 2 Fd / 
Περὶ tov δοϑέντα κύκλον πεντάγωνον ἰσόπλευρόν τε χαὶ ἰσογώνιον περιγράψαι. 


Ἔστω ὁ δοϑεὶς κύκλος ὁ ΑΒΓΔΕ: δεῖ δὲ περὶ tov ΛΒΙ ΔΕ κύκλον πεντάγωνον ἰσόπλευρόν τε 
nat ἰσογώνιον περιγράψαι. 


Nevoyjodw τοῦ ἐγγεγραμμένου πενταγώνου τῶν γωνιῶν σημεῖα τὰ A, Β, T, Δ, E, ὥστε ἴσας 
εἶναι τὰς AB, BI, ΓΔ, ΔΕ, ΕΑ περιφερείας" καὶ διὰ τῶν A, Β, 1, Δ, E ἤχϑωσαν τοῦ κύκλου 
ἐφαπτόμεναι αἱ ΗΘ, ΘΚ, ΚΛ, AM, MH, χαὶ εἰλήφϑω τοῦ ΑΒΓΔΕ χύχλου κέντρον τὸ Ζ, καὶ 
ἐπεζεύχϑωσαν αἱ ZB, ZK, ZV, ZA, ΖΔ. 


Kot ἐπεὶ 4 μὲν KA εὐϑεῖα ἐφάπτεται τοῦ ΑΒΓΔΕ κατὰ τὸ 1, ἀπὸ δὲ tod Z κέντρου ἐπὶ τὴν 
nate τὸ Τ᾽ ἐπαφὴν ἐπέζευκται ἡ ZV, ἡ ZV ἄρα χάϑετός ἐστιν ἐπὶ τὴν ΚΛ’ ὀρϑὴ ἄρα ἐστὶν 
ἑκατέρα τῶν πρὸς τῷ 1" γωνιῶν. διὰ τὰ αὐτὰ δὴ καὶ αἱ πρὸς τοῖς Β, Δ σημείοις γωνίαι ὀρϑαί 
εἰσιν. καὶ ἐπεὶ ὀρϑή ἐστιν H ὑπὸ ΖΙ Κα γωνία, τὸ ἄρα ἀπὸ τῆς ZK ἴσον ἐστὶ τοῖς ἀπὸ τῶν ZIT, 
TK. διὰ τὰ αὐτὰ δὴ καὶ τοῖς ἀπὸ τῶν ΖΒ, ΒΚ ἴσον ἐστὶ τὸ ἀπὸ τῆς ΖΙΚ᾽ ὥστε τὰ ἀπὸ τῶν ZT, 
ΓΚ τοῖς ἀπὸ τῶν ΖΒ, ΒΚ ἐστιν ἴσα, ὧν τὸ ἀπὸ τῆς ZT τῷ ἀπὸ τῆς ZB ἐστιν ἴσον: λοιπὸν ἄρα 
τὸ ἀπὸ τῆς ΓΚ τῷ ἀπὸ τῆς ΒΚ ἐστιν ἴσον. ἴση ἄρα 7 ΒΚ τῇ ΓΚ. καὶ ἐπεὶ ἴση ἐστὶν ἣ ZB τῇ 
ZI, καὶ κοινὴ ἡἣ ZK, δύο δὴ αἱ ΒΖ, ΖΚ δυσὶ ταῖς ΓΖ, ZK ἴσαι εἰσίν: καὶ βάσις ἣ BK βάσει 
τῇ TK [ἐστιν] ἴση: γωνία ἄρα ἣ μὲν ὑπὸ BZK [γωνίᾳ] τῇ ὑπὸ KZT ἐστιν ἴση" ἡ δὲ ὑπὸ ΒΚΖ 
τῇ ὑπὸ ZKI™ διπλῇ ἄρα ἣ μὲν ὑπὸ BZT τῆς ὑπὸ KZT, ἡ δὲ ὑπὸ BRKT τῆς ὑπὸ ZKT. διὰ τὰ 
αὐτὰ δὴ καὶ H μὲν ὑπὸ ΓΖΔ τῆς ὑπὸ VZA ἐστι διπλῆ, ἡ δὲ ὑπὸ AAT τῆς ὑπὸ ZAT. καὶ ἐπεὶ 
ἴση ἐστὶν ἡ BI’ περιφέρεια τῇ TA, ἴση ἐστὶ καὶ γωνία ἡἣ ὑπὸ BZT τῇ ὑπὸ VZA. καί ἐστιν ἣ μὲν 
ὑπὸ ΒΖ] τῆς ὑπὸ ΚΖΙ διπλῆ, ἡ δὲ ὑπὸ AZT τῆς ὑπὸ AZI™ ἴση ἄρα καὶ ἡ ὑπὸ KZT τῇ ὑπὸ 
AZI™ ἐστὶ δὲ καὶ ἣ ὑπὸ ΖΙΚ γωνία τῇ ὑπὸ ΖΙΛ ἴση. δύο δὴ τρίγωνά ἐστι τὰ ZKT, ΖΛΙ τὰς 
δύο γωνίας ταῖς δυσὶ γωνίαις ἴσας ἔχοντα καὶ μίαν πλευρὰν μιᾷ πλευρᾷ ἴσην κοινὴν αὐτῶν τὴν 
ZI™ καὶ τὰς λοιπὰς ἄρα πλευρὰς ταῖς λοιπαῖς πλευραῖς ἴσας ἕξει καὶ τὴν λοιπὴν γωνίαν τῇ λοιπῇ 
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Proposition 12 


K C L 


To circumscribe an equilateral and equiangular pentagon about a given circle. 


Let ABCDE be the given circle. So it is required to circumscribe an equilateral and equiangular 
pentagon about circle ABC DE. 


Let A, B, C, D, and E have been conceived as the angular points of a pentagon having been 
inscribed (in circle ABC DE) [Prop. 3.11], such that the circumferences AB, BC, CD, DE, and 
EA are equal. And let GH, HK, KL, LM, and MG have been drawn through (points) A, B, C, 
D, and E (respectively), touching the circle.** And let the center F of the circle ABCDE have 
been found [Prop. 3.1]. And let ΕΒ, ΕΚ, FC, FL, and F'D have been joined. 


And since the straight-line KL touches (circle) ABC DE at C, and FC has been joined from the 
center F' to the point of contact C, F'C is thus perpendicular to K L [Prop. 3.18]. Thus, each of 
the angles at C is a right-angle. So, for the same (reasons), the angles at B and D are also right- 
angles. And since angle F'C'K is a right-angle, the (square) on ΕΚ is thus equal to the (sum of 
the squares) on FC and CK [Prop. 1.47]. So, for the same (reasons), the (square) on ΕΚ is also 
equal to the (sum of the squares) on ΓΒ and BK. So that the (sum of the squares) on F'C and 
CK is equal to the (sum of the squares) on ΓΒ and BK, of which the (square) on FC is equal 
to the (square) on ΓΒ. Thus, the remaining (square) on C'K is equal to the remaining (square) 
on ΒΚ. Thus, BK (is) equal to CK. And since ΕΒ is equal to FC, and F'K (is) common, the 
two (straight-lines) BF’, ΕΚ are equal to the two (straight-lines) CF, FAK. And the base BK 
[is] equal to the base CK. Thus, angle ΒΕ Καὶ is equal to [angle] KFC [Prop. 1.8]. And BK F (is 
equal) to F KC [Prop. 1.8]. Thus, BFC (is) double KFC, and BKC (is double) F KC. So, for 
the same (reasons), CFD is also double CF'L, and DLC (is also double) FLC. And since circum- 


°4See the footnote to Prop. 3.34. 


2:2 


XTOIXEIQON δ΄ 
1B" 


γωνίᾳ" ton ἄρα ἣ μὲν KT εὐϑεῖα τῇ DA, ἡ δὲ ὑπὸ ZKT γωνία τῇ ὑπὸ ZAT. καὶ ἐπεὶ ἴση ἐστὶν 
ἡ KT τῇ ΓΔ, διπλῆ ἄρα ἡ ΚΛ τῆς KT. διὰ τὰ αὐτα δὴ δειχϑήσεται καὶ ἣ ΘΚ τῆς BK διπλῆ. 
nat ἐστιν ἣ ΒΚ τῇ KT ἴση: καὶ ἣ ΘΚ ἄρα τῇ ΚΛ ἐστιν ἴση. ὁμοίως δὴ δειχϑήσεται καὶ ἑκάστη 
τῶν ΘΗ, HM, MA ἑχατέρᾳ τῶν ΘΚ, ΚΛ ion: ἰσόπλευρον ἄρα ἐστὶ τὸ HOKAM πεντάγωνον. 
λέγω δή, ὅτι καὶ ἰσογώνιον. ἐπεὶ γὰρ ἴση ἐστὶν ἣ ὑπὸ ZKT γωνία τῇ ὑπὸ ZAT, καὶ ἐδείχϑη τῆς 
μὲν ὑπὸ ZKT διπλῇ ἡ ὑπὸ ΘΚΛ, τῆς δὲ ὑπὸ ZAT διπλῇ ἡ ὑπὸ ΚΛΜ, καὶ ἡ ὑπὸ ΘΚΛ ἄρα τῇ 
ὑπὸ ΚΛΜ ἐστιν ἴση. ὁμοίως δὴ δειχϑήσεται καὶ ἑκάστη τῶν ὑπὸ ΚΘΗ, ΘΗΜ, HMA ἑχατέρα 
τῶν ὑπὸ OKA, KAM ἴση: αἱ πέντε ἄρα γωνίαι αἱ ὑπὸ ΗΘΚ, ΘΚΛ, KAM, AMH, ΜΚΘ ἴσαι 
ἀλλήλαις εἰσίν. ἰσογώνιον ἄρα ἐστὶ τὸ HOKAM πεντάγωνον. ἐδείχϑη δὲ καὶ ἰσόπλευρον, καὶ 
περιγέγραπται περὶ τὸν ΛΒΙΔΕ κύκλον. 


[Περὶ tov δοϑέντα ἄρα κύκλον πεντάγωνον ἰσόπλευρόν τε καὶ ἰσογώνιον περιγέγραπται]) ὅπερ 
ἔδει ποιῆσαι. 


274 


ELEMENTS BOOK 4 
Proposition 12 


-ference BC is equal to CD, angle BFC is also equal to ΟΕ) [Prop. 3.27]. And BFC is double 
KFC, and DFC (is double) LFC. Thus, KFC is also equal to LF'C. And angle FC'K is also 
equal to FCL. So, FKC and F'LC are two triangles having two angles equal to two angles, and 
one side equal to one side, (namely) their common (side) ΕΓ. Thus, they will also have the 
remaining sides equal to the (corresponding) remaining sides, and the remaining angle to the 
remaining angle [Prop. 1.26]. Thus, the straight-line KC (is) equal to CL, and the angle FAC 
to FLC. And since KC is equal to LC, KL (is) thus double KC. So, for the same (reasons), it 
can be shown that HK (is) also double Bk. And BK is equal to KC. Thus, HK is also equal 
to KL. So, similarly, each of HG, GM, and ML can also be shown (to be) equal to each of 
HK and KL. Thus, pentagon GH KLM is equilateral. So I say that (it is) also equiangular. For 
since angle ΚΟ is equal to ELC, and HK L was shown (to be) double F KC, and KLM double 
F LC, HKL is thus also equal to KLM. So, similarly, each of KHG, HGM, and GML can also 
be shown (to be) equal to each of HKL and KLM. Thus, the five angles GHK, HKL, KLM, 
LMG, and MGH are equal to one another. Thus, the pentagon GH KLM is equiangular. And it 
was also shown (to be) equilateral, and has been circumscribed about circle ABC'DE. 


[Thus, an equilateral and equiangular pentagon has been circumscribed about the given circle]. 
(Which is) the very thing it was required to do. 
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XTOLTXEIQN δ΄ 


1 Κ Δ 


Εἰς τὸ δοϑὲν πεντάγωνον, ὅ ἐστιν ἰσόπλευρόν τε καὶ ἰσογώνιον, κύκλον ἐγγράψαι. 


Ἔστω τὸ δοϑὲν πεντάγωνον ἰσόπλευρόν τε καὶ ἰσογώνιον τὸ ΑΒΙ ΔΕ; δεῖ δὴ εἰς τὸ ΑΒΓΔΕ 
πεντάγωνον κύκλον ἐγγράψαι. 


Ἰετμήσϑω γὰρ ἑκατέρα τῶν ὑπὸ BIA, ΓΔΕ γωνιῶν δίχα ὑπὸ ἑκατέρας τῶν PZ, ΔΖ ebGerodv 
nal ἀπὸ τοῦ Z σημείου, xad ὃ συμβάλλουσιν ἀλλήλαις αἱ TZ, ΔΖ εὐϑεῖαι, ἐπεζεύχϑωσαν αἱ 
ZB, ΖΑ, ΖΕ εὐϑεῖαι. καὶ ἐπεὶ ἴση ἐστὶν 7 BY τῇ ΓΔ, κοινὴ δὲ ἡ [Ζ, δύο δὴ αἱ BE, ΤΖ δυσὶ 
ταῖς AD’, ΓΖ ἴσαι εἰσίν: καὶ γωνία ἡἣ ὑπὸ BV'Z γωνίᾳ τῇ ὑπὸ ΔΙ “Ζ [ἐστιν] ἴση: βάσις ἄρα H ΒΖ 
βάσει τῇ ΔΖ ἐστιν ἴση, καὶ τὸ BEZ τρίγωνον τῷ ΔΙ Ζ τριγώνῳ ἐστιν ἴσον, καὶ αἱ λοιπαὶ γωνίαι 
ταῖς λοιπαῖς γωνίαις ἴσαι ἔσονται, ὑφ᾽ ἃς αἱ ἴσαι πλευραὶ ὑποτείνουσιν" ἴση ἄρα ἣ ὑπὸ ΓΒΖ γωνία 
τῇ ὑπὸ TAZ. not ἐπεὶ διπλῆ ἐστιν ἣ ὑπὸ ΓΔΕ τῆς ὑπὸ TAZ, ἴση δὲ H μὲν ὑπὸ LAE τῇ ὑπὸ 
ABT, ἡ δὲ ὑπὸ TAZ τῇ ὑπὸ ΓΒΖ, καὶ ἣ ὑπὸ TBA ἄρα τῆς ὑπὸ TBZ ἐστι διπλῆ" ἴση ἄρα ἣ ὑπὸ 
ABZ γωνία τῇ ὑπὸ ZBI™ ἣ ἄρα ὑπὸ ABI γωνία δίχα τέτμηται ὑπὸ τῆς ΒΖ εὐϑείας. ὁμοίως 
δὴ δειχϑήσεται, ὅτι καὶ ἑκατέρα τῶν ὑπὸ ΒΔΕ, AEA δίχα τέτμηται ὑπὸ ἑκατέρας τῶν ZA, ΖΕ 
εὐθειῶν. ἤχϑωσαν δὴ ἀπὸ τοῦ Z σημείου ἐπὶ τὰς AB, BI, VA, AE, EA εὐϑείας κάϑετοι αἱ 
ZH, ΖΘ, ΖΚ, ZA, ΖΜ. καὶ ἐπεὶ ἴση ἐστὶν ἣ ὑπὸ OVZ γωνία τῇ ὑπὸ ΚΙ Ζ, ἐστὶ δὲ καὶ ὀρϑὴ 
ἡ ὑπὸ ZOT [ὀρ9}] τῇ ὑπὸ ZKT ἴση, δύο δὴ τρίγωνά ἐστι te ΖΘΙ", ZKT τὰς δύο γωνίας δυσὶ 
γωνίαις ἴσας ἔχοντα καὶ μίαν πλευρὰν μιᾷ πλευρᾷ ἴσην κοινὴν αὐτῶν τὴν ZT ὑποτείνουσαν ὑπὸ 
μίαν τῶν ἴσων γωνιῶν: καὶ τὰς λοιπὰς ἄρα πλευρὰς ταῖς λοιπαῖς πλευραῖς ἴσας ἕξει: ἴση ἄρα ἣ 
ΖΘ χάϑετος τὴ ΖΚ χκαϑέτῳ. ὁμοίως δὴ δειχϑήσεται, ὅτι καὶ ἑκάστη τῶν ZA, ΖΜ, ΖΗ ἑκατέρα 
τῶν ΖΘ, ΖΚ ἴση ἐστίν: αἱ πέντε ἄρα εὐϑεῖαι αἱ ΖΗ, ZO, ΖΚ, ZA, ΖΜ ἴσαι ἀλλήλαις εἰσίν. ὁ 
ἄρα xévtow τῷ Z διαστήματι δὲ ἑνὶ τῶν H, ©, K, A, Μ χύχλος γραφόμενος ἥξει καὶ διὰ τῶν 
λοιπῶν σημείων καὶ ἐφάψεται τῶν AB, BI, VA, AB, EA εὐθειῶν διὰ τὸ ὀρϑὰς εἶναι τὰς πρὸς 
τοῖς H, Θ, Κ, A, Μ σημείοις γωνίας. εἰ γὰρ οὐκ ἐφάψεται αὐτῶν, ἀλλὰ τεμεῖ αὐτάς, συμβήσεται 
τὴν τῇ διαμέτρῳ τοῦ κύκλου πρὸς ὀρϑὰς ἀπ᾽ ἄκρας ἀγομένην ἐντὸς πίπτειν τοῦ κύκλου: ὅπερ 
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C K D 


To inscribe a circle in a given pentagon, which is equilateral and equiangular. 


Let ABCDE be the given equilateral and equiangular pentagon. So it is required to inscribe a 
circle in pentagon ABC'DE. 


For let angles BCD and C'DE have each been cut in half by each of the straight-lines CF and DF’ 
(respectively) [Prop. 1.9]. And from the point F’, at which the straight-lines CF’ and DF meet 
one another, let the straight-lines ΕΒ, FA, and F'E have been joined. And since BC is equal to 
CD, and CF (is) common, the two (straight-lines) BC, ΟΕ are equal to the two (straight-lines) 
DC, CF. And angle BCF [is] equal to angle DCF. Thus, the base BF is equal to the base 
DF, and triangle BC'F is equal to triangle DCF’, and the remaining angles will be equal to the 
(corresponding) remaining angles, which the equal sides subtend [Prop. 1.4]. Thus, angle CBF 
(is) equal to CDF. And since CDE is double CDF, and CDE (is) equal to ABC, and CDF to 
CBF, CBA is thus also double CBF. Thus, angle ABF is equal to FBC. Thus, angle ABC has 
been cut in half by the straight-line BF’. So, similarly, it can be shown that BAF and AED have 
each been cut in half by each of the straight-lines ΕΑ and FE (respectively). So let FG, FH, ΕΚ, 
FL, and F'M have been drawn from point Γ΄, perpendicular to the straight-lines AB, BC, CD, 
DE, and ΕΑ (respectively) [Prop. 1.12]. And since angle HC'F is equal to KC'F, and the right- 
angle F'HC is also equal to the [right-angle] FAC, FHC and F'KC are two triangles having 
two angles equal to two angles, and one side equal to one side, (namely) their common (side) 
FC, subtending one of the equal angles. Thus, they will also have the remaining sides equal to 
the (corresponding) remaining sides [Prop. 1.26]. Thus, the perpendicular F'H (is) equal to the 
perpendicular ΕΚ. So, similarly, it can be shown that F'L, ΕΜ, and FG are each equal to each of 
FH and ΕΚ. Thus, the five straight-lines FG, FH, ΕΚ, FL, and ΕΜ are equal to one another. 
Thus, the circle drawn with center Γ΄, and radius one of G, H, Καὶ, L, or M, will also go through 
the remaining points, and will touch the straight-lines AB, BC, CD, DE, and EA, on account of 
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ἄτοπον ἐδείχϑη. οὐκ ἄρα ὁ xévtow TH Z διαστήματι δὲ ἑνὶ τῶν H, ©, K, A, Μ σημείων 
γραφόμενος κύκλος τεμεῖ τὰς AB, BI, VA, AE, EA εὐϑείας: ἐφάψεται ἄρα αὐτῶν. γεγράφϑω 
ὡς ὁ ΗΘΚΛΜ. 


Εἰς ἄρα τὸ δοϑὲν πεντάγωνον, ὅ ἐστιν ἰσόπλευρόν τε καὶ ἰσογώνιον, κύκλος ἐγγέγραπται: ὅπερ 
ἔδει ποιῆσαι. 
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the angles at points G, H, K, L, and M being right-angles. For if it does not touch them, but cuts 
them, it follows that a (straight-line) drawn at right-angles to the diameter of the circle, from the 
end, falls inside the circle. The very thing was shown (to be) absurd [Prop. 3.16]. Thus, the circle 
drawn with center F’, and radius one of G, H, K, L, or M, does not cut the straight-lines AB, 
BC, CD, DE, or EA. Thus, it will touch them. Let it have been drawn, like GH KLM (in the 
figure). 


Thus, a circle has been inscribed in the given pentagon, which is equilateral and equiangular. 
(Which is) the very thing it was required to do. 
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1 Δ 


Ν Ν Ν / ae 2 / Jf: N° A # "» 
Περὶ τὸ δοϑὲν πεντάγωνον, ὅ ἐστιν ἰσόπλευρόν τε καὶ ἰσογώνιον, κύκλον περιγράψαι. 


Ἔστω τὸ δοϑὲν πεντάγωνον, ὅ ἐστιν ἰσόπλευρόν τε καὶ ἰσογώνιον, τὸ ΑΒΓΔΕ; δεῖ δὴ περὶ τὸ 
ABLAE πεντάγωνον κύκλον περιγράψαι. 


Ἰετμήσϑω δὴ ἑκατέρα τῶν ὑπὸ BLA, ΓΔΕ γωνιῶν δίχα ὑπὸ ἑκατέρας τῶν 12, ΔΖ, καὶ ἀπὸ 
τοῦ Z σημείου, καϑ᾽ ὃ συμβάλλουσιν αἱ εὐϑεῖαι, ἐπὶ τὰ B, A, E σημεῖα ἐπεζεύχϑωσαν εὐϑεῖαι αἱ 
ZB, ZA, ΖΗ. ὁμοίως δὴ τῷ πρὸ τούτου δειχϑήσεται, ὅτι καὶ ἑκάστη τῶν ὑπὸ TBA, BAE, AEA 
γωνιῶν δίχα τέτμηται ὑπὸ ἑκάστης τῶν ZB, ΖΑ, ΖΕ εὐϑειῶν. καὶ ἐπεὶ ἴση ἐστὶν ἣ ὑπὸ BIA 
γωνία τῇ ὑπὸ DAE, καί ἐστι τῆς μὲν ὑπὸ BVA ἡμίσεια ἣ ὑπὸ ZA, τῆς δὲ ὑπὸ ΓΔΕ ἡμίσεια ἣ 
ὑπὸ TAZ, καὶ ἡἣ ὑπὸ ZVA ἄρα τῇ ὑπὸ ZAT ἐστιν ἴση: ὥστε καὶ πλευρὰ ἣ ZT πλευρᾷ τῇ ZA 
ἐστιν ἴση. ὁμοίως δὴ δειχϑήσεται, ὅτι καὶ ἑκάστη τῶν ΖΒ, ZA, ΖΕ ἑκατέρᾳ τῶν ZT, ΖΔ ἐστιν 
ἴση" αἱ πέντε ἄρα εὐϑεῖαι αἱ ZA, ZB, ZIT, ZA, ΖΕ ἴσαι ἀλλήλαις εἰσίν. ὁ ἄρα κέντρῳ τῷ Ζ καὶ 
διαστήματι ἑνὶ τῶν ZA, ZB, ZV, ΖΔ, ΖΕ κύκλος γραφόμενος ἵξει καὶ διὰ τῶν λοιπῶν σημείων 
nal ἔσται περιγεγραμμένος. περιγεγράφϑω uai ἔστω ὁ ΑΒΙΔΗ. 


Περὶ ἄρα τὸ δοϑὲν πεντάγωνον, ὅ ἐστιν ἰσόπλευρόν τε καὶ ἰσογώνιον, κύκλος περιγέγραπται: 
ὅπερ ἔδει ποιῆσαι. 
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C D 


To circumscribe a circle about a given pentagon, which is equilateral and equiangular. 


Let ABCDE be the given pentagon, which is equilateral and equiangular. So it is required to 
circumscribe a circle about the pentagon ABCDE. 


So let angles BCD and CDE have each been cut in half by each of the (straight-lines) CF’ and 
DF (respectively) [Prop. 1.9]. And let the straight-lines ΓΒ, FA, and F'E have been joined from 
point F’, at which the straight-lines meet, to the points B, A, and EF (respectively). So, similarly, 
to the (proposition) before this (one), it can be shown that angles CBA, ΒΑΕ, and AED have 
also each been cut in half by each of the straight-lines ΓΒ, FA, and FF (respectively). And since 
angle BCD is equal to CDE, and FCD is half of BCD, and CDF half of CDE, FCD is thus also 
equal to F' DC. So that side ΕῸ is also equal to side F'D [Prop. 1.6]. So, similarly, it can be shown 
that ΕΒ, ΕΑ, and FE are also each equal to each of F'C and ΕΠ). Thus, the five straight-lines 
FA, FB, FC, FD, and FE are equal to one another. Thus, the circle drawn with center ΕΓ", and 
radius one of ΓΑ, ΕΒ, FC, FD, or FE, will also go through the remaining points, and will have 
been circumscribed. Let it have been (so) circumscribed, and let it be ABCDE. 


Thus, a circle has been circumscribed about the given pentagon, which is equilateral and equian- 
gular. (Which is) the very thing it was required to do. 
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Εἰς τὸν δοϑέντα κύκλον ἑξάγωνον ἰσόπλευρόν τε καὶ ἰσογώνιον ἐγγράψαι. 


Ἔστω ὁ δοϑεὶς κύκλος ὁ ΑΒΓΔΕΖ: δεῖ δὴ εἰς τὸν ΑΒΓΔΕΖ κύκλον ἑξάγωνον ἰσόπλευρόν τε 
nal ἰσογώνιον ἐγγράψαι. 


Ἤχϑω τοῦ ABLAEZ χύχλου διάμετρος ἣ AA, χαὶ εἰλήφϑω τὸ κέντρον τοῦ κύκλου τὸ Η, καὶ 
χκέντρῳ μὲν τῷ Δ διαστήματι δὲ τῷ ΔΗ χκύχλος γεγράφϑω ὁ EHTO, καὶ ἐπιζευχϑεῖσαι αἱ EH, 
ΤῊ διήχϑωσαν ἐπὶ τὰ B, Ζ σημεῖα, καὶ ἐπεζεύχϑωσαν αἱ AB, BI, VA, ΔΕ, EZ, ΖΑ: λέγω, ὅτι 
τὸ ABPAEZ ἑξάγωνον ἰσόπλευρόν τέ ἐστι καὶ ἰσογώνιον. 


"Exel γὰρ τὸ H σημεῖον κέντρον ἐστὶ τοῦ ABLAEZ κύκλου, ἴση ἐστὶν ἣ HE τῇ ΗΔ. πάλιν, ἐπεὶ 
τὸ Δ σημεῖον κέντρον ἐστὶ τοῦ ΗΓῸΘ χύχλου, ἴση ἐστὶν ἣ ΔΕ τῇ ΔΗ. ἀλλ᾽ ἣ HE τῇ ΗΔ ἐδείχϑη 
ton καὶ ἣ HE ἄρα τῇ EA ἴση ἐστίν: ἰσόπλευρον ἄρα ἐστὶ τὸ EHA τρίγωνον: καὶ αἱ τρεῖς ἄρα 
αὐτοῦ γωνίαι αἱ ὑπὸ ΕΗΔ, HAE, AEH ἴσαι ἀλλήλαις εἰσίν, ἐπειδήπερ τῶν ἰσοσκελῶν τριγώνων 
αἱ πρὸς τῇ βάσει γωνίαι ἴσαι ἀλλήλαις εἰσίν" καί εἰσιν αἱ τρεῖς τοῦ τριγώνου γωνίαι δυσὶν ὀρϑαῖς 
ἴσαι: ἣ ἄρα ὑπὸ EHA γωνία τρίτον ἐστὶ δύο ὀρϑῶν. ὁμοίως δὴ δειχϑήσεται καὶ ἡἣ ὑπὸ AHT 
τρίτον δύο ὀρϑῶν. καὶ ἐπεὶ ἡ TH εὐϑεῖα ἐπὶ τὴν EB σταϑεῖσα τὰς ἐφεξῆς γωνίας τὰς ὑπὸ EHT, 
THB δυσὶν ὀρϑαῖς ἴσας ποιεῖ, καὶ λοιπὴ ἄρα ἣ ὑπὸ THB τρίτον ἐστὶ δύο ὀρϑῶν: αἱ ἄρα ὑπὸ 
EHA, ΔΗ], ΤῊΒ γωνίαι ἴσαι ἀλλήλαις εἰσίν: ὥστε καὶ αἱ κατὰ κορυφὴν αὐταῖς αἱ ὑπὸ BHA, 
AHZ, ZHE ἴσαι εἰσὶν [ταῖς ὑπὸ EHA, ΔΗ] PHB]. αἱ ἕξ ἄρα γωνίαι αἱ ὑπὸ ΕΗΔ, AHT, CHB, 
BHA, AHZ, ZHE ἴσαι ἀλλήλαις εἰσίν. αἱ δὲ ἴσαι γωνίαι ἐπὶ ἴσων περιφερειῶν βεβήκασιν: αἱ ἕξ 
ἄρα περιφέρειαι αἱ AB, BV, ΓΔ, ΔΕ, EZ, ZA ἴσαι ἀλλήλαις εἰσίν. ὑπὸ δὲ τὰς ἴσας περιφερείας 
αἱ ἴσαι εὐϑεῖαι ὑποτείνουσιν: αἱ ἕξ ἄρα εὐϑεῖαι ἴσαι ἀλλήλαις εἰσίν: ἰσόπλευρον ἄρα ἐστὶ το 
ΛΒΙΔΕΖ ἑξάγωνον. λέγω δή, ὅτι καὶ ἰσογώνιον. ἐπεὶ γὰρ ἴση ἐστὶν ἣ ZA περιφέρεια τῇ ΕΔ 
περιφερείᾳ, κοινὴ προσκείσϑω ἣ ΑΒΙ Δ περιφέρεια: ὅλη ἄρα ἣ ΖΑΒΙΔ ὅλῃ τῇ EATBA ἐστιν 
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Proposition 15 


To inscribe an equilateral and equiangular hexagon in a given circle. 


Let ABCDEF be the given circle. So it is required to inscribe an equilateral and equiangular 
hexagon in circle ABCDEF. 


Let the diameter AD of circle ABCDEF have been drawn,” and let the center G of the circle 
have been found [Prop. 3.1]. And let the circle EGCH have been drawn, with center D, and 
radius DG. And EG and CG being joined, let them have been drawn across (the circle) to points 
B and F (respectively). And let AB, BC, CD, DE, EF, and F'A have been joined. I say that the 
hexagon ABC'DEF is equilateral and equiangular. 


For since point G is the center of circle ABCDEF, GE is equal to GD. Again, since point D is 
the center of circle GCH, DE is equal to DG. But, GE was shown (to be) equal to GD. Thus, 
GE is also equal to ED. Thus, triangle EGD is equilateral. Thus, its three angles EGD, GDE, 
and DEG are also equal to one another, inasmuch as the angles at the base of isosceles triangles 
are equal to one another [Prop. 1.5]. And the three angles of the triangle are equal to two right- 
angles [Prop. 1.32]. Thus, angle EGD is one third of two right-angles. So, similarly, DGC can 
also be shown (to be) one third of two right-angles. And since the straight-line CG, standing on 
EB, makes adjacent angles FG'C and CGB equal to two right-angles [Prop. 1.13], the remaining 
angle CGB is thus also equal to one third of two right-angles. Thus, angles EGD, DGC, and 
CGB are equal to one another. And hence the (angles) opposite to them BG'A, AGF, and FGE 
are also equal [to ΕΟ), DGC, and CGB (respectively) ] [Prop. 1.15]. Thus, the six angles ΕΟ), 
DGC, CGB, BGA, AGF, and FGE are equal to one another. And equal angles stand on equal 


>See the footnote to Prop. 4.6. 
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ls 


ἴση καὶ βέβηκεν ἐπὶ μὲν τῆς ZABI'A περιφερείας ἣ ὑπὸ ZEA γωνία, ἐπὶ δὲ τῆς ΕΔΙΒΑ 
περιφερείας ἣ ὑπὸ AZE γωνία: ἴση ἄρα ἣ ὑπὸ AZE γωνία τῇ ὑπὸ ΔΕΖ. ὁμοίως δὴ δειχϑήσεται, 
ὅτι καὶ αἱ λοιπαὶ γωνίαι τοῦ ΑΒΙ ΔΕΖ, ἑξαγώνου κατὰ μίαν ἴσαι εἰσὶν ἑκατέρᾳ τῶν ὑπὸ ΑΖΗ, 
ZEA γωνιῶν: ἰσογώνιον ἄρα ἐστὶ τὸ ΑΒΙ ΔΕΖ, ἑξάγωνον. ἐδείχϑη δὲ ual ἰσόπλευρον: καὶ 
ἐγγέγραπται εἰς τὸν ΑΒΙ ΔΕΖ κύκλον. 


Εἰς ἄρα τὸν δοϑέντα κύκλον ἑξάγωνον ἰσόπλευρόν Te nal ἰσογώνιον ἐγγέγραπται: ὅπερ ἔδει 
ποιῆσαι. 


Πόρισμα 


3 N s ΄ iW © ~ ¢ ΄, \ 35 2 \ ~ 2 ~ ΄ ~ ΄ 
Ex δὴ τούτου φανερόν, ὅτι ἣ τοῦ ἑξαγώνου πλευρὰ ἴση ἐστὶ τῇ Ex τοῦ κέντρου τοῦ κύκλου. 


Ὁμοίως δὲ τοῖς ἐπὶ τοῦ πενταγώνου ἐὰν διὰ τῶν κατὰ τὸν κύκλον διαιρέσεων ἐφαπτομένας 
τοῦ κύκλου ἀγάγωμεν, περιγραφήσεται περὶ τὸν κύκλον ἑξάγωνον ἰσόπλευρόν τε καὶ ἰσογώνιον 
ἀκολούϑως τοῖς ἐπὶ τοῦ πενταγώνου εἰρημένοις. καὶ ἔτι διὰ τῶν ὁμοίων τοῖς ἐπὶ τοῦ πενταγώνου 
εἰρημένοις εἰς τὸ δοϑὲν ἑξάγωνον κύκλον ἐγγράψομέν τε καὶ περιγράψομεν᾽ ὅπερ ἔδει ποιῆσαι. 
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circumferences [Prop. 3.26]. Thus, the six circumferences AB, BC, CD, DE, EF, and FA are 
equal to one another. And equal straight-lines subtend equal circumferences [Prop. 3.29]. Thus, 
the six straight-lines (AB, BC, CD, DE, EF, and FA) are equal to one another. Thus, hexagon 
ABCDEF is equilateral. So, I say that (it is) also equiangular. For since circumference ΓΑ is 
equal to circumference ED, let circumference ABC'D have been added to both. Thus, the whole 
of FABCD is equal to the whole of EDCBA. And angle F'ED stands on circumference F ABC D, 
and angle AF'E on circumference EDCBA. Thus, angle ΑΓΕ is equal to DEF [Prop. 3.27]. 
Similarly, it can also be shown that the remaining angles of hexagon ABC DEF are individually 
equal to each of angles ΑΓΕ and FED. Thus, hexagon ABCDEF is equiangular. And it was 
also shown (to be) equilateral. And it has been inscribed in circle ABCDE. 


Thus, an equilateral and equiangular hexagon has been inscribed in the given circle. (Which is) 
the very thing it was required to do. 


Corollary 


So, from this, (it is) manifest that a side of the hexagon is equal to the radius of the circle. 


And similarly to a pentagon, if we draw tangents to the circle through the (sixfold) divisions of 
the (circumference of the) circle, an equilateral and equiangular hexagon can be circumscribed 
about the circle, analogously to the aforementioned pentagon. And, further, by (means) similar 
to the aforementioned pentagon, we can inscribe and circumscribe a circle in (and about) a given 
hexagon. (Which is) the very thing it was required to do. 
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iS 
A 
B 
EB 
T A 


Εἰς tov δοϑέντα κύκλον πεντεκαιδεκάγωνον ἰσόπλευρόν τε καὶ ἰσογώνιον ἐγγράψαι. 


Ἔστω ὁ δοϑεὶς κύκλος ὁ ΑΒΙ(Δ’ δεῖ δὴ εἰς τὸν ΑΒΙ Δ κύκλον πεντεκαιδεκάγωνον ἰσόπλευρόν 
τε καὶ ἰσογώνιον ἐγγράψαι. 


᾿Ἐὔγγεγράφϑω εἰς tov ABTA κύκλον τριγώνου μὲν ἰσοπλεύρου τοῦ εἰς αὐτὸν ἐγγραφομένου 
πλευρὰ ἣ AD, πενταγώνου δὲ ἰσοπλεύρου ἣ AB: οἵων ἄρα ἐστὶν 6 ABTA κύκλος ἴσων τμήματων 
δεκαπέντε, τοιούτων ἣ μὲν ABI περιφέρεια τρίτον οὖσα τοῦ κύχλου ἔσται πέντε, ἣ δὲ ΑΒ πε- 
οιφέρεια πέμτον οὖσα τοῦ κύκλου ἔσται τριῶν: λοιπὴ ἄρα ἡ BI τῶν ἴσων δύο. τετμήσϑω ἣ 
BI’ δίχα κατὰ τὸ Ε΄ ἑκατέρα ἄρα τῶν BE, ED περιφερειῶν πεντεκαιδέκατόν ἐστι τοῦ ΑΒΙΔ 
χκύχλου. 


᾿ὰν ἄρα ἐπιζεύξαντες τὰς BE, ED ἴσας αὐταῖς κατὰ τὸ συνεχὲς εὐϑείας ἐναρμόσωμεν εἰς 
τὸν ABLA[E] κύκλον, ἔσται εἰς αὐτὸν ἐγγεγραμμένον πεντεκαιδεκάγωνον ἰσόπλευρόν τε καὶ 
ἰσογώνιον: ὅπερ ἔδει ποιῆσαι. 


Ὁμοίως δὲ τοῖς ἐπὶ τοῦ πενταγώνου ἐὰν διὰ τῶν κατὰ τὸν κύκλον διαιρέσεων ἐφαπτομένας 
τοῦ κύκλου ἀγάγωμεν, περιγραφήσεται περὶ τὸν κύκλον πεντεκαιδεκάγωνον ἰσόπλευρόν τε καὶ 
ἰσογώνιον. ἔτι δὲ διὰ τῶν ὁμοίων τοῖς ἐπὶ τοῦ πενταγώνου δείξεων ual εἰς τὸ δοϑὲν πεντεχαι - 
δεκάγωνον κύκλον ἐγγράψομέν τε καὶ περιγράψομεν᾽ ὅπερ ἔδει ποιῆσαι. 
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A 


To inscribe an equilateral and equiangular fifteen-sided figure in a given circle. 


Let ABCD be the given circle. So it is required to inscribe an equilateral and equiangular fifteen- 
sided figure in circle ABCD. 


Let the side AC of an equilateral triangle inscribed in (the circle) [Prop. 4.2], and (the side) AB 
of an (inscribed) equilateral pentagon [Prop. 4.11], have been inscribed in circle ABCD. Thus, 
just as the circle ABCD is (made up) of fifteen equal pieces, the circumference ABC, being a 
third of the circle, will be (made up) of five such (pieces), and the circumference AB, being a 
fifth of the circle, will be (made up) of three. Thus, the remainder BC (will be made up) of two 
equal (pieces). Let (circumference) BC have been cut in half at & [Prop. 3.30]. Thus, each of 
the circumferences BE and EC is one fifteenth of the circle ABCDE. 


Thus, if, joining BE and EC, we continuously insert straight-lines equal to them into circle 
ABCD|E] [Prop. 4.1], then an equilateral and equiangular fifteen-sided figure will have been 
inserted into (the circle). (Which is) the very thing it was required to do. 


And similarly to the pentagon, if we draw tangents to the circle through the (fifteenfold) divisions 
of the (circumference of the) circle, we can circumscribe an equilateral and equiangular fifteen- 
sided figure about the circle. And, further, through similar proofs to the pentagon, we can also 
inscribe and circumscribe a circle in (and about) a given fifteen-sided figure. (Which is) the very 
thing it was required to do. 
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Proportion~ 


56The theory of proportion set out in this book is generally attributed to Eudoxus of Cnidus. The novel feature 
of this theory is its ability to deal with irrational magnitudes, which had hitherto been a major stumbling block for 
Greek mathematicians. Throughout the footnotes in this book, a, 3, 7, etc., denote general (possibly irrational) 
magnitudes, whereas m, n, ἰ, etc., denote positive integers. 


α΄ 
β΄ 


Y 
δ΄ 


XTOIXEIQN ε΄ 
Ὅροι 


Μέρος ἐστὶ μέγεϑος μεγέϑους τὸ ἔλασσον τοῦ μείζονος, ὅταν καταμετρῇ τὸ μεῖζον. 
Πολλαπλάσιον δὲ τὸ μεῖζον τοῦ ἐλάττονος, ὅταν καταμετρῆται ὑπὸ τοῦ ἐλάττονος. 
Λόγος ἐστὶ δύο μεγεϑῶν ὁμογενῶν ἣ κατὰ πηλικότητά ποια σχέσις. 


Λόγον ἔχειν πρὸς ἄλληλα μεγέϑη λέγεται, ἃ δύναται πολλαπλασιαζόμενα ἀλλήλων ὑπερέ- 
χξιν. 


Ἔν τῷ αὐτῷ λόγῳ μεγέϑη λέγεται εἶναι πρῶτον πρὸς δεύτερον καὶ τρίτον πρὸς τέταρτον, 
ὅταν τὰ τοῦ πρώτου χαί τρίτου ἰσάκις πολλαπλάσια τῶν τοῦ δευτέρου καὶ τετάρτου ἰσάκις 
πολλαπλασίων xx ὁποιονοῦν πολλαπλασιασμὸν ἑκάτερον ἑκατέρου ἢ ἅμα ὑπερέχῃ ἢ ἅμα 
ἴσα ἢ ἢ ἅμα ἐλλείπῇ ληφϑέντα κατάλληλα. 


Tx δὲ τὸν αὐτὸν ἔχοντα λόγον μεγέϑη ἀνάλογον καλείσϑω. 


“Otay δὲ τῶν ἰσάκις πολλαπλασίων τὸ μὲν τοῦ πρώτου πολλαπλάσιον ὑπερέχῃ τοῦ τοῦ 
δευτέρου πολλαπλασίου, τὸ δὲ τοῦ τρίτου πολλαπλάσιον μὴ ὑπερέχῃ τοῦ τοῦ τετάρτου 
πολλαπλασίου, τότε τὸ πρῶτον πρὸς τὸ δεύτερον μείζονα λόγον ἔχειν λέγεται, ἤπερ τὸ 
τρίτον πρὸς τὸ τέταρτον. 


᾿Αναλογία δὲ ἐν τρισὶν ὅροις ἐλαχίστη ἐστίν. 


Ὅταν δὲ τρία μεγέϑη ἀνάλογον ἢ, τὸ πρῶτον πρὸς τὸ τρίτον διπλασίονα λόγον ἔχειν 
λέγεται ἤπερ πρὸς τὸ δεύτερον. 


Ὅταν δὲ τέσσαρα μεγέϑη ἀνάλογον ἢ, τὸ πρῶτον πρὸς τὸ τέταρτον τριπλασίονα λόγον 
ἔχειν λέγεται ἤπερ πρὸς τὸ δεύτερον, καὶ ἀεὶ ἑξῆς ὁμοίως, ὡς ἂν H ἀναλογία ὑπάρχῃ. 
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1 A magnitude is a part of a(nother) magnitude, the lesser of the greater, when it measures 
the greater.°” 


2 And the greater (magnitude is) a multiple of the lesser when it is measured by the lesser. 


3 A ratio is a certain type of condition with respect to size of two magnitudes of the same 
kind.°® 


4 (Those) magnitudes are said to have a ratio with respect to one another which, being mul- 
tiplied, are capable of exceeding one another.°° 


5 Magnitudes are said to be in the same ratio, the first to the second, and the third to the 
fourth, when equal multiples of the first and the third either both exceed, are both equal to, 
or are both less than, equal multiples of the second and the fourth, respectively, being taken 
in corresponding order, according to any kind of multiplication whatever. 


6 And let magnitudes having the same ratio be called proportional.°' 


7 And when for equal multiples (as in Def. 5), the multiple of the first (magnitude) exceeds 
the multiple of the second, and the multiple of the third (magnitude) does not exceed the 
multiple of the fourth, then the first (magnitude) is said to have a greater ratio to the second 
than the third (magnitude has) to the fourth. 


8 And a proportion in three terms is the smallest (possible) .° 


9 And when three magnitudes are proportional, the first is said to have a squared ® ratio to 
the third with respect to the second. 


10 And when four magnitudes are (continuously) proportional, the first is said to have a 
cubed ® ratio to the fourth with respect to the second.® And so on, similarly, in successive 
order, whatever the (continuous) proportion might be. 


°7In other words, a is said to be a part of 3 if 6 = ma. 

°8In modern notation, the ratio of two magnitudes, a and 3, is denoted a: β. 

>In other words, a has a ratio with respect to 3 if ma > 3 and n{ > a, for some m and τ. 

ΘΌΤῃ other words, a : 3 :: Ὑ : ὃ if and only if ma > n@ whenever my > nd, and ma = n whenever my = n6, 
and ma < nZ whenever my « ἢ ὃ, for all m and n. This definition is the kernel of Eudoxus’ theory of proportion, 
and is valid even if a, (@, etc., are irrational. 

©! Thus if a and β have the same ratio as y and ὃ then they are proportional. In modern notation, a: 3 :: y: 6. 

62In modern notation, a proportion in three terms—a, 3, and y—is written: a : 3 :: 3: γ. 

631 iterally, “double”. 

$4In other words, ifa:3::6:ythena:y::a?: B?. 

Literally, “triple”. 

66In other words, ifa:8::8:y7::y: 6 thena:6::a3: 63. 
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XTOLXEIQN ε΄ 


Ὁμόλογα μεγέϑη λέγεται τὰ μὲν ἡγούμενα τοῖς ἡγουμένοις τὰ δὲ ἑπόμενα τοῖς ἑπομένοις. 


᾿ναλλὰξ λόγος ἐστὶ λῆψις τοῦ ἡγουμένου πρὸς τὸ ἡγούμενον καὶ τοῦ ἑπομένου πρὸς τὸ 
ἑπόμενον. 


᾿Ανάπαλιν λόγος ἐστὶ λῆψις τοῦ ἑπομένου ὡς ἡγουμένου πρὸς τὸ ἡγούμενον ὡς ἑπόμενον. 


Σύνϑεσις λόγου ἐστὶ λῆψις τοῦ ἡγουμένου μετὰ τοῦ ἑπομένου ὡς ἑνὸς πρὸς αὐτὸ τὸ 
ἑπόμενον. 


Διαίρεσις λόγου ἐστὶ λῆψις τῆς ὑπεροχῆς, ἣ ὑπερέχει τὸ ἡγούμενον τοῦ ἑπομένου, πρὸς 
αὐτὸ τὸ ἑπόμενον. 


᾿Αναστροφὴ λόγου ἐστὶ λῆψις τοῦ ἡγουμένου πρὸς τὴν ὑπεροχήν, ἣ ὑπερέχει τὸ ἡγούμενον 
τοῦ ἑπομένου. 


Δι᾿ ἴσου λόγος ἐστὶ πλειόνων ὄντων μεγεϑῶν nual ἄλλων αὐτοῖς ἴσων τὸ πλῆϑος σύνδυο 
λαμβανομένων καὶ ἐν τῷ αὐτῷ λόγῳ, ὅταν ἢ ὡς ἐν τοῖς πρώτοις μεγέϑεσι τὸ πρῶτον πρὸς 
τὸ ἔσχατον, οὕτως ἐν τοῖς δευτέροις μεγέϑεσι τὸ πρῶτον πρὸς τὸ ἔσχατον: } ἄλλως Λῆφις 
τῶν ἄκρων und ὑπεξαίρεσιν τῶν μέσων. 


Ἰεταραγμένη δὲ ἀναλογία ἐστίν, ὅταν τριῶν ὄντων μεγεϑῶν ual ἄλλων αὐτοῖς ἴσων τὸ 
πλῆϑος γίνηται ὡς μὲν ἐν τοῖς πρώτοις μεγέϑεσιν ἡγούμενον πρὸς ἐπόμενον, οὕτως ἐν 
τοῖς δευτέροις μεγέϑεσιν ἡγούμενον πρὸς ἑπόμενον, ὡς δὲ ἐν τοῖς πρώτοις μεγέϑεσιν 
ἑπόμενον πρὸς ἄλλο τι, οὕτως ἐν τοῖς δευτέροις ἄλλο τι πρὸς ἡγούμενον. 
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12 These magnitudes are said to be corresponding (magnitudes): the leading to the leading 
(of two ratios), and the following to the following. 


13 An alternate ratio is a taking of the (ratio of the) leading (magnitude) to the leading (of 
two equal ratios), and (setting it equal to) the (ratio of the) following (magnitude) to the 
following.®” 


14 An inverse ratio is a taking of the (ratio of the) following (magnitude) as the leading and 
the leading (magnitude) as the following.°® 


15 A composition of a ratio is a taking of the (ratio of the) leading plus the following (magni- 
tudes), as one, to the same following (magnitude).°° 


16 A separation of a ratio is a taking of the (ratio of the) excess by which the leading (magni- 
tude) exceeds the following to the same following (magnitude).”° 


17 A conversion of a ratio is a taking of the (ratio of the) leading (magnitude) to the excess by 
which the leading (magnitude) exceeds the following.”! 


18 There being several magnitudes, and other (magnitudes) of equal number to them, (which 
are) also in the same ratio taken two by two, a ratio via equality (or ex aequali) occurs 
when as the first is to the last in the first (set of) magnitudes, so the first (is) to the last in 
the second (set of) magnitudes. Or alternately, (it is) a taking of the (ratio of the) outer 
(magnitudes) by the removal of the inner (magnitudes) .”2 


19 There being three magnitudes, and other (magnitudes) of equal number to them, a per- 
turbed proportion occurs when as the leading is to the following in the first (set of) mag- 
nitudes, so the leading (is) to the following in the second (set of) magnitudes, and as the 
following (is) to some other (i.e., the remaining magnitude) in the first (set of) magnitudes, 
so some other (is) to the leading in the second (set of) magnitudes.” 


67In other words, if a : 3 :: y : 6 then the alternate ratio corresponds to a: y:: 3: 6. 

68In other words, if a : 3 then the inverse ratio corresponds to 3: a. 

In other words, if a : 3 then the composed ratio corresponds to a + 3: (3. 

7°In other words, if a : 3 then the separated ratio corresponds to a — 3: (3. 

71In other words, if a : @ then the converted ratio corresponds to a: a — β. 

72In other words, if a, 3, are the first set of magnitudes, and ὃ, ε, ζ the second set, anda: 3: γ:: δ: εἰ ζ, then 
the ratio via equality (or ex aequali) corresponds toa: γ:: ὃ : ς. 

73In other words, if a, 3,7 are the first set of magnitudes, and ὃ, ε, ζ the second set, and a : 3 :: ὃ : ε as well as 
3:7: ¢:6, then the proportion is said to be perturbed. 
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Ἐὰν ἢ ὁποσαοῦν μεγέϑη ὁποσωνοῦν μεγεϑῶν ἴσων TO πλῆϑος ἕκαστον ἑκάστου ἰσάκις TOA- 

λαπλάσιον, ὁσαπλάσιόν ἐστιν ἕν τῶν μεγεϑῶν ἑνός, τοσαυταπλάσια ἔσται καὶ τὰ πάντα τῶν 
/ 

πάντων. 


Ἔστω ὁποσαοῦν μεγέϑη τὰ AB, TA ὁποσωνοῦν μεγεϑῶν τῶν E, Z ἴσων τὸ πλῆϑος ἕκαστον 
ἑκάστου ἰσάκις πολλαπλάσιον: λέγω, ὅτι ὁσαπλάσιόν ἐστι τὸ ΑΒ τοῦ E, τοσαυταπλάσια ἔσται 
nat τὰ AB, TA τῶν B, Ζ. 


"Exel γὰρ ἰσάκις ἐστὶ πολλαπλάσιον τὸ AB tod E καὶ τὸ TA tod Z, ὅσα ἄρα ἐστὶν ἐν τῷ AB 
μεγέϑη ἴσα τῷ E, τοσαῦτα uot ἐν τῷ PA ἴσα τῷ Ζ. διηρήσϑω τὸ μὲν ΑΒ εἰς τὰ τῷ E μεγέϑη 
ἴσα τὰ AH, HB, τὸ δὲ TA εἰς τὰ τῷ Z ἴσα τὰ TO, OA: ἔσται δὴ ἴσον τὸ πλῆϑος τῶν AH, ΗΒ 
τῷ πλήϑει τῶν TO, ΘΔ. καὶ ἐπεὶ ἴσον ἐστὶ τὸ μὲν AH τῷ E, τὸ δὲ TO τῷ Ζ, ἴσον ἄρα τὸ AH 
τῷ Ε, καὶ τὰ ΛΗ, ΓΘ τοῖς HE, Ζ. διὰ τὰ αὐτὰ δὴ ἴσον ἐστὶ τὸ HB τῷ E, καὶ τὰ ΗΒ, ΘΔ τοῖς E, 
Z ὅσα ἄρα ἐστὶν ἐν τῷ AB ἴσα τῷ E, τοσαῦτα καὶ ἐν τοῖς AB, VA ἴσα τοῖς E, Z* ὁσαπλάσιον 
ἄρα ἐστὶ τὸ AB τοῦ E, τοσαυταπλάσια ἔσται καὶ τὰ AB, TA τῶν E, Ζ. 


αν ἄρα ἢ ὁποσαοῦν μεγέϑη ὁποσωνοῦν μεγεϑῶν ἴσων τὸ πλῆϑος ἕκαστον ἑκάστου ἰσάκις 


πολλαπλάσιον, ὁσαπλάσιόν ἐστιν ἕν τῶν μεγεϑῶν ἑνός, τοσαυταπλάσια ἔσται καὶ τὰ πάντα τῶν 
πάντων: ὅπερ ἔδει δεῖξαι. 
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Proposition 1” 


If there are any number of magnitudes whatsoever (which are) equal multiples, respectively, of 
some (other) magnitudes, of equal number (to them), then as many times as one of the (first) 
magnitudes is (divisible) by one (of the second), so many times will all (of the first magnitudes) 
also (be divisible) by all (of the second). 


Let there be any number of magnitudes whatsoever, AB, CD, (which are) equal multiples, re- 
spectively, of some (other) magnitudes, Ε', Γ΄, of equal number (to them). I say that as many 
times as AB is (divisible) by ΕἸ, so many times will AB, CD also be (divisible) by F, F. 


For since AB, ΟἿ) are equal multiples of FE, Ε΄, thus as many magnitudes as (there) are in AB 
equal to Κ᾽, so many (are there) also in C'D equal to Ε΄. Let AB have been divided into magni- 
tudes AG, GB, equal to EF, and CD into (magnitudes) CH, HD, equal to F’. So, the number of 
(divisions) AG, GB will be equal to the number of (divisions) CH, HD. And since AG is equal to 
E, and CH to F, AG (is) thus equal to FL, and AG, CH to E, Ε΄. So, for the same (reasons), GB 
is equal to EF, and GB, HD to E, Ε΄ Thus, as many (magnitudes) as (there) are in AB equal to 
E, so many (are there) also in AB, CD equal to E, F’. Thus, as many times as AB is (divisible) 
by Κ᾽, so many times will AB, CD also be (divisible) by FE, Ε. 


Thus, if there are any number of magnitudes whatsoever (which are) equal multiples, respec- 
tively, of some (other) magnitudes, of equal number (to them), then as many times as one of 
the (first) magnitudes is (divisible) by one (of the second), so many times will all (of the first 
magnitudes) also (be divisible) by all (of the second). (Which is) the very thing it was required 
to show. 


74In modern notation, this proposition reads ma -" πὶ β -᾿ --- τὸ πὶ (α -- β -Ἐ -..). 
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Eav πρῶτον δευτέρου ἰσάκις ἢ πολλαπλάσιον ual τρίτον τετάρτου, ἢ δὲ καὶ πέμπτον δευτέρου 
ἰσάκις πολλαπλάσιον nol ἕκτον τετάρτου, καὶ συντεϑὲν πρῶτον ual πέμπτον δευτέρου ἰσάκις 
ἔσται πολλαπλάσιον καὶ τρίτον καὶ ἕκτον τετάρτου. 


Πρῶτον γὰρ τὸ AB δευτέρου tod I ἰσάκις ἔστω πολλαπλάσιον καὶ τρίτον τὸ ΔΕ τετάρτου 
τοῦ Z, ἔστω δὲ καὶ πέμπτον τὸ ΒΗ δευτέρου τοῦ T° ἰσάκις πολλαπλάσιον καὶ ἕκτον τὸ EO 
τετάρτου τοῦ Z λέγω, ὅτι καὶ συντεϑὲν πρῶτον καὶ πέμπτον τὸ ΛΗ δευτέρου tod I ἰσάκις 
ἔσται πολλαπλάσιον καὶ τρίτον καὶ ἕκτον τὸ ΔΘ τετάρτου τοῦ Ζ. 


"Exel γὰρ ἰσάκις ἐστὶ πολλαπλάσιον τὸ AB τοῦ Τ᾿ καὶ τὸ AE τοῦ Ζ, ὅσα ἄρα ἐστὶν ἐν τῷ AB 
ἴσα τῷ 1, τοσαῦτα καὶ ἐν τῷ AE ἴσα τῷ Ζ. διὰ τὰ αὐτὰ δὴ καὶ ὅσα ἐστὶν ἐν τῷ ΒΗ ἴσα τῷ 1, 

~ Ν 2 ~ wv ~ δ wv 2 Ν 2 «, ~ wv ~ ~ ἣν 2 cf 
τοσαῦτα καὶ ἐν TH ΕΘ ἴσα tH Z° ὅσα ἄρα ἐστὶν ἐν ὅλῳ τῷ AH ἴσα τῷ 1", τοσαῦτα καὶ ἐν ὅλῳ 
τῷ ΔΘ ἴσα τῷ Ζ: ὁσαπλάσιον ἄρα ἐστὶ τὸ ΛΗ τοῦ 1", τοσαυταπλάσιον ἔσται καὶ τὸ ΔΘ tod Ζ. 
καὶ συντεϑὲν ἄρα πρῶτον καὶ πέμπτον τὸ ΛΗ δευτέρου τοῦ T° ἰσάκις ἔσται πολλαπλάσιον καὶ 
τρίτον καὶ ἕκτον τὸ ΔΘ τετάρτου τοῦ Ζ. 


Ἐὰν ἄρα πρῶτον δευτέρου ἰσάκις ἢ πολλαπλάσιον καὶ τρίτον τετάρτου, ἢ δὲ καὶ πέμπτον 


δευτέρου ἰσάκις πολλαπλάσιον καὶ ἕκτον τετάρτου, καὶ συντεϑὲν πρῶτον καὶ πέμπτον δευτέρου 
ἰσάκις ἔσται πολλαπλάσιον καὶ τρίτον καὶ ἕκτον τετάρτου: ὅπερ ἔδει δεῖξαι. 
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If a first (magnitude) and a third are equal multiples of a second and a fourth (respectively), and 
a fifth (magnitude) and a sixth (are) also equal multiples of the second and fourth (respectively), 
then the first (magnitude) and the fifth, being added together, and the third and the sixth, (being 
added together), will also be equal multiples of the second (magnitude) and the fourth (respec- 
tively). 


For let a first (magnitude) AB and a third DE be equal multiples of a second C and a fourth F’ 
(respectively). And let a fifth (magnitude) BG and a sixth ΕΗ also be (other) equal multiples of 
the second C and the fourth Γ' (respectively). I say that the first (magnitude) and the fifth, being 
added together, (to give) AG, and the third (magnitude) and the sixth, (being added together, to 
give) DH, will also be equal multiples of the second (magnitude) C and the fourth F' (respec- 
tively). 


For since AB and DE are equal multiples of C' and F (respectively), thus as many (magnitudes) 
as (there) are in AB equal to C, so many (are there) also in DE equal to Γ΄. And so, for the same 
(reasons), as many (magnitudes) as (there) are in BG equal to C, so many (are there) also in EH 
equal to Γ΄. Thus, as many (magnitudes) as (there) are in the whole of AG equal to C, so many 
(are there) also in the whole of DH equal to Γ᾿. Thus, as many times as AG is (divisible) by C, so 
many times will DH also be divisible by F’. Thus, the first (magnitude) and the fifth, being added 
together, (to give) AG, and the third (magnitude) and the sixth, (being added together, to give) 
DH, will also be equal multiples of the second (magnitude) C and the fourth Γ΄ (respectively). 


Thus, if a first (magnitude) and a third are equal multiples of a second and a fourth (respec- 
tively), and a fifth (magnitude) and a sixth (are) also equal multiples of the second and fourth 
(respectively), then the first (magnitude) and the fifth, being added together, and the third and 
sixth, (being added together), will also be equal multiples of the second (magnitude) and the 
fourth (respectively). (Which is) the very thing it was required to show. 


75In modern notation, this propostion reads ma +na=(m+n)a. 
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Ἤν πρῶτον δευτέρου ἰσάκις ἢ πολλαπλάσιον καὶ τρίτον τετάρτου, ληφϑῇ δὲ ἰσάκις πολ- 
λαπλάσια τοῦ τε πρώτου καὶ τρίτου, καὶ δι᾿ ἴσου τῶν ληφϑέντων ἑκάτερον ἑκατέρου ἰσάκις ἔσται 
πολλαπλάσιον τὸ μὲν τοῦ δευτέρου τὸ δὲ τοῦ τετάρτου. 


Πρῶτον γὰρ τὸ A δευτέρου τοῦ Β ἰσάκις ἔστω πολλαπλάσιον καὶ τρίτον τὸ T° τετάρτου τοῦ Δ, 
nat εἰλήφϑω τῶν A, Τ᾽ ἰσάκις πολλαπλάσια τὰ EZ, ΗΘ: λέγω, ὅτι ἰσάκις ἐστὶ πολλαπλάσιον τὸ 
EZ τοῦ Β xat τὸ ΗΘ τοῦ Δ. 


"Enel γὰρ ἰσάκις ἐστὶ πολλαπλάσιον τὸ EZ tod A καὶ τὸ ΗΘ τοῦ T, ὅσα ἄρα ἐστὶν ἐν τῷ ΕΖ 
ἴσα τῷ A, τοσαῦτα καὶ ἐν τῷ ΗΘ ἴσα τῷ TV. διηρήσϑω τὸ μὲν ΕΖ εἰς τὰ τῷ A μεγέϑη ἴσα τὰ 
ΕΚ, ΚΖ, τὸ δὲ ΗΘ εἰς τὰ τῷ Τ᾽ ἴσα τὰ HA, ΛΘ’ ἔσται δὴ ἴσον τὸ πλῆϑος τῶν EK, KZ τῷ 
πλήϑει τῶν ΗΛ, ΛΘ. καὶ ἐπεὶ ἰσάκις ἐστὶ πολλαπλάσιον τὸ A τοῦ Β χαὶ τὸ Τ᾽ τοῦ Δ, ἴσον δὲ 
τὸ μὲν EK τῷ A, τὸ δὲ HA τῷ T, ἰσάκις ἄρα ἐστὶ πολλαπλάσιον τὸ EK τοῦ B καὶ τὸ ΗΛ τοῦ 
Δ. διὰ τὰ αὐτὰ δὴ ἰσάκις ἐστὶ πολλαπλάσιον τὸ ΚΖ τοῦ Β καὶ τὸ ΛΘ τὸῦ Δ. ἐπεὶ οὖν πρῶτον 
τὸ EK δευτέρου τοῦ B ἴσάκις ἐστὶ πολλαπλάσιον καὶ τρίτον τὸ ΗΛ τετάρτου τοῦ Δ, ἔστι δὲ 
nal πέμπτον τὸ KZ δευτέρου τοῦ Β ἰσάκις πολλαπλάσιον καὶ ἕκτον τὸ ΛΘ τετάρτου τοῦ Δ, καὶ 
συντεϑὲν ἄρα πρῶτον ual πέμπτον τὸ ΕΖ δευτέρου τοῦ Β ἰσάκις ἐστὶ πολλαπλάσιον καὶ τρίτον 
nat ἕκτον τὸ H© τετάρτου τοῦ Δ. 


᾿ὰν ἄρα πρῶτον δευτέρου ἰσάκις ἢ πολλαπλάσιον uxt τρίτον τετάρτου, ληφϑῇ δὲ τοῦ πρώτου 


\ / rd / / ὺς 3. οἡ ~ / δ / © / 3 / ΒΩ 
καὶ τρίτου ἰσάκις πολλαπλάσια, καὶ δι ἴσου τῶν ληφϑέντων ἑκάτερον ἑκατέρου ἰσάκις ἔσται 
πολλαπλάσιον τὸ μὲν τοῦ δευτέρου τὸ δὲ τοῦ τετάρτου: ὅπερ ἔδει δεῖξαι. 
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If a first (magnitude) and a third are equal multiples of a second and a fourth (respectively), and 
equal multiples are taken of the first and the third, then, via equality, the (magnitudes) taken will 
also be equal multiples of the second (magnitude) and the fourth, respectively. 


For let a first (magnitude) A and a third C’ be equal multiples of a second B and a fourth D 
(respectively), and let the equal multiples EF and GH have been taken of A and C (respectively). 
I say that EF and GH are equal multiples of B and D (respectively). 


For since EF and GH are equal multiples of A and C (respectively), thus as many (magnitudes) 
as (there) are in EF equal to A, so many (are there) also in GH equal to Οὐ. Let EF have been 
divided into magnitudes Ek, Kk F equal to A, and GH into (magnitudes) GL, LH equal to C. So, 
the number of (magnitudes) ΕΚ, Καὶ Ε΄ will be equal to the number of (magnitudes) GL, LH. And 
since A and C’ are equal multiples of B and D (respectively), and EK (is) equal to A, and GL to 
C, EK and GL are thus equal multiples of B and D (respectively). So, for the same (reasons), 
KF and LH are equal multiples of B and D (respectively). Therefore, since the first (magnitude) 
EK and the third GL are equal multiples of the second B and the fourth D (respectively), and 
the fifth (magnitude) KF and the sixth LH are also equal multiples of the second B and the 
fourth D (respectively), then the first (magnitude) and fifth, being added together, (to give) EF, 
and the third (magnitude) and sixth, (being added together, to give) GH, are thus also equal 
multiples of the second (magnitude) B and the fourth D (respectively) [Prop. 5.2]. 


Thus, if a first (magnitude) and a third are equal multiples of a second and a fourth (respectively), 
and equal multiples are taken of the first and the third, then, via equality, the (magnitudes) taken 
will also be equal multiples of the second (magnitude) and the fourth, respectively. (Which is) 
the very thing it was required to show. 


7©In modern notation, this proposition reads m(na) = (mn) a. 
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Ἤν πρῶτον πρὸς δεύτερον τὸν αὐτὸν ἔχῃ λόγον καὶ τρίτον πρὸς τέταρτον, nol τὰ ἰσάκις 
πολλαπλάσια τοῦ τε πρώτου καὶ τρίτου πρὸς τὰ ἰσάκις πολλαπλάσια τοῦ δευτέρου καὶ τετάρτου 
καϑ᾽ ὁποιονοῦν πολλαπλασιασμὸν τὸν αὐτὸν ἕξει λόγον ληφϑέντα κατάλληλα. 


Πρῶτον γὰρ τὸ A πρὸς δεύτερον τὸ Β τὸν αὐτὸν ἐχέτω λόγον καὶ τρίτον τὸ I’ πρὸς τέταρτον 
τὸ Δ, ual εἰλήφϑω τῶν μὲν A, Τ᾽ ἰσάκις πολλαπλάσια τὰ BE, Ζ, τῶν δὲ Β, Δ ἄλλα, ἃ ἔτυχεν, 
ἰσάκις πολλαπλάσια τὰ Η, Θ’ λέγω, ὅτι ἐστὶν ὡς τὸ E πρὸς τὸ Η, οὕτως τὸ Ζ πρὸς τὸ Θ. 


Εἰλήφϑω γὰρ τῶν μὲν E, Z ἰσάκις πολλαπλάσια τὰ K, A, τῶν δὲ Η, © ἄλλα, ἃ ἔτυχεν, ἰσάκις 
πολλαπλάσια τὰ Μ, Ν. 


[Kat] ἐπεὶ ἰσάκις ἐστὶ πολλαπλάσιον τὸ μὲν E τοῦ A, τὸ δὲ Z τοῦ T, καὶ εἴληπται τῶν Ε, Z 
ἴσάκις πολλαπλάσια τὰ K, A, ἴσάκις ἄρα ἐστὶ πολλαπλάσιον τὸ Κ τοῦ A χαὶ τὸ A τοῦ I. διὰ 
τὰ αὐτὰ δὴ ἰσάκις ἐστὶ πολλαπλάσιον τὸ Μ τοῦ B χαὶ τὸ Ν τοῦ A. nal ἐπεί ἐστιν ὡς τὸ A πρὸς 
τὸ B, οὕτως τὸ Τ᾽ πρὸς τὸ Δ, καὶ εἴληπται τῶν μὲν A, 1 ἰσάκις πολλαπλάσια τὰ K, A, τῶν δὲ 
Β, Δ ἄλλα, ἃ ἔτυχεν, ἰσάκις πολλαπλάσια τὰ Μ, Ν, εἰ ἄρα ὑπερέχει τὸ Κ τοῦ Μ, ὑπερέχει καὶ 
τὸ A τοῦ N, καὶ εἰ ἴσον, ἴσον, καὶ εἰ ἔλαττον, ἔλαττον. καί ἐστι τὰ μὲν K, A τῶν E, Ζ ἰσάκις 
πολλαπλάσια, τὰ δὲ Μ, N τῶν Η, © ἄλλα, ἃ ἔτυχεν, ἰσάκις πολλαπλάσια: ἔστιν ἄρα ὡς τὸ E 
πρὸς τὸ Η, οὕτως τὸ Ζ πρὸς τὸ Θ. 


᾿ὰν ἄρα πρῶτον πρὸς δεύτερον τὸν αὐτὸν ἔχῃ λόγον καὶ τρίτον πρὸς τέταρτον, καὶ τὰ ἰσάκις 


πολλαπλάσια τοῦ τε πρώτου καὶ τρίτου πρὸς τὰ ἰσάκις πολλαπλάσια τοῦ δευτέρου καὶ τετάρτου 
τὸν αὐτὸν ἕξει λόγον καϑ᾽ ὁποιονοῦν πολλαπλασιασμὸν ληφϑέντα κατάλληλα" ὅπερ ἔδει δεῖξαι. 
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If a first (magnitude) has the same ratio to a second that a third (has) to a fourth then equal 
multiples of the first (magnitude) and the third will also have the same ratio to equal multiples 
of the second and the fourth, being taken in corresponding order, according to any kind of multi- 
plication whatsoever. 


For let a first (magnitude) A have the same ratio to a second B that a third C (has) to a fourth D. 
And let equal multiples Εἰ and Γ΄ have been taken of A and C (respectively), and other random 
equal multiples G and H of B and D (respectively). I say that as E (is) to G, so F (is) to H. 


For let equal multiples Καὶ and L have been taken of Εἰ and F (respectively), and other random 
equal multiples Μ and N of G and H (respectively). 


[And] since Ε' and F are equal multiples of A and C (respectively), and the equal multiples Καὶ 
and L have been taken of F and F (respectively), kK and L are thus equal multiples of A and 
C (respectively) [Prop. 5.3]. So, for the same (reasons), / and N are equal multiples of B and 
D (respectively). And since as A is to B, so C (is) to D, and the equal multiples K and L have 
been taken of A and C (respectively), and the other random equal multiples Μ and N of B and 
D (respectively), then if Καὶ exceeds M then L also exceeds N, and if (K is) equal (to Μ then L is 
also) equal (to N), and if ( is) less (than M then L is also) less (than NV) [Def. 5.5]. And Καὶ and 
L are equal multiples of F and F (respectively), and Μ and N other random equal multiples of 
G and H (respectively). Thus, as Ε' (is) to G, so F' (is) to H [Def. 5.5]. 


Thus, if a first (magnitude) has the same ratio to a second that a third (has) to a fourth then 
equal multiples of the first (magnitude) and the third will also have the same ratio to equal mul- 
tiples of the second and the fourth, being taken in corresponding order, according to any kind of 
multiplication whatsoever. (Which is) the very thing it was required to show. 


77In modern notation, this proposition reads that if a: β :: y: ὃ thenma:nf:: my: τὶ δ, for all mand τι. 
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᾿ὰν μέγεϑος μεγέϑους ἰσάκις ἢ πολλαπλάσιον, ὅπερ ἀφαιρεϑὲν ἀφαιρεϑέντος, καὶ τὸ λοιπὸν 
τοῦ λοιποῦ ἰσάκις ἔσται πολλαπλάσιον, ὁσαπλάσιόν ἐστι τὸ ὅλον τοῦ ὅλου. 


Μέγεϑος γὰρ τὸ AB μεγέϑους τοῦ ΓΔ ἰσάκις ἔστω πολλαπλάσιον, ὅπερ ἀφαιρεϑὲν τὸ AE 
ἀφαιρεϑέντος τοῦ TZ λέγω, ὅτι καὶ λοιπὸν τὸ EB λοιποῦ τοῦ ΖΔ ἰσάκις ἔσται πολλαπλάσιον, 
ὁσαπλάσιόν ἐστιν ὅλον τὸ ΑΒ ὅλου tod TA. 


Ὁσαπλάσιον γάρ ἐστι τὸ AE τοῦ 12, τοσαυταπλάσιον γεγονέτω χαὶ τὸ EB τοῦ ΤῊ. 


Kot ἐπεὶ ἰσάκις ἐστὶ πολλαπλάσιον τὸ AE τοῦ 12 καὶ τὸ EB τοῦ HI, ἰσάκις ἄρα ἐστὶ πολ- 
λαπλάσιον τὸ AE tod FZ καὶ τὸ ΑΒ tod ΗΖ. κεῖται δὲ ἰσάκις πολλαπλάσιον τὸ AE τοῦ CZ χαὶ 
τὸ ΛΒ τοῦ TA. ἰσάκις ἄρα ἐστὶ πολλαπλάσιον τὸ AB ἑκατέρου τῶν HZ, TA: ἴσον ἄρα τὸ ΗΖ 
τῷ DA. xowov ἀφῃρήσϑω τὸ UZ: λοιπὸν ἄρα τὸ HT λοιπῷ τῷ ZA ἴσον ἐστίν. καὶ ἐπεὶ ἰσάκις 
ἐστὶ πολλαπλάσιον τὸ AE tod CZ καὶ τὸ EB tod HT, ἴσον δὲ τὸ HT τῷ ΔΖ, ἰσάκις ἄρα ἐστὶ 
πολλαπλάσιον τὸ AE tod [Ζ xat τὸ EB τοῦ ΖΔ. ἰσάκις δὲ ὑπόκειται πολλαπλάσιον τὸ AE τοῦ 
TZ καὶ τὸ AB τοῦ PA: ἰσάκις ἄρα ἐστὶ πολλαπλάσιον τὸ EB τοῦ ΖΔ καὶ τὸ AB tod TA. καὶ 
λοιπὸν ἄρα τὸ EB λοιποῦ τοῦ ΖΔ ἰσάκις ἔσται πολλαπλάσιον, ὁσαπλάσιόν ἐστιν ὅλον τὸ AB 
ὅλου τοῦ TA. 


Ἐὰν ἄρα μέγεϑος μεγέϑους ἰσάκις ἢ πολλαπλάσιον, ὅπερ ἀφαιρεϑὲν ἀφαιρεϑέντος, ual τὸ 
λοιπὸν τοῦ λοιποῦ ἰσάκις ἔσται πολλαπλάσιον, ὁσαπλάσιόν ἐστι καὶ τὸ ὅλον τοῦ ὅλου: ὅπερ ἔδει 


δεῖξαι. 
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If a magnitude is the same multiple of a magnitude that a (part) taken away (is) of a (part) taken 
away (respectively) then the remainder will also be the same multiple of the remainder as that 
which the whole (is) of the whole (respectively). 


For let the magnitude AB be the same multiple of the magnitude CD that the (part) taken 
away AF (is) of the (part) taken away ΟΕ (respectively). I say that the remainder EB will also 
be the same multiple of the remainder ΕΠ) as that which the whole ABP (is) of the whole CD 
(respectively). 


For as many times as AF is (divisible) by CF’, so many times let EB also have been made 
(divisible) by CG. 


And since AF and FB are equal multiples of CF and GC (respectively), AF and AB are thus 
equal multiples of CF and GF (respectively) [Prop. 5.1]. And AEF and AB are assumed (to 
be) equal multiples of CF and CD (respectively). Thus, AB is an equal multiple of each of 
GF and CD. Thus, GF (is) equal to CD. Let CF have been subtracted from both. Thus, the 
remainder GC is equal to the remainder F'D. And since AE and EB are equal multiples of CF’ 
and GC (respectively), and GC (is) equal to DF, AF and ΕΒ are thus equal multiples of CF 
and FD (respectively). And AF and AB are assumed (to be) equal multiples of CF and CD 
(respectively). Thus, ΕΒ and AB are equal multiples of ΕΠ) and CD (respectively). Thus, the 
remainder FB will also be the same multiple of the remainder F'D as that which the whole AB 
(is) of the whole C'D (respectively). 


Thus, if a magnitude is the same multiple of a magnitude that a (part) taken away (is) of a (part) 
taken away (respectively) then the remainder will also be the same multiple of the remainder as 
that which the whole (is) of the whole (respectively). (Which is) the very thing it was required 
to show. 


78In modern notation, this proposition reads ma — m3 = πὶ (α -- β). 
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"Ey δύο μεγέϑη δύο μεγεϑῶν ἰσάκις ἢ πολλαπλάσια, καὶ ἀφαιρεϑέντα τινὰ τῶν αὐτῶν ἰσάκις ἢ 
πολλαπλάσια, καὶ τὰ λοιπὰ τοῖς αὐτοῖς ἤτοι ἴσα ἐστὶν ἢ ἰσάκις αὐτῶν πολλαπλάσια. 


Δύο γὰρ μεγέϑη τὰ ΑΒ, ΓΔ δύο μεγεϑῶν τῶν E, Ζ ἰσάκις ἔστω πολλαπλάσια, καὶ ἀφαιρεϑέντα 
τὰ ΛΗ, ΤῸ τῶν αὐτῶν τῶν E, Ζ ἰσάκις ἔστω πολλαπλάσια λέγω, ὅτι καὶ λοιπὰ τὰ ΗΒ, OA 
τοῖς EK, Z ἤτοι ἴσα ἐστὶν ἢ ἰσάκις αὐτῶν πολλαπλάσια. 


Ἔστω γὰρ πρότερον τὸ ΗΒ τῷ E ἴσον’ λέγω, ὅτι καὶ τὸ ΘΔ τῷ Ζ ἴσον ἐστίν. 


KetoSw γὰρ τῷ Z ἴσον τὸ VK. ἐπεὶ ἰσάκις ἐστὶ πολλαπλάσιον τὸ AH τοῦ E καὶ τὸ ΓΘ τοῦ Z, 
ἴσον δὲ τὸ μὲν ΗΒ τῷ E, τὸ δὲ KT τῷ Ζ, ἰσάκις ἄρα ἐστὶ πολλαπλάσιον τὸ AB τοῦ E καὶ τὸ 
ΚΘ τοῦ Ζ. ἰσάκις δὲ ὑπόκειται πολλαπλάσιον τὸ AB τοῦ E καὶ τὸ VA τοῦ Z: ἴσάκις ἄρα ἐστὶ 
πολλαπλάσιον τὸ ΚΘ τοῦ Ζ χαὶ τὸ ΓΔ τοῦ Ζ. ἐπεὶ οὖν ἑκάτερον τῶν ΚΘ, TA tod Ζ ἰσάκις 
ἐστὶ πολλαπλάσιον, ἴσον ἄρα ἐστὶ τὸ ΚΘ τῷ TA. κοινὸν ἀφῃρήσϑω τὸ 1[ὉΘ’ λοιπὸν ἄρα τὸ KT 
λοιπῷ τῷ ΘΔ ἴσον ἐστίν. ἀλλὰ τὸ Ζ τῷ KT ἐστιν ἴσον: καὶ τὸ ΘΔ ἄρα τῷ Ζ ἴσον ἐστίν. ὥστε 
εἰ τὸ HB τῷ E ἴσον ἐστίν, καὶ τὸ ΘΔ ἴσον ἔσται τῷ Z. 


Ὁμοίως δὴ δείξομεν, ὅτι, κὰν πολλαπλάσιον ἢ τὸ ΗΒ τοῦ E, τοσαυταπλάσιον ἔσται καὶ τὸ ΘΔ 
τοῦ Ζ. 


᾿ὰν ἄρα δύο μεγέϑη δύο μεγεϑῶν ἰσάκις ἢ πολλαπλάσια, καὶ ἀφαιρεϑέντα τινὰ τῶν αὐτῶν 
ἰσάκις ἢ πολλαπλάσια, καὶ τὰ λοιπὰ τοῖς αὐτοῖς ἤτοι ἴσα ἐστὶν ἢ ἰσάκις αὐτῶν πολλαπλάσια" 


ὅπερ ἔδει δεῖξαι. 
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If two magnitudes are equal multiples of two (other) magnitudes, and some (parts) taken away 
(from the former magnitudes) are equal multiples of the latter (magnitudes, respectively), then 
the remainders are also either equal to the latter (magnitudes), or (are) equal multiples of them 
(respectively). 


For let two magnitudes AB and C'D be equal multiples of two magnitudes F and F (respectively). 
And let the (parts) taken away (from the former) AG and CH be equal multiples of / and F (re- 
spectively). I say that the remainders GB and HD are also either equal to EF’ and F (respectively), 
or (are) equal multiples of them. 


For let GB be, first of all, equal to Κ᾽. I say that HD is also equal to Ε΄. 


For let CK be made equal to Γ΄. Since AG and CH are equal multiples of Εἰ and F' (respec- 
tively), and GB (is) equal to F, and ΚΟ to F, AB and KH are thus equal multiples of Εἰ and 
F (respectively) [Prop. 5.2]. And AB and CD are assumed (to be) equal multiples of E and F’ 
(respectively). Thus, A H and CD are equal multiples of F and F (respectively). Therefore, ΚΠ 
and (1) are each equal multiples of Γ΄. Thus, KH is equal to CD. Let CH have be taken away 
from both. Thus, the remainder AC is equal to the remainder HD. But, F is equal to KC’. Thus, 
HD is also equal to F’. Hence, if GB is equal to F then HD will also be equal to F’. 


So, similarly, we can show that even if GB is a multiple of F then HD will be the same multiple 
of F. 


Thus, if two magnitudes are equal multiples of two (other) magnitudes, and some (parts) taken 
away (from the former magnitudes) are equal multiples of the latter (magnitudes, respectively), 
then the remainders are also either equal to the latter (magnitudes), or (are) equal multiples of 
them (respectively). (Which is) the very thing it was required to show. 


7°In modern notation, this proposition reads ma —na=(m—n)a. 
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Ta ἴσα πρὸς τὸ αὐτὸ τὸν αὐτὸν ἔχει λόγον καὶ τὸ αὐτὸ πρὸς τὰ ἴσα. 


Ἔστω ἴσα μεγέϑη τὰ A, B, ἄλλο δέ τι, ὃ ἔτυχεν, μέγεϑος τὸ 1" λέγω, ὅτι ἑκάτερον τῶν A, B 
πρὸς τὸ I’ τὸν αὐτὸν ἔχει λόγον, καὶ TOT πρὸς ἑκάτερον τῶν A, Β. 

Εἰλήφϑω γὰρ τῶν μὲν A, Β ἰσάκις πολλαπλάσια τὰ Δ, E, τοῦ δὲ Τ᾽ ἄλλο, ὃ ἔτυχεν, πολλαπλάσιον 
τὸ Ζ. 


"Exel οὖν ἰσάκις ἐστὶ πολλαπλάσιον τὸ Δ tod A χαὶ τὸ E τοῦ Β, ἴσον δὲ τὸ A τῷ Β, ἴσον ἄρα 
nat τὸ Δ τῷ E. ἄλλο δέ, ὅ ἔτυχεν, τὸ Ζ. Εἰ ἄρα ὑπερέχει τὸ Δ τοῦ Z, ὑπερέχει καὶ τὸ E τοῦ Z, 
Ν > wv ΕΣ Ν 2 ΥΩ bya - ἊΨ Ν Ἂς. ~ 2 / / 
nal ei ἴσον, ἴσον, not εἰ ἔλαττον, ἔλαττον. καί ἐστι τὰ μὲν A, E τῶν A, Β ἰσάκις πολλαπλάσια, 
τὸ δὲ Ζ τοῦ I’ ἄλλο, ὃ ἔτυχεν, πολλαπλάσιον: ἔστιν ἄρα ὡς TO A πρὸς τὸ T’, οὕτως τὸ Β πρὸς 
Xv 
τὸ 1. 


Λέγω [Sy], ὅτι καὶ τὸ T° πρὸς ἑκάτερον τῶν A, Β τὸν αὐτὸν ἔχει λόγον. 

Ἰῶν γὰρ αὐτῶν κατασχευασϑέντων ὁμοίως δείξομεν, ὅτι ἴσον ἐστὶ τὸ Δ τῷ Ε΄ ἄλλο δέ τι τὸ Z° 
εἰ ἄρα ὑπερέχει τὸ Z τοῦ Δ, ὑπερέχει καὶ τοῦ E, καὶ εἰ ἴσον, ἴσον, καὶ εἰ ἔλαττον, ἔλαττον. καί 
ἐστι τὸ μὲν Z τοῦ I πολλαπλάσιον, τὰ δὲ Δ, E τῶν A, Β ἄλλα, ἃ ἔτυχεν, ἰσάκις πολλαπλάσια" 
ἔστιν ἄρα ὡς τὸ 1) πρὸς τὸ A, οὕτως τὸ 1" πρὸς τὸ B. 

Tx ἴσα ἄρα πρὸς τὸ αὐτὸ τὸν αὐτὸν ἔχει λόγον καὶ τὸ αὐτὸ πρὸς τὰ ἴσα. 


Πόρισμα 


"Ex δὴ τούτου φανερόν, ὅτι ἐὰν μεγέϑη τινὰ ἀνάλογον ἢ, καὶ ἀνάπαλιν ἀνάλογον ἔσται. ὅπερ 


ἔδει δεῖξαι. 
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Equal (magnitudes) have the same ratio to the same (magnitude), and the latter (magnitude has 
the same ratio) to the equal (magnitudes). 


Let A and B be equal magnitudes, and C’ some other random magnitude. I say that A and B each 
have the same ratio to (ὐ, and (that) C (has the same ratio) to each of A and B. 


For let the equal multiples D and FE have been taken of A and B (respectively), and the other 
random multiple F of C. 


Therefore, since D and F are equal multiples of A and B (respectively), and A (is) equal to B, 
D (is) thus also equal to &. And F (is) different, at random. Thus, if D exceeds F' then EF also 
exceeds F’, and if (D is) equal (to F' then F is also) equal (to ΕἼ, and if (D is) less (than F' then Εὶ 
is also) less (than F’). And D and F are equal multiples of A and B (respectively), and F' another 
random multiple of C. Thus, as A (is) to C, so B (is) to C [Def. 5.5]. 


[So] I say that Ο 85 also has the same ratio to each of A and B. 


For, similarly, we can show, by the same construction, that D is equal to Κ΄. And F' (has) some 
other (value). Thus, if Γ΄ exceeds D then it also exceeds Κ᾽, and if (F' is) equal (to D then it is 
also) equal (to F), and if ([' is) less (than D then it is also) less (than F). And F is a multiple of 
C, and D and EF other random equal multiples of A and B. Thus, as Οἱ (is) to A, so C (is) to B 
[Def. 5.5]. 


Thus, equal (magnitudes) have the same ratio to the same (magnitude), and the latter (magni- 
tude has the same ratio) to the equal (magnitudes). 


Corollary ** 


So (it is) clear, from this, that if some magnitudes are proportional then they will also be propor- 
tional inversely. (Which is) the very thing it was required to show. 


80The Greek text has “E,” which is obviously a mistake. 
81In modern notation, this corollary reads that if a: G :: y: ὃ then β:α :: ὃ : γ. 
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Tov ἀνίσων μεγεϑῶν TO μεῖζον πρὸς TO αὐτὸ μείζονα λόγον ἔχει ἤπερ TO ἔλαττον. καὶ TO αὐτὸ 
πρὸς τὸ ἔλαττον μείζονα λόγον ἔχει ἤπερ πρὸς τὸ μεῖζον. 


Ἔστω ἄνισα μεγέϑη τὰ ΑΒ, Τ᾽, καὶ ἔστω μεῖζον τὸ ΑΒ, ἄλλο δέ, ὃ ἔτυχεν, τὸ Δ’ λέγω, ὅτι τὸ 
AB πρὸς τὸ Δ μείζονα λόγον ἔχει ἤπερ τὸ 1 πρὸς τὸ A, ual τὸ Δ πρὸς τὸ 1" μείζονα λόγον 
ἔχει ἤπερ πρὸς τὸ AB. 


Ἐπεὶ γὰρ μεῖζόν ἐστι τὸ ΑΒ τοῦ T, κείσϑω τῷ Τ᾽ ἴσον τὸ BE: τὸ δὴ ἔλασσον τῶν AE, 
EB πολλαπλασιαζόμενον ἔσται ποτὲ τοῦ Δ μεῖζον. ἔστω πρότερον τὸ AE ἔλαττον τοῦ EB, 
nol πεπολλαπλασιάσϑω τὸ AE, καὶ ἔστω αὐτοῦ πολλαπλάσιον τὸ ΖΗ μεῖζον dv τοῦ A, uci 
ὁσαπλάσιόν ἐστι τὸ ZH τοῦ ΛΗ, τοσαυταπλάσιον γεγονέτω καὶ τὸ μὲν ΗΘ τοῦ ΕΒ τὸ δὲ K 
τοῦ 1" χαὶ εἰλήφϑω tod Δ διπλάσιον μὲν τὸ A, τριπλάσιον δὲ τὸ Μ, καὶ ἑξῆς ἑνὶ πλεῖον, ἕως 
ἂν τὸ λαμβανόμενον πολλαπλάσιον μὲν γένηται τοῦ Δ, πρώτως δὲ μεῖζον τοῦ Κ. εἰλήφϑω, καὶ 
ἔστω τὸ Ν τετραπλάσιον μὲν τοῦ Δ, πρώτως δὲ μεῖζον τοῦ Κ. 


Ἐπεὶ οὖν τὸ Κ tod N πρώτως ἐστὶν ἔλαττον, τὸ K ἄρα τοῦ Μ οὔκ ἐστιν ἔλαττον. καὶ ἐπεὶ 
ἰσάκις ἐστὶ πολλαπλάσιον τὸ ΖΗ τοῦ AE χαὶ τὸ ΗΘ τοῦ ΕΒ, ἰσάκις ἄρα ἐστὶ πολλαπλάσιον 
τὸ ΖΗ τοῦ AE χαὶ τὸ ΖΘ tod ΑΒ. ἰσάκις δέ ἐστι πολλαπλάσιον τὸ ΖΗ τοῦ AE χαὶ τὸ K τοῦ 
1" ἰσάκις ἄρα ἐστὶ πολλαπλάσιον τὸ ΖΘ τοῦ ΑΒ χαὶ τὸ K τοῦ I. τὰ ΖΘ, Κ ἄρα τῶν AB, 1 
ἰσάκις ἐστὶ πολλαπλάσια. πάλιν, ἐπεὶ ἰσάκις ἐστὶ πολλαπλάσιον τὸ ΗΘ τοῦ EB χαὶ τὸ K τοῦ T, 
ἴσον δὲ τὸ EB τῷ T, ἴσον ἄρα καὶ τὸ ΗΘ τῷ Κ. τὸ δὲ Κ τοῦ Μ οὔκ ἐστιν ἔλαττον’ οὐδ᾽ ἄρα 
τὸ ΗΘ τοῦ Μ ἔλαττόν ἐστιν. μεῖζον δὲ τὸ ΖΗ τοῦ A: ὅλον ἄρα τὸ ZO συναμφοτέρων τῶν A, 
Μ μεῖζόν ἐστιν. ἀλλὰ συναμφότερα τὰ Δ, Μ τῷ Ν ἐστιν ἴσα, ἐπειδήπερ τὸ Μ τοῦ Δ τριπλάσιόν 
ἐστιν, συναμφότερα δὲ τὰ Μ, Δ τοῦ Δ ἐστι τετραπλάσια, ἔστι δὲ καὶ τὸ N tod Δ τετραπλάσιον" 
συναμφότερα ἄρα τὰ Μ, Δ τῷ Ν ἴσα ἐστίν. ἀλλὰ τὸ ZO τῶν Μ, Δ μεῖζόν ἐστιν: τὸ ZO ἄρα 
τοῦ Ν ὑπερέχει: τὸ δὲ K tod Ν οὐχ ὑπερέχει. καί ἐστι τὰ μὲνΖΘ,ΚΚ τῶν AB, 1 ἰσάκις πολλα - 
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For unequal magnitudes, the greater (magnitude) has a greater ratio than the lesser to the same 
(magnitude). And the latter (magnitude) has a greater ratio to the lesser (magnitude) than to 
the greater. 


Let AB and C be unequal magnitudes, and let AB be the greater (of the two), and D another 
random magnitude. I say that AB has a greater ratio to D than C (has) to D, and (that) D has a 
greater ratio to C than (it has) to AB. 


For since AB is greater than (Οὐ, let BE be made equal to C’.. So, the lesser of AF and ΕΒ, being 
multiplied, will sometimes be greater than D [Def. 5.4]. First of all, let AE be less than EB, and 
let AE have been multiplied, and let FG be a multiple of it which (is) greater than D. And as 
many times as FG is (divisible) by AE’, so many times let GH also have become (divisible) by 
EB, and Καὶ by C. And let the double multiple L of D have been taken, and the triple multiple /, 
and several more, (each increasing) in order by one, until the (multiple) taken becomes the first 
multiple of D (which is) greater than kK. Let it have been taken, and let it also be the quadruple 
multiple N of D—the first (multiple) greater than Κ΄. 


Therefore, since K is less than N first, Καὶ is thus not less than Μ7. And since FG and GH are equal 
multiples of AE and ΕΒ (respectively), FG and F'H are thus equal multiples of AEF and AB 
(respectively) [Prop. 5.1]. And FG and K are equal multiples of AF and C (respectively). Thus, 
FH and K are equal multiples of AB and C (respectively). Thus, ΓΗ, Καὶ are equal multiples of 
AB, C. Again, since GH and K are equal multiples of EB and C, and ΕΒ (is) equal to C, GH 
(is) thus also equal to kK. And K is not less than Μ΄. Thus, G'H not less than M either. And F'G 
(is) greater than D. Thus, the whole of F'H is greater than D and M (added) together. But, ἢ 
and M (added) together is equal to NV, inasmuch as ΜΔ is three times D, and M and D (added) 
together is four times D, and N is also four times D.Thus, Μ' and D (added) together is equal to 
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-πλάσια, τὸ δὲ N tod A ἄλλο, ὃ ἔτυχεν, πολλαπλάσιον: τὸ AB ἄρα πρὸς TO Δ μείζονα λόγον 
ἔχει ἤπερ τὸ 1 πρὸς τὸ Δ. 


Λέγω δή, ὅτι καὶ τὸ Δ πρὸς τὸ 1 μείζονα λόγον ἔχει ἤπερ τὸ Δ πρὸς τὸ AB. 


Ἰῶν γὰρ αὐτῶν κατασχευασϑέντων ὁμοίως δείξομεν, ὅτι τὸ μὲν N tod Κ ὑπερέχει, τὸ δὲ Ν 
τοῦ ΖΘ οὐχ ὑπερέχει. καί ἐστι τὸ μὲν N τοῦ Δ πολλαπλάσιον, τὰ δὲ ΖΘ, Κ τῶν ΑΒ, TV ἄλλα, 
ἃ ἔτυχεν, ἰσάκις πολλαπλάσια: τὸ A ἄρα πρὸς τὸ 1" μείζονα λόγον ἔχει ἤπερ τὸ Δ πρὸς τὸ AB. 


᾿Αλλὰ δὴ τὸ AE tod ΕΒ μεῖζον ἔστω. τὸ δὴ ἔλαττον τὸ ΕΒ πολλαπλασιαζόμενον ἔσται ποτὲ 
τοῦ Δ μεῖζον. πεπολλαπλασιάσϑω, καὶ ἔστω τὸ HO πολλαπλάσιον μὲν τοῦ ΕΒ, μεῖζον δὲ τοῦ 
Δ’ καὶ ὁσαπλασιόν ἐστι τὸ ΗΘ tod EB, τοσαυταπλάσιον γεγονέτω καὶ τὸ μὲν ΖΗ τοῦ AE, 
τὸ δὲ K τοῦ T. ὁμοίως δὴ δείξομεν, ὅτι τὰ ΖΘ, K τῶν AB, Τ᾽ ἰσάκις ἐστὶ πολλαπλάσια: καὶ 
εἰλήφϑω ὁμοίως τὸ N πολλαπλάσιον μὲν τοῦ Δ, πρώτως δὲ μεῖζον τοῦ ΖΗ: ὥστε πάλιν τὸ ΖΗ 
τοῦ Μ οὔκ ἐστιν ἔλασσον. μεῖζον δὲ τὸ ΗΘ τοῦ Δ’ ὅλον ἄρα τὸ ΖΘ τῶν Δ, Μ, τουτέστι tod N, 
ὑπερέχει. τὸ δὲ Κ τοῦ Ν οὐχ ὑπερέχει, ἐπειδήπερ καὶ τὸ ΖΗ μεῖζον ὃν τοῦ ΗΘ, τουτέστι τοῦ 
Κ, τοῦ Ν οὐχ ὑπερέχει. καὶ ὡσαύτως κατακολουϑοῦντες τοῖς ἐπάνω περαίνομεν τὴν ἀπόδειξιν. 


Ἰῶν ἄρα ἀνίσων μεγεϑῶν τὸ μεῖζον πρὸς τὸ αὐτὸ μείζονα λόγον ἔχει ἤπερ τὸ ἔλαττον᾽ καὶ τὸ 
αὐτὸ πρὸς τὸ ἔλαττον μείζονα λόγον ἔχει ἤπερ πρὸς τὸ μεῖζον’ ὅπερ ἔδει δεῖξαι. 
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N. But, F'H is greater than MW and D. Thus, ΕΗ exceeds N. And Καὶ does not exceed NV. And FH, 
K are equal multiples of AB, C, and N another random multiple of D. Thus, AB has a greater 
ratio to D than C (has) to D [Def. 5.7]. 


So, I say that D also has a greater ratio to C' than D (has) to AB. 


For, similarly, by the same construction, we can show that NV exceeds kK, and N does not exceed 
FH. And N isa multiple of D, and FH, K other random equal multiples of AB, C' (respectively). 
Thus, D has a greater ratio to C than D (has) to AB [Def. 5.5]. 


And so let AF be greater than FB. So, the lesser, EB, being multiplied, will sometimes be greater 
than D. Let it have been multiplied, and let GH be a multiple of EB (which is) greater than D. 
And as many times as GH is (divisible) by EB, so many times let F'G also have become (divisible) 
by AEF, and Καὶ by C. So, similarly (to the above), we can show that ΕΠ and K are equal multiples 
of AB and C (respectively). And, similarly (to the above), let the multiple N of D, (which is) 
the first (multiple) greater than ΕΓ, have been taken. So, FG is again not less than M. And GH 
(is) greater than D. Thus, the whole of fH exceeds D and M, that is to say N. And Καὶ does not 
exceed NV, inasmuch as ΕΓ, which (is) greater than GH—that is to say, K—also does not exceed 
N. And, following the above (arguments), we (can) complete the proof in the same manner. 


Thus, for unequal magnitudes, the greater (magnitude) has a greater ratio than the lesser to the 


same (magnitude). And the latter (magnitude) has a greater ratio to the lesser (magnitude) than 
to the greater. (Which is) the very thing it was required to show. 
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Ἰὰ πρὸς τὸ αὐτὸ τὸν αὐτὸν ἔχοντα λὸγον ἴσα ἀλλήλοις ἐστίν: καὶ πρὸς ἃ τὸ αὐτὸ τὸν αὐτὸν 
éyet λόγον, ἐκεῖνα ἴσα ἐστίν. 


᾿Ἔχέτω γὰρ ἑκάτερον τῶν A, Β πρὸς τὸ T τὸν αὐτὸν λόγον. λέγω, ὅτι ἴσον ἐστὶ τὸ A τῷ Β. 


Y ) 


0 μῆ, οὐκ ἂν ἑκάτερον τῶν A, Β πρὸς τὸ Τ᾽ τὸν αὐτὸν εἶχε λόγον: ἔχει δέ: ἴσον ἄρα ἐστὶ 
᾿Ἔχέτω δὴ πάλιν τὸ TD πρὸς ἑκάτερον τῶν A, Β τὸν αὐτὸν λόγον. λέγω, ὅτι ἴσον ἐστὶ τὸ A τῷ 
YJ 2 


0 pH, οὐκ ἂν τὸ T πρὸς ἑκάτερον τῶν A, B τὸν αὐτὸν εἶχε λόγον: ἔχει δέ: ἴσον ἄρα ἐστὶ 


Ἰὰ ἄρα πρὸς τὸ αὐτὸ τὸν αὐτὸν ἔχοντα λόγον ἴσα ἀλλήλοις ἐστίν: καὶ πρὸς ἃ τὸ αὐτὸ τὸν 
αὐτὸν ἔχει λόγον, ἐκεῖνα ἴσα ἐστίν: ὅπερ ἔδει δεῖξαι. 
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Proposition 9 


(Magnitudes) having the same ratio to the same (magnitude) are equal to one another. And those 
(magnitudes) to which the same (magnitude) has the same ratio are equal. 


For let A and B each have the same ratio to C’.. I say that A is equal to B. 


For if not, A and B would not each have the same ratio to C [Prop. 5.8]. But they do. Thus, A is 
equal to B. 


So, again, let C have the same ratio to each of A and B. I say that A is equal to B. 


For if not, C would not have the same ratio to each of A and B [Prop. 5.8]. But it does. Thus, A 
is equal to B. 


Thus, (magnitudes) having the same ratio to the same (magnitude) are equal to one another. And 
those (magnitudes) to which the same (magnitude) has the same ratio are equal. (Which is) the 
very thing it was required to show. 
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T@v πρὸς TO αὐτὸ λόγον ἐχόντων TO μείζονα λόγον ἔχον ἐκεῖνο μεῖζόν ἐστιν: πρὸς ὃ δὲ τ 
αὐτὸ μείζονα λόγον ἔχει, ἐκεῖνο ἔλαττόν ἐστιν. 


᾿Ἔχέτω γὰρ τὸ A πρὸς τὸ Τ᾽ μείζονα λόγον ἤπερ τὸ Β πρὸς τὸ 1" λέγω, ὅτι μεῖζόν ἐστι τὸ A 
τοῦ Β. 


Εἰ γὰρ uy, ἤτοι ἴσον ἐστὶ τὸ A τῷ Β ἢ ἔλασσον. ἴσον μὲν οὖν οὔκ ἐστὶ τὸ A τῷ Br ἑκάτερον 


Χ ὅν ~ N N N > > ΄ ᾽ 3 ΄ > y ” 2 \ N ~ 
γὰρ ἂν τῶν A, B πρὸς τὸ 1" τὸν αὐτὸν εἶχε λόγον. οὐκ ἔχει δέ: οὐκ ἄρα ἴσον ἐστὶ τὸ A τῷ B. 

> OX N YA ΄ 2 N ~ N N oN N N 2\ 2 ΄ > 2, N 
οὐδὲ μὴν ἔλασσόν ἐστι τὸ A tod Β’ τὸ A γὰρ ἂν πρὸς TO 1 ἐλάσσονα λόγον εἶχεν ἤπερ τὸ B 


πρὸς TOT. οὐκ ἔχει δέ: οὐκ ἄρα ἔλασσόν ἐστι τὸ A τοῦ Β. ἐδείχϑη δὲ οὐδὲ ἴσον: μεῖζον ἄρα 
ἐστὶ τὸ A τοῦ Β. 


"Eyétw δὴ πάλιν τὸ Τ᾿ πρὸς τὸ Β μείζονα λόγον ἤπερ τὸ TV πρὸς τὸ Δ᾽ λέγω, ὅτι ἔλασσόν ἐστι 
τὸ Β τοῦ Α. 


Εἰ γὰρ pn, ἤτοι ἴσον ἐστὶν ἢ μεῖζον. ἴσον μὲν οὖν οὔκ ἐστι τὸ Β τῷ Α΄ τὸ T γὰρ ἂν πρὸς 
Ce ς ~ N > XN > ΄ > 2) ΄ > 2, ” 2 \ N ~ > OX N 
ἑκάτερον τῶν A, B tov αὐτὸν εἶχε λόγον. οὐκ ἔχει dé" οὐκ ἄρα ἴσον ἐστὶ τὸ A τῷ Β. οὐδὲ μὴν 
΄ 2 N ~ . N N ᾽ν, N N 2\ 2 Ζ oe 32, N N > 
μεῖζόν ἐστι τὸ B τοῦ A’ τὸ I γὰρ ἂν πρὸς τὸ Β ἐλάσσονα λόγον εἴχεν ἤπερ πρὸς TO A. οὐκ 
7 re > vw 2 X ~ 2 4 ΄ -« > Νν wv ey 4 wv 2 Ν Ν band 
ἔχει δέ: οὐκ ἄρα μεῖζον ἐστι TO Β τοῦ A. ἐδείχϑη δέ, ὅτι οὐδὲ ἴσον’ ἔλαττον ἄρα ἐστὶ TO B τοῦ 
Α. 
Ἰῶν ἄρα πρὸς τὸ αὐτὸ λόγον ἐχόντων τὸ μείζονα λόγον ἔχον μεῖζόν ἐστιν’ καὶ πρὸς ὃ τὸ αὐτὲ 
μείζονα λόγον ἔχει, ἐκεῖνο ἔλαττόν ἐστιν’ ὅπερ ἔδει δεῖξαι. 
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Proposition 10 
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For (magnitudes) having a ratio to the same (magnitude), that (magnitude which) has the greater 
ratio is (the) greater. And that (magnitude) to which the latter (magnitude) has a greater ratio is 
(the) lesser. 


For let A have a greater ratio to C than B (has) to C. I say that A is greater than B. 


For if not, A is surely either equal to or less than B. In fact, A is not equal to B. For (then) A 
and B would each have the same ratio to (Οὐ [Prop. 5.7]. But they do not. Thus, A is not equal to 
B. Neither, indeed, is A less than B. For (then) A would have a lesser ratio to C than B (has) to 
C [Prop. 5.8]. But it does not. Thus, A is not less than B. And it was shown not (to be) equal 
either. Thus, A is greater than B. 


So, again, let C have a greater ratio to B than C (has) to A. I say that B is less than A. 


For if not, (it is) surely either equal or greater. In fact, B is not equal to A. For (then) C' would 
have the same ratio to each of A and B [Prop. 5.7]. But it does not. Thus, A is not equal to B. 
Neither, indeed, is B greater than A. For (then) C would have a lesser ratio to B than (it has) to 
A [Prop. 5.8]. But it does not. Thus, B is not greater than A. And it was shown that (it is) not 
equal (to A) either. Thus, B is less than A. 


Thus, for (magnitudes) having a ratio to the same (magnitude), that (magnitude which) has the 


greater ratio is (the) greater. And that (magnitude) to which the latter (magnitude) has a greater 
ratio is (the) lesser. (Which is) the very thing it was required to show. 
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Οἱ τῷ αὐτῷ λόγῳ οἱ αὐτοὶ καὶ ἀλλήλοις εἰσὶν οἱ αὐτοί. 


Ἔστωσαν γὰρ ὡς μὲν τὸ A πρὸς τὸ B, οὕτως τὸ TF πρὸς τὸ A, ὡς δὲ τὸ 1 πρὸς τὸ Δ, οὕτως 
τὸ E πρὸς τὸ Z: λέγω, ὅτι ἐστὶν ὡς τὸ A πρὸς τὸ Β, οὕτως τὸ E πρὸς τὸ Ζ. 


Εἰλήφϑω γὰρ τῶν A, T, Ε ἰσάκις πολλαπλάσια τὰ H, ©, Κ, τῶν δὲ Β, Δ, Ζ ἄλλα, ἃ ἔτυχεν, 
ἰσάκις πολλαπλάσια τὰ Λ, Μ, Ν. 


Kot ἐπεί ἐστιν ὡς τὸ A πρὸς τὸ B, οὕτως τὸ 1 πρὸς τὸ Δ, καὶ εἴληπται τῶν μὲν A, Τ᾽ ἰσάκις 
πολλαπλάσια τὰ H, ©, τῶν δὲ B, A ἀλλα, ἃ ἔτυχεν, ἰσάκις πολλαπλάσια τὰ A, Μ, εἰ ἄρα 
ὑπερέχει τὸ Η τοῦ A, ὑπερέχει καὶ τὸ © tod M, καὶ εἰ ἴσον ἐστίν, ἴσον, καὶ εἰ ἐλλείπει, ἐλλείπει. 
πάλιν, ἐπεί ἐστιν ὡς τὸ I πρὸς τὸ Δ, οὕτως τὸ E πρὸς τὸ Ζ, καὶ εἴληπται τῶν 1, E ἰσάκις 
πολλαπλάσια τὰ Θ, Κ, τῶν δὲ Δ, Z ἄλλα, ἃ ἔτυχεν, ἰσάκις πολλαπλάσια τὰ M, N, εἰ ἄρα 
ὑπερέχει τὸ Θ tod Μ, ὑπερέχει καὶ τὸ Κ τοῦ Ν, ual εἰ ἴσον, ἴσον, καὶ εἰ ἔλλατον, ἔλαττον. ἀλλὰ 
εἰ ὑπερεῖχε τὸ © τοῦ Μ, ὑπερεῖχε καὶ τὸ Η τοῦ A, καὶ εἰ ἴσον, ἴσον, καὶ εἰ ἔλαττον, ἔλαττον" 
ὥστε χαὶ εἰ ὑπερέχει τὸ Η τοῦ A, ὑπερέχει καὶ τὸ Κ τοῦ Ν, καὶ εἰ ἴσον, ἴσον, καὶ εἰ ἔλαττον, 
ἔλαττον. καί ἐστι τὰ μὲν H, K τῶν A, E ἰσάκις πολλαπλάσια, τὰ δὲ A, N τῶν Β, Z ἄλλα, ἃ 
ἔτυχεν, ἰσάκις πολλαπλάσια: ἔστιν ἄρα ὡς TO A πρὸς τὸ Β, οὕτως τὸ E πρὸς τὸ Z. 


Οἱ ἄρα τῷ αὐτῷ λόγῳ οἱ αὐτοὶ καὶ ἀλλήλοις εἰσὶν οἱ αὐτοί: ὅπερ ἔδει δεῖξαι. 
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LS VE NE --οΟ--͵ῸὈΈ.--- 
(Ratios which are) the same with the same ratio are also the same with one another. 


For let it be that as A (is) to B, so C (is) to D, and as C (is) to D, so E (is) to Γ΄. I say that as A 
is to B, so E (is) to F. 


For let the equal multiples G, H, Καὶ have been taken of A, C, E (respectively), and the other 
random equal multiples L, M, N of B, D, F (respectively). 


And since as A is to B, so C (is) to D, and the equal multiples G and H have been taken of A and 
C (respectively), and the other random equal multiples L and M of B and D (respectively), thus 
if G exceeds L then H also exceeds M, and if (G is) equal (to L then H is also) equal (to M), 
and if (G is) less (than L then H is also) less (than M) [Def. 5.5]. Again, since as C is to D, so Εὶ 
(is) to Ε΄, and the equal multiples H and Kk have been taken of C and E (respectively), and the 
other random equal multiples Μ and N of D and F (respectively), thus if H exceeds M then Καὶ 
also exceeds N, and if (H is) equal (to Μ then Καὶ is also) equal (to NV), and if (Η is) less (than 
M then K is also) less (than NV) [Def. 5.5]. But if H was exceeding M then G was also exceeding 
L, and if (H was) equal (to Μ then G was also) equal (to L), and if (H was) less (than M then 
G was also) less (than L). And, hence, if G exceeds L then Καὶ also exceeds N, and if (G is) equal 
(to L then K is also) equal (to NV), and if (G is) less (than L then K is also) less (than NV). And G 
and Καὶ are equal multiples of A and EF (respectively), and L and N other random equal multiples 
of B and F (respectively). Thus, as A is to B, so E (is) to F' [Def. 5.5]. 


Thus, (ratios which are) the same with the same ratio are also the same with one another. (Which 
is) the very thing it was required to show. 


82In modern notation, this proposition reads that ifa:3::y:dandy:6::e:¢thena: @::€:¢. 
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᾿ὰν ἢ ὁποσαοῦν μεγέϑη ἀνάλογον, ἔσται ὡς ἕν TOV ἡγουμένων πρὸς Ev τῶν ἑπομένων, οὕτως 
ἅπαντα τὰ ἡγούμενα πρὸς ἅπαντα τὰ ἑπόμενα. 


Ἔστωσαν ὁποσαοῦν μεγέϑη ἀνάλογον τὰ A, Β, V, A, Ε, Z, ὡς τὸ A πρὸς τὸ B, οὕτως τὸ T 
πρὸς τὸ Δ, καὶ τὸ E πρὸς το Ζ᾽ λέγω, ὅτι ἐστὶν ὡς TO A πρὸς τὸ Β, οὕτως τὰ A, 1᾿, E πρὸς τὰ 


Β, Δ, Ζ. 


Εἰλήφϑω γὰρ τῶν μὲν A, 1᾽, Ε ἰσάκις πολλαπλάσια τὰ H, Θ, Κ, τῶν δὲ B, Δ, Z ἄλλα, ἃ ἔτυχεν, 
ἰσάκις πολλαπλάσια τὰ Λ, Μ, Ν. 


Kot ἐπεί ἐστιν ὡς τὸ A πρὸς τὸ Β, οὕτως τὸ 1" πρὸς τὸ Δ, καὶ τὸ E πρὸς τὸ Ζ, καὶ εἴληπται τῶν 
μὲν A, Τ᾿, Ε ἰσάκις πολλαπλάσια τὰ H, ©, Κ τῶν δὲ Β, Δ, Z ἄλλα, ἃ ἔτυχεν, ἰσάκις πολλαπλάσια 
τὰ A, Μ, Ν, εἰ ἄρα ὑπερέχει τὸ Η τοῦ A, ὑπερέχει καὶ τὸ © tod Μ, χαὶ τὸ Κ τοῦ Ν, καὶ εἰ 
ἴσον, ἴσον, καὶ εἰ ἔλαττον, ἔλαττον. ὥστε ual εἰ ὑπερέχει τὸ Η tod A, ὑπερέχει καὶ te H, Θ, Καὶ 
τῶν A, Μ, Ν, καὶ εἰ ἴσον, ἴσα, καὶ εἰ ἔλαττον, ἔλαττονα. καί ἐστι τὸ μὲν Η καὶ τὰ H, Θ, K τοῦ 
A χαὶ τῶν A, T, Ε ἰσάκις πολλαπλάσια, ἐπειδήπερ ἐὰν ἢ ὁποσαοῦν μεγέϑη ὁποσωνοῦν μεγεϑῶν 
ἴσων τὸ πλῆϑος ἕκαστον ἑκάστου ἰσάκις πολλαπλάσιον, ὁσαπλάσιόν ἐστιν ἕν τῶν μεγεϑῶν ἑνός, 
τοσαυταπλάσια ἔσται καὶ τὰ πάντα τῶν πάντων. διὰ τὰ αὐτὰ δὴ καὶ τὸ Λ καὶ τὰ Λ, Μ, Ν τοῦ 
B χαὶ τῶν B, Δ, Z ἰσάκις ἐστὶ πολλαπλάσια: ἔστιν ἄρα ὡς TO A πρὸς τὸ B, οὕτως τὰ A, T, E 
πρὸς τὰ B, Δ, Z. 


"Exy ἄρα ἢ ὁποσαοῦν μεγέϑη ἀνάλογον, ἔσται ὡς ἕν τῶν ἡγουμένων πρὸς ἕν τῶν ἑπομένων, 
οὕτως ἅπαντα τὰ ἡγούμενα πρὸς ἅπαντα τὰ ἑπόμενα" ὅπερ ἔδει δεῖξαι. 
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If there are any number of magnitudes whatsoever (which are) proportional then as one of the 
leading (magnitudes is) to one of the following, so will all of the leading (magnitudes) be to all 
of the following. 


Let there be any number of magnitudes whatsoever, A, B, C, D, E, Ε', (which are) proportional, 
(so that) as A (is) to B, so C (is) to D, and F to Ε΄. I say that as A is to B, so A, C, E (are) to B, 
D,F. 


For let the equal multiples G, H, Καὶ have been taken of A, C, FE (respectively), and the other 
random equal multiples L, M, N of B, D, F (respectively). 


And since as A is to B, so C (is) to D, and EF to F,, and the equal multiples G, H, Καὶ have been 
taken of A, C, Ε (respectively), and the other random equal multiples L, M, N of B, ἢ, F 
(respectively), thus if G exceeds L then H also exceeds M, and K (exceeds) N, and if (G is) 
equal (to L then H is also) equal (to M, and Καὶ to N), and if (G is) less (than L then H is also) 
less (than Μ, and Kk than NV) [Def. 5.5]. And, hence, if G exceeds L then G, H, K also exceed L, 
M, N, and if (G is) equal (to L then G, H, Καὶ are also) equal (to L, Μ, N) and if (G is) less (than 
L then G, H, K are also) less (than L, M, N). And G and G, H, K are equal multiples of A and 
A, C, E (respectively), inasmuch as if there are any number of magnitudes whatsoever (which 
are) equal multiples, respectively, of some (other) magnitudes, of equal number (to them), then 
as many times as one of the (first) magnitudes is (divisible) by one (of the second), so many times 
will all (of the first magnitudes) also (be divisible) by all (of the second) [Prop. 5.1]. So, for the 
same (reasons), L and L, M, N are also equal multiples of B and B, D, F (respectively). Thus, 
as A is to B, so A, C, E (are) to B, D, F (respectively). 


Thus, if there are any number of magnitudes whatsoever (which are) proportional then as one of 
the leading (magnitudes is) to one of the following, so will all of the leading (magnitudes) be to 
all of the following. (Which is) the very thing it was required to show. 


83In modern notation, this proposition reads that if a: αἱ :: 6: β' :: y: γ' etc. thena:a’:: (a+ β- 71 -- --): 
(α΄ -- β' --γ' ees je 
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Ἢν πρῶτον πρὸς δεύτερον τὸν αὐτὸν ἔχῃ λόγον ual τρίτον πρὸς τέταρτον, τρίτον δὲ πρὸς 
τέταρτον μείζονα λόγον ἔχῃ ἢ πέμπτον πρὸς ἕκτον, καὶ πρῶτον πρὸς δεύτερον μείζονα λόγον 
ἕξει ἢ πέμπτον πρὸς ἕκτον. 


Πρῶτον γὰρ τὸ A πρὸς δεύτερον τὸ Β τὸν αὐτὸν ἐχέτω λόγον καὶ τρίτον τὸ T° πρὸς τέταρτον 
τὸ Δ, τρίτον δὲ τὸ 1 πρὸς τέταρτον τὸ Δ μείζονα λόγον ἐχέτω ἢ πέμπτον τὸ E πρὸς ἕκτον τὸ 
Ζ. λέγω, ὅτι καὶ πρῶτον τὸ A πρὸς δεύτερον τὸ B μείζονα λόγον ἕξει ἤπερ πέμπτον τὸ E πρὸς 
- Ἂς 

ἕκτον τὸ Ζ. 


"Exel γὰρ ἔστι τινὰ μὲν DT, Ε ἰσάκις πολλαπλάσια, τῶν δὲ Δ, Ζ ἄλλα, ἃ ἔτυχεν, ἰσάκις πολ- 
λαπλάσια, καὶ τὸ μὲν τοῦ I’ πολλαπλάσιον τοῦ τοῦ A πολλαπλασίου ὑπερέχει, τὸ δὲ τοῦ E 
πολλαπλάσιον τοῦ τοῦ Z πολλαπλασίου οὐχ ὑπερέχει, εἰλήφϑω, καὶ ἔστω τῶν μὲν I, E ἰσάκις 
πολλαπλάσια τὰ Η, Θ, τῶν δὲ Δ, Z ἄλλα, ἃ ἔτυχεν, ἰσάκις πολλαπλάσια τὰ K, A, ὥστε τὸ 
μὲν Η τοῦ Κ ὑπερέχειν, τὸ δὲ © tod A μὴ ὑπερέχειν: καὶ ὁσαπλάσιον μέν ἐστι τὸ Η τοῦ T, 
τοσαυταπλάσιον ἔστω ual τὸ Μ τοῦ A, ὁσαπλάσιον δὲ τὸ Κ τοῦ Δ, τοσαυταπλάσιον ἔστω χαὶ 
τὸ Ν τοῦ Β. 


Kot ἐπεί ἐστιν ὡς τὸ A πρὸς τὸ B, οὕτως τὸ 1 πρὸς τὸ Δ, καὶ εἴληπται τῶν μὲν A, Τ᾽ ἰσάκις 
πολλαπλάσια τὰ Μ, Η, τῶν δὲ Β, Δ ἄλλα, ἃ ἔτυχεν, ἰσάκις πολλαπλάσια τὰ Ν, Κ, εἰ ἄρα 
ὑπερέχει τὸ Μ τοῦ Ν, ὑπερέχει καὶ τὸ Η τοῦ Κ, χαὶ εἰ ἴσον, ἴσον, καὶ εἰ ἔλαττον, ἔλλατον. 
ὑπερέχει δὲ τὸ Η τοῦ Κ΄ ὑπερέχει ἄρα καὶ τὸ Μ tod N. τὸ δὲ © tod A οὐχ ὑπερέχει: καί 
ἐστι τὰ μὲν Μ, © τῶν A, E ἰσάκις πολλαπλάσια, τὰ δὲ Ν, A τῶν B, Z ἄλλα, ἃ ἔτυχεν, ἰσάκις 
πολλαπλάσια: τὸ ἄρα A πρὸς τὸ Β μείζονα λόγον ἔχει ἤπερ τὸ E πρὸς τὸ Z. 


αν ἄρα πρῶτον πρὸς δεύτερον τὸν αὐτὸν ἔχῃ λόγον ual τρίτον πρὸς τέταρτον, τρίτον δὲ 


πρὸς τέταρτον μείζονα λόγον ἔχῃ ἢ πέμπτον πρὸς ἕκτον, καὶ πρῶτον πρὸς δεύτερον μείζονα 
λόγον ἕξει ἢ πέμπτον πρὸς ἕκτον: ὅπερ ἔδει δεῖξαι. 
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If a first (magnitude) has the same ratio to a second that a third (has) to a fourth, and the 
third (magnitude) has a greater ratio to the fourth than a fifth (has) to a sixth, then the first 
(magnitude) will also have a greater ratio to the second than the fifth (has) to the sixth. 


For let a first (magnitude) A have the same ratio to a second B that a third C (has) to a fourth 
D, and let the third (magnitude) Οὐ have a greater ratio to the fourth D than a fifth F (has) toa 
sixth Ε΄. I say that the first (magnitude) A will also have a greater ratio to the second B than the 
fifth (has) to the sixth F. 


For since there are some equal multiples of C and F, and other random equal multiples of D 
and F’, (for which) the multiple of C exceeds the (multiple) of D, and the multiple of E does not 
exceed the multiple of F' [Def. 5.7], let them have been taken. And let G and H be equal multiples 
of C and F (respectively), and kK and L other random equal multiples of D and F (respectively), 
such that G exceeds kK’, but H does not exceed L. And as many times as G is (divisible) by C, so 
many times let M/ be (divisible) by A. And as many times as K (is divisible) by D, so many times 
let N be (divisible) by B. 


And since as A is to B, so C (is) to D, and the equal multiples Μ and G have been taken of A 
and C' (respectively), and the other random equal multiples N and Καὶ of B and D (respectively), 
thus if Μ exceeds N then G exceeds Kk, and if (ΛΜ is) equal (to N then G is also) equal (to Κ), 
and if (Μ is) less (than N then G is also) less (than 1) [Def. 5.5]. And G exceeds kK. Thus, 
M also exceeds N. And H does not exceeds ἢ. And M and H are equal multiples of A and FE 
(respectively), and N and L other random equal multiples of B and F (respectively). Thus, A 
has a greater ratio to B than EF (has) to F [Def. 5.7]. 


Thus, if a first (magnitude) has the same ratio to a second that a third (has) to a fourth, and 
a third (magnitude) has a greater ratio to a fourth than a fifth (has) to a sixth, then the first 
(magnitude) will also have a greater ratio to the second than the fifth (has) to the sixth. (Which 
is) the very thing it was required to show. 


84In modern notation, this proposition reads that ifa:3::y:dandy:6>e:¢thena:8>€:¢. 
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Ἤν πρῶτον πρὸς δεύτερον τὸν αὐτὸν ἔχῃ λόγον καὶ τρίτον πρὸς τέταρτον, τὸ δὲ πρῶτον 
τοῦ τρίτου μεῖζον ἢ, καὶ τὸ δεύτερον τοῦ τετάρτου μεῖζον ἔσται, κἂν ἴσον, ἴσον, κἂν ἔλαττον, 
bya 

ἔλαττον. 


Πρῶτον γὰρ τὸ A πρὸς δεύτερον τὸ Β αὐτὸν ἐχέτω λόγον καὶ τρίτον τὸ T° προς τέταρτον τὸ 
Δ, μεῖζον δὲ ἔστω τὸ A τοῦ 1" λέγω, ὅτι καὶ τὸ Β τοῦ Δ μεῖζόν ἐστιν. 


᾿πεὶ γὰρ τὸ A tod TP μεῖζόν ἐστιν, ἄλλο δέ, ὃ ἔτυχεν, [μέγεϑος] τὸ Β, τὸ A ἄρα πρὸς τὸ Β 
μείζονα λόγον ἔχει ἤπερ τὸ 1 πρὸς τὸ Β. ὡς δὲ τὸ A πρὸς τὸ B, οὕτως τὸ TL πρὸς τὸ Δ’ καὶ τὸ 
Τ᾽ ἄρα πρὸς τὸ Δ μείζονα λόγον ἔχει ἤπερ τὸ 1᾽ πρὸς τὸ Β. πρὸς ὃ δὲ τὸ αὐτὸ μείζονα λόγον 
ἔχει, ἐκεῖνο ἔλασσόν ἐστιν’ ἔλασσον ἄρα τὸ Δ τοῦ Β’ ὥστε μεῖζόν ἐστι τὸ Β τοῦ Δ. 

Ὁμοίως δὴ δεϊξομεν, ὅτι κἂν ἴσον ἢ τὸ A τῷ T, ἴσον ἔσται καὶ τὸ Β τῷ Δ, χἄν ἔλασσον ἢ τὸ 
A τοῦ 1, ἔλασσον ἔσται καὶ τὸ Β τοῦ Δ. 


3 \ oY ~ Ν ΄ Ν ὅς οὔκ 4 ΄ \ ,ὕ N ΄ N N ~ 
Eayv χαρὰ πρῶτον προς δεύτερον TOV KVTOV EXN λόγον και TOLTOV προς τετᾶρτον, TO δὲ πρῶτον 


τοῦ τρίτου μεῖζον 7, καὶ τὸ δεύτερον τοῦ τετάρτου μεῖζον ἔσται, κἂν ἴσον, ἴσον, κἂν ἔλαττον, 
ἔλαττον ὅπερ ἔδει δεῖξαι. 
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Βν.-ς--- Dt 


If a first (magnitude) has the same ratio to a second that a third (has) to a fourth, and the first 
(magnitude) is greater than the third, then the second will also be greater than the fourth. And 
if (the first magnitude is) equal (to the third then the second will also be) equal (to the fourth). 
And if (the first magnitude is) less (than the third then the second will also be) less (than the 
fourth). 


For let a first (magnitude) A have the same ratio to a second B that a third C (has) to a fourth 
D. And let A be greater than C. I say that B is also greater than D. 


For since A is greater than C’, and B (is) another random [magnitude], A thus has a greater ratio 
to B than C (has) to B [Prop. 5.8]. And as A (is) to B, so C (is) to D. Thus, C also has a greater 
ratio to D than C (has) to B. And that (magnitude) to which the same (magnitude) has a greater 
ratio is the lesser [Prop. 5.10]. Thus, D (is) less than B. Hence, P is greater than D. 


So, similarly, we can show that even if A is equal to C then B will also be equal to D, and even if 
A is less than C' then B will also be less than D. 


Thus, if a first (magnitude) has the same ratio to a second that a third (has) to a fourth, and the 
first (magnitude) is greater than the third, then the second will also be greater than the fourth. 
And if (the first magnitude is) equal (to the third then the second will also be) equal (to the 
fourth). And if (the first magnitude is) less (than the third then the second will also be) less (than 
the fourth). (Which is) the very thing it was required to show. 


85In modern notation, this proposition reads that if a : 3 :: y: ὃ thena >=< yas 3 >=< δ. 
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7. — 
Ἰὰ μέρη τοῖς ὡσαύτως πολλαπλασίοις TOV αὐτὸν ἔχει λόγον ληφϑέντα κατάλληλα. 


Ἔστω γὰρ ἰσάκις πολλαπλάσιον τὸ AB τοῦ TL καὶ to AE τοῦ Z λέγω, ὅτι ἐστὶν ὡς τὸ 1 πρὸς 
τὸ Ζ, οὕτως τὸ ΑΒ πρὸς τὸ ΔΗ. 


"Exel γὰρ ἰσάκις ἐστὶ πολλαπλάσιον τὸ AB τοῦ Τ᾿ καὶ τὸ AE τοῦ Ζ, ὅσα ἄρα ἐστὶν ἐν τῷ AB 
μεγέϑη ἴσα τῷ 1, τοσαῦτα καὶ ἐν τῷ ΔΕ ἴσα τῷ Ζ. StyonoGw τὸ μὲν AB εἰς τὰ τῷ 1" ἴσα τὰ 
AH, ΗΘ, ΘΒ, τὸ δὲ AE εἰς τὰ τῷ Z ἴσα τὰ AK, KA, ΛΕ’; ἔσται δὴ ἴσον τὸ πλῆϑος τῶν AH, 
ΗΘ, ΘΒ, τῷ πλήϑει τῶν ΔΚ, ΚΛ, ΛΗ. χαὶ ἐπεὶ ἴσα ἐστὶ τ ΑΗ, ΗΘ, ΘΒ ἀλλήλοις, ἔστι δὲ 
nat τὰ ΔΚ, ΚΛ, AE ἴσα ἀλλήλοις, ἔστιν ἄρα ὡς τὸ ΛΗ πρὸς τὸ AK, οὕτως τὸ ΗΘ πρὸς τὸ 
KA, χαὶ τὸ ΘΒ πρὸς τὸ AE. ἔσται ἄρα καὶ ὡς ἕν τῶν ἡγουμένων πρὸς ἕν τῶν ἑπομένων, οὕτως 
ἅπαντα τὰ ἡγουμένα πρὸς ἅπαντα τὰ ἑπόμενα" ἔστιν ἄρα ὡς τὸ ΛΗ πρὸς τὸ ΔΚ, οὕτως τὸ AB 
πρὸς τὸ AE. ἴσον δὲ τὸ μὲν AH τῷ 1", τὸ δὲ ΔΚ τῷ Ζ: ἔστιν ἄρα ὡς τὸ 1 πρὸς τὸ Ζ οὕτως τὸ 
AB πρὸς τὸ ΔΗ. 


Ἰὰ ἄρα μέρη τοῖς ὡσαύτως πολλαπλασίοις τὸν αὐτὸν ἔχει λόγον ληφϑέντα κατάλληλα: ὅπερ 
ἔδει δεῖξαι. 
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Proposition 15 * 


Parts have the same ratio as similar multiples, taken in corresponding order. 


For let AB and DE be equal multiples of Οἱ and F (respectively). I say that as C' is to F, so AB 
(is) to DE. 


For since AB and DE are equal multiples of Οἱ and F (respectively), thus as many magnitudes as 
there are in AB equal to C,, so many (are there) also in DE equal to F’. Let AB have been divided 
into (magnitudes) AG, GH, HB, equal to C, and DE into (magnitudes) Dk, KL, LE, equal to 
F. So, the number of (magnitudes) AG, GH, HB will equal the number of (magnitudes) DK, 
KL, LE. And since AG, GH, HB are equal to one another, and DK, KL, LE are also equal to 
one another, thus as AG is to DK, so GH (is) to KL, and HB to LE [Prop. 5.7]. And, thus (for 
proportional magnitudes), as one of the leading (magnitudes) will be to one of the following, so 
all of the leading (magnitudes will be) to all of the following [Prop. 5.12]. Thus, as AG is to DK, 
so AB (is) to DE. And AG is equal to C, and DK to F.. Thus, as C is to F', so AB (is) to DE. 


Thus, parts have the same ratio as similar multiples, taken in corresponding order. (Which is) the 
very thing it was required to show. 


86In modern notation, this proposition reads that a: 3 :: ma: πὶ β. 
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"Exy τέσσαρα μεγέϑη ἀνάλογον ἢ, καὶ ἐναλλὰξ ἀνάλογον ἔσται. 


Ἔστω τέσσαρα μεγέϑη ἀνάλογον τὰ A, B, I, Δ, ὡς τὸ A πρὸς τὸ Β, οὕτως τὸ 1 πρὸς τὸ Δ’ 
λέγω, ὅτι καὶ ἐναλλὰξ [ἀνάλογον] ἔσται, ὡς τὸ A πρὸς τὸ 1", οὕτως τὸ Β πρὸς τὸ Δ. 


Εἰλήφϑω γὰρ τῶν μὲν A, Β ἰσάκις πολλαπλάσια τὰ E, Z, τῶν δὲ T, Δ ἄλλα, ἃ ἔτυχεν, ἰσάκις 
πολλαπλάσια τὰ Η, Θ. 


Kot ἐπεὶ ἰσάκις ἐστὶ πολλαπλάσιον τὸ E tod A χκαὶ τὸ Ζ τοῦ B, τὰ δὲ μέρη τοῖς ὡσαύτως 
πολλαπλασίοις τὸν αὐτὸν ἔχει λόγον, ἔστιν ἄρα ὡς TO A πρὸς τὸ B, οὕτως τὸ E πρὸς τὸ Ζ. 
ὡς δὲ τὸ A πρὸς τὸ B, οὕτως τὸ T πρὸς τὸ Δ’ καὶ ὡς ἄρα τὸ 1 πρὸς τὸ Δ, οὕτως τὸ E πρὸς 
τὸ Ζ. πάλιν, ἐπεὶ τὰ H, Θ τῶν I, Δ ἰσάκις ἐστὶ πολλαπλάσια, ἔστιν ἄρα ὡς τὸ 1" πρὸς τὸ A, 
οὕτως τὸ H πρὸς τὸ Θ. ὡς δὲ τὸ Τ᾿ πρὸς τὸ Δ, [οὕτως] τὸ E πρὸς τὸ Z: καὶ ὡς ἄρα τὸ E πρὸς 
τὸ Ζ, οὕτως τὸ Η πρὸς τὸ Θ. ἐὰν δὲ τέσσαρα μεγέϑη ἀνάλογον ἢ, τὸ δὲ πρῶτον τοῦ τρίτου 
μεῖζον ἢ, καὶ τὸ δεύτερον τοῦ τετάρτου μεῖζον ἔσται, κἂν ἴσον, ἴσον, κἄν ἔλαττον, ἔλαττον. εἰ 
ἄρα ὑπερέχει τὸ E tod Η, ὑπερέχει καὶ τὸ Ζ τοῦ Θ, καὶ εἰ ἴσον, ἴσον, καὶ εἰ ἔλαττον, ἔλαττον. 
nat ἐστι τὰ μὲν E, Z τῶν A, Β ἰσάκις πολλαπλάσια, τὰ δὲ H, Θ τῶν 1", Δ ἄλλα, ἃ ἔτυχεν, ἰσάκις 
πολλαπλάσια: ἔστιν ἄρα ὡς τὸ A πρὸς τὸ 1", οὕτως τὸ Β πρὸς τὸ Δ. 


"Exy ἄρα τέσσαρα μεγέϑη ἀνάλογον ἢ, καὶ ἐναλλὰξ ἀνάλογον ἔσται" ὅπερ ἔδει δεῖξαι. 
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Proposition 1687 


At CG H— 


Bre Dro 


If four magnitudes are proportional then they will also be proportional alternately. 


Let A, B, C and D be four proportional magnitudes, (such that) as A (is) to B, so C (is) to D. I 
say that they will also be [proportional] alternately, (so that) as A (is) to C, so B (is) to D. 


For let the equal multiples EF and Γ΄ have been taken of A and B (respectively), and the other 
random equal multiples G and H of C and D (respectively). 


And since F£ and F are equal multiples of A and B (respectively), and parts have the same ratio 
as similar multiples [Prop. 5.15], thus as A is to B, so EF (is) to Γ᾿. But as A (is) to B, so C (is) 
to D. And, thus, as C (is) to D, so Καὶ (is) to F [Prop. 5.11]. Again, since G and H are equal 
multiples of C and D (respectively), thus as C is to D, so G (is) to H [Prop. 5.15]. But as C 
(is) to D, [so] F (is) to Γ΄. And, thus, as F (is) to Γ΄, so G (is) to H [Prop. 5.11]. And if four 
magnitudes are proportional, and the first is greater than the third then the second will also be 
greater than the fourth, and if (the first is) equal (to the third then the second will also be) equal 
(to the fourth), and if (the first is) less (than the third then the second will also be) less (than the 
fourth) [Prop. 5.14]. Thus, if & exceeds G then F also exceeds H, and if (Ε is) equal (to G then 
F is also) equal (to ΠΗ), and if (Ε is) less (than G then F is also) less (than H). And F and F are 
equal multiples of A and B (respectively), and G and H other random equal multiples of C' and 
D (respectively). Thus, as A is to C, so B (is) to D [Def. 5.5]. 


Thus, if four magnitudes are proportional then they will also be proportional alternately. (Which 
is) the very thing it was required to show. 


87In modern notation, this proposition reads that if a: 3::y:6thena:y:: β: δ. 
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A M N I] 


"Ey συγκείμενα μεγέϑη ἀνάλογον ἢ, καὶ διαρεϑέντα ἀνάλογον ἔσται. 


Ἔστω συγκείμενα μεγέϑη ἀνάλογον τὰ AB, BE, TA, AZ, ὡς τὸ AB πρὸς τὸ BE, οὕτως τὸ TA 
πρὸς τὸ ΔΖ: λέγω, ὅτι καὶ διαρεϑέντα ἀνάλογον ἔσται, ὡς τὸ AE πρὸς τὸ ΕΒ, οὕτως τὸ 12 
πρὸς τὸ ΔΖ. 


Εἰλήφϑω γὰρ τῶν μὲν ΛΕ, EB, ΤΖ, ΖΔ ἰσάκις πολλαπλάσια τὰ ΗΘ, OK, ΛΜ, ΜΝ, τῶν δὲ 
ΕΒ, ZA ἄλλα, ἃ ἔτυχεν, ἰσάκις πολλαπλάσια τὰ KE, NIT. 


Kot ἐπεὶ ἰσάκις ἐστὶ πολλαπλάσιον τὸ ΗΘ τοῦ AE χαὶ τὸ OK τοῦ ΕΒ, ἰσάκις ἄρα ἐστὶ 
πολλαπλάσιον τὸ ΗΘ τοῦ AE uai τὸ ΗΚ τοῦ ΑΒ. ἰσάκις δέ ἐστι πολλαπλάσιον τὸ ΗΘ tod 
AE χαὶ τὸ ΛΜ tod TZ: ἰσάκις ἄρα ἐστὶ πολλαπλάσιον τὸ ΗΚ τοῦ AB χαὶ τὸ AM τοῦ 1Ζ. 
πάλιν, ἐπεὶ ἰσάκις ἐστὶ πολλαπλάσιον τὸ AM τοῦ 12 καὶ τὸ ΜΝ tod ZA, ἰσάκις ἄρα ἐστὶ 
πολλαπλάσιον τὸ ΛΜ τοῦ ΓΖ xual τὸ AN τοῦ ΓΔ. ἰσάκις δὲ ἣν πολλαπλάσιον τὸ ΛΜ τοῦ ΓΖ 
nat τὸ ΗΚ τοῦ ΑΒ’ ἰσάκις ἄρα ἐστὶ πολλαπλάσιον τὸ ΗΚ τοῦ AB χαὶ τὸ AN τοῦ VA. τὰ ΗΚ, 
AN ἄρα τῶν AB, TA ἰσάκις ἐστὶ πολλαπλάσια. πάλιν, ἐπεὶ ἰσάκις ἐστὶ πολλαπλασίον τὸ OK tod 
EB χαὶ τὸ MN τοῦ ZA, ἔστι δὲ καὶ τὸ KE τοῦ ΕΒ ἰσάκις πολλαπλάσιον καὶ τὸ NII τοῦ ΖΔ, 
ual συντεϑὲν τὸ OE τοῦ EB ἰσάκις ἐστὶ πολλαπλάσιον καὶ τὸ MII τοῦ ΖΔ. Καὶ ἐπεί ἐστιν ὡς τὸ 
AB πρὸς τὸ BE, οὕτως τὸ VA πρὸς τὸ ΔΖ, καὶ εἴληπται τῶν μὲν AB, ΓΔ ἰσάκις πολλαπλάσια 
τὰ HK, ΛΝ, τῶν δὲ ΕΒ, ΖΔ ἰσάκις πολλαπλάσια τὰ OF, ΜΗ, εἰ ἄρα ὑπερέχει τὸ ΗΚ τοῦ 
OE, ὑπερέχει καὶ τὸ AN τοῦ ΜΗ, καὶ εἰ ἴσον, ἴσον, καὶ εἰ ἔλαττον, ἔλαττον. ὑπερεχέτω δὴ 
τὸ ΗΚ τοῦ ΘΞ, uci κοινοῦ ἀφαιρεϑέντος τοῦ OK ὑπερέχει ἄρα καὶ τὸ ΗΘ tod KE. ἀλλα εἰ 
ὑπερεῖχε τὸ HK tod OF ὑπερεῖχε καὶ τὸ AN τοῦ ΜΠ’ ὑπερέχει ἄρα καὶ τὸ AN tod ΜΗ, 
καὶ κοινοῦ ἀφαιρεϑέντος τοῦ ΜΝ ὑπερέχει καὶ τὸ AM τοῦ NIT ὥστε εἰ ὑπερέχει τὸ ΗΘ τοῦ 
K&, ὑπερέχει καὶ τὸ AM τοῦ ΝΠ. ὁμοίως δὴ δεϊξομεν, ὅτι κἂν ἴσον 7 τὸ ΗΘ τῷ KS, ἴσον 
ἔσται καὶ τὸ AM τῷ NII, χἂν ἔλαττον, ἔλαττον. καί ἐστι τὰ μὲν ΗΘ, ΛΜ τῶν AE, PZ ἰσάκις 
πολλαπλάσια, τὰ δὲ KE, NIT τῶν ΕΒ, ZA ἄλλα, ἃ ἔτυχεν, ἰσάκις πολλαπλάσια: ἔστιν ἄρα ὡς 
τὸ AE πρὸς τὸ ΕΒ, οὕτως τὸ 12 πρὸς τὸ ΖΔ. 


᾿Ἐὰν ἄρα συγκείμενα μεγέϑη ἀνάλογον 7, καὶ διαρεϑέντα ἀνάλογον ἔσται" ὅπερ ἔδει δεῖξαι. 
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Proposition 17 88 


A EB C F D 
++ ++ 
G H K O 
}]_ a ν΄“ Ὶ 
Ι, M N P 


If composed magnitudes are proportional then they will also be proportional (when) separarted. 


Let AB, BE, CD, and DF be composed magnitudes (which are) proportional, (so that) as AB 
(is) to BE, so CD (is) to DF. I say that they will also be proportional (when) separated, (so 
that) as AF (is) to EB, so CF (is) to DF. 


For let the equal multiples GH, Hk, LM, and MN have been taken of AF, EB, CF, and FD 
(respectively), and the other random equal multiples KO and ΝΡ of ΕΒ and FD (respectively). 


And since GH and HK are equal multiples of AE and ΕΒ (respectively), GH and GK are thus 
equal multiples of AE and AB (respectively) [Prop. 5.1]. But GH and LM are equal multiples of 
AE and CF (respectively). Thus, Gk and LM are equal multiples of AB and CF (respectively). 
Again, since LM and MN are equal multiples of CF and ΕΠ) (respectively), LM and LN are 
thus equal multiples of CF and CD (respectively) [Prop. 5.1]. And LM and GK were equal 
multiples of CF and AB (respectively). Thus, GK and LN are equal multiples of AB and CD 
(respectively). Thus, Gk, LN are equal multiples of AB, CD. Again, since HK and MN are 
equal multiples of ΕΒ and ΕΠ) (respectively), and KO and NP are also equal multiples of EB 
and ΕΠ) (respectively), then, added together, HO and ΜΡ are also equal multiples of EB and 
FD (respectively) [Prop. 5.2]. And since as AB (is) to BE, so CD (is) to DF, and the equal 
multiples Gk, LN have been taken of AB, CD, and the equal multiples HO, MP of EB, FD, 
thus if GK exceeds HO then LN also exceeds ΜΡ, and if (GK is) equal (to HO then LN is also) 
equal (to MP), and if (GK is) less (than HO then LN is also) less (than MP) [Def. 5.5]. So let 
GK exceed HO, and thus, HK being taken away from both, GH exceeds KO. But if Gk was 
exceeding HO then LN was also exceeding WP. Thus, LN also exceeds MP, and, MN being 
taken away from both, LM also exceeds NP. Hence, if GH exceeds KO then LM also exceeds 
NP. So, similarly, we can show that even if GH is equal to KO then LM will also be equal to 
NP, and even if (GH is) less (than KO then LM will also be) less (than NP). And GH, LM are 
equal multiples of AE, CF, and KO, NP other random equal multiples of EB, FD. Thus, as AE 
is to EB, so CF (is) to ΓΙ [Def. 5.5]. 


Thus, if composed magnitudes are proportional then they will also be proportional (when) sepa- 
rarted. (Which is) the very thing it was required to show. 


88In modern notation, this proposition reads that ifa+ 6:8: y+6:dthena: 6: 7:6. 
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᾿ὰν διῃρημένα μεγέϑη ἀνάλογον 7, καὶ συντεϑέντα ἀνάλογον ἔσται. 


Ἔστω διηρημένα μεγέϑη ἀνάλογον τὰ AE, EB, ΓΖ, ΖΔ, ὡς τὸ AE πρὸς τὸ ΕΒ, οὕτως τὸ VZ 
πρὸς τὸ ZA’ λέγω, ὅτι καὶ συντεϑέντα ἀνάλογον ἔσται, ὡς τὸ ΑΒ πρὸς τὸ BE, οὕτως τὸ TA 
πρὸς τὸ ΖΔ. 


Εἰ γὰρ μή ἐστὶν ὡς τὸ AB πρὸς τὸ BE, οὕτως τὸ TA πρὸς τὸ ΔΖ, ἔσται ὡς τὸ AB πρὸς τὸ 
BE, οὕτως τὸ TA ἤτοι πρὸς ἔλασσόν τι τοῦ AZ ἢ πρὸς μεῖζον. 


Ἔστω πρότερον πρὸς ἔλασσον τὸ AH. καὶ ἐπεί ἐστιν ὡς τὸ AB πρὸς τὸ BE, οὕτως τὸ ΓΔ πρὸς 
τὸ ΔΗ, συγκείμενα μεγέϑη ἀνάλογόν ἐστιν’ ὥστε καὶ διαρεϑέντα ἀνάλογον ἔσται. ἔστιν ἄρα ὡς 
τὸ AE πρὸς τὸ ΕΒ, οὕτως τὸ TH πρὸς τὸ ΗΔ. ὑπόκειται δὲ καὶ ὡς τὸ AE πρὸς τὸ ΕΒ, οὕτως 
τὸ 12 πρὸς τὸ ΖΔ. καὶ ὡς ἄρα τὸ ΤῊ πρὸς τὸ ΗΔ, οὕτως τὸ 12 πρὸς τὸ ΖΔ: μεῖζον δὲ τὸ 
πρῶτον τὸ ΤῊ τοῦ τρίτου τοῦ [Ζ: μεῖζον ἄρα καὶ τὸ δεύτερον τὸ ΗΔ τοῦ τετάρτου τοῦ ΖΔ. 
ἀλλὰ καὶ ἔλαττον: ὅπερ ἐστὶν ἀδύνατον: οὐκ ἄρα ἐστὶν ὡς τὸ ΛΒ πρὸς τὸ BE, οὕτως τὸ TA 
πρὸς ἔλασσον τοῦ ΖΔ. ὁμοίως δὴ δείξομεν, ὅτι οὐδὲ πρὸς μεῖζον: πρὸς αὐτὸ ἄρα. 


"Exy ἄρα διῃρημένα μεγέϑη ἀνάλογον ἢ, καὶ συντεϑέντα ἀνάλογον ἔσται" ὅπερ ἔδει δεῖξαι. 
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A Ε Β 


J 


C F G D 


--------- ee Ἴ 
If separated magnitudes are proportional then they will also be proportional (when) composed. 


Let AE, EB, CF, and F'D be separated magnitudes (which are) proportional, (so that) as AE 
(is) to EB, so CF (is) to FD. I say that they will also be proportional (when) composed, (so 
that) as AB (is) to BE, so CD (is) to FD. 


For if (it is) not (the case that) as AB is to BE, so CD (is) to F'D, then it will surely be (the case 
that) as AB (is) to BE, so CD is either to some (magnitude) less than F'D, or (some magnitude) 
greater (than FD). 


Let it, first of all, be to (Some magnitude) less (than FD), (namely) DG. And since composed 
magnitudes are proportional, (so that) as AB is to BE, so CD (is) to DG, they will thus also be 
proportional (when) separated [Prop. 5.17]. Thus, as AF is to EB, so CG (is) to GD. But it was 
also assumed that as AF (is) to EB, so ΟΕ (is) to FD. Thus, (it is) also (the case that) as CG 
(is) to GD, so CF (is) to FD [Prop. 5.11]. And the first (magnitude) CG (is) greater than the 
third CF’. Thus, the second (magnitude) GD (is) also greater than the fourth ΕΓ) [Prop. 5.14]. 
But (it is) also less. The very thing is impossible. Thus, (it is) not (the case that) as AB is to BE, 
so ΟἿ (is) to less than F'D. Similarly, we can show that neither (is it the case) to greater (than 
FD). Thus, (it is the case) to the same (as F'D). 


Thus, if separated magnitudes are proportional then they will also be proportional (when) com- 
posed. (Which is) the very thing it was required to show. 


8°In modern notation, this proposition reads that if a: 3::y:6thena+3:6::y+6:6. 


251 


ΣΤΟΙΧΕΊΩΝ ¢’ 
ιϑ΄ 


Α ΕΗ B 


T Ζ Δ 


Ἐὰν ἢ ὡς ὅλον πρὸς ὅλον, οὕτως ἀφαιρεϑὲν πρὸς ἀφαιρεϑέν, καὶ τὸ λοιπὸν πρὸς τὸ λοιπὸν 
ἔσται ὡς ὅλον πρὸς ὅλον. 


Ἔστω γὰρ ὡς ὅλον τὸ AB πρὸς ὅλον τὸ TA, οὕτως ἀφαιρεϑὲν τὸ AE πρὸς ἀφειρεϑὲν τὸ PZ: 
λέγω, ὅτι καὶ λοιπὸν τὸ EB πρὸς λοιπὸν τὸ ΖΔ ἔσται ὡς ὅλον τὸ AB πρὸς ὅλον τὸ TA. 


"Exel γάρ ἐστιν ὡς τὸ ΑΒ πρὸς τὸ ΓΔ, οὕτως τὸ AE πρὸς τὸ TZ, καὶ ἐναλλὰξ ὡς τὸ ΒΑ πρὸς 
τὸ AB, οὕτως τὸ ΔΙ" πρὸς τὸ TZ. καὶ ἐπεὶ συγκείμενα μεγέϑη ἀνάλογόν ἐστιν, καὶ διαρεϑέντα 
ἀνάλογον ἔσται, ὡς τὸ BE πρὸς τὸ EA, οὕτως τὸ ΔΖ πρὸς τὸ 1Ζ: καὶ ἐναλλάξ, ὡς τὸ BE 
πρὸς τὸ ΔΖ, οὕτως τὸ EA πρὸς τὸ ZI. ὡς δὲ τὸ AE πρὸς τὸ 12, οὕτως ὑπόκειται ὅλον τὸ 
AB πρὸς ὅλον τὸ TA. καὶ λοιπὸν ἄρα τὸ EB πρὸς λοιπὸν τὸ ΖΔ ἔσται ὡς ὅλον τὸ AB πρὸς 
ὅλον τὸ TA. 


᾿ὰν ἄρα ἢ ὡς ὅλον πρὸς ὅλον, οὕτως ἀφαιρεϑὲν πρὸς ἀφαιρεϑέν, καὶ τὸ λοιπὸν πρὸς τὸ λοιπὸν 
ἔσται ὡς ὅλον πρὸς ὅλον [ὅπερ ἔδει δεῖξαι]. 


[Kot ἐπεὶ ἐδείχϑη ὡς τὸ ΑΒ πρὸς τὸ TA, οὕτως τὸ ΕΒ πρὸς τὸ ZA, χαὶ ἐναλλὰξ ὡς τὸ AB 
πρὸς τὸ ΒΕ οὕτως τὸ ΓΔ πρὸς τὸ ZA, συγκείμενα ἄρα μεγέϑη ἀνάλογόν ἐστιν’ ἐδείχϑη δὲ ὡς 
τὸ BA πρὸς τὸ AE, οὕτως τὸ ΔΙ" πρὸς τὸ 1Ζ: καί ἐστιν ἀναστρέψαντι. 


Πόρισμα 


"Ex δὴ τούτου φανερόν, ὅτι ἐὰν συγϑείμενα μεγέϑη ἀνάλογον ἢ, καὶ ἀναστρέψαντι ἀνάλογον 
ἔσται: ὅπερ ἔδει δεῖξαι. 
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If as the whole is to the whole so the (part) taken away is to the (part) taken away then the 
remainder to the remainder will also be as the whole (is) to the whole. 


For let the whole AB be to the whole C’D as the (part) taken away AF (is) to the (part) taken 
away C’'F’. I say that the remainder ΕΒ to the remainder F'D will also be as the whole AB (is) to 
the whole CD. 


For since as AB is to CD, so AE (is) to CF, (it is) also (the case), alternately, (that) as BA (is) 
to AE, so DC (is) to CF [Prop. 5.16]. And since composed magnitudes are proportional then 
they will also be proportional (when) separated, (so that) as BE (is) to EA, so DF (is) to CF 
[Prop. 5.17]. Also, alternately, as BE (is) to DF’, so EA (is) to FC [Prop. 5.16]. And it was as- 
sumed that as AF (is) to CF’, so the whole AB (is) to the whole CD. And, thus, as the remainder 
EB (is) to the remainder ΕΠ), so the whole AB will be to the whole CD. 


Thus, if as the whole is to the whole so the (part) taken away is to the (part) taken away then 
the remainder to the remainder will also be as the whole (is) to the whole. [(Which is) the very 
thing it was required to show.] 


[And since it was shown (that) as AB (is) to CD, so EB (is) to F'D, (it is) also (the case), alter- 
nately, (that) as AB (is) to BE, so CD (is) to FD. Thus, composed magnitudes are proportional. 
And it was shown (that) as BA (is) to AE, so DC (is) to ΟΕ. And (the latter) is converted (from 
the former).] 


Corollary”! 


So (it is) clear, from this, that if composed magnitudes are proportional then they will also be 
proportional (when) converted. (Which is) the very thing it was required to show. 


°°In modern notation, this proposition reads that if a: β::.γ: δίπεπ α: β:: α -- γ: 6-6. 
°lIn modern notation, this corollary reads that ifa: β::γ: δῖπεπ α : ἃ -- β:: γ:} -- ὅ. 
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"Edy ἢ τρία μεγέϑη καὶ ἄλλα αὐτοῖς ἴσα τὸ πλῆϑος, σύνδυο λαμβανόμενα nat ἐν τῷ αὐτῷ λόγω, 
δι᾿ ἴσου δὲ τὸ πρῶτον τοῦ τρίτου μεῖζον ἢ, καὶ τὸ τέταρτον τοῦ ἕκτου μεῖζον ἔσται, κἂν ἴσον, 
ἴσον, “av ἔλαττον, ἔλαττον. 


Ἔστω τρία μεγέϑη τὰ A, B, DT, καὶ ἄλλα αὐτοῖς ἴσα τὸ πλῆϑος τὰ Δ, E, Ζ, σύνδυο λαμβανόμενα 
ἐν τῷ αὐτῷ λόγῳ, ὡς μὲν TO A πρὸς τὸ B, οὕτως τὸ Δ πρὸς τὸ E, ὡς δὲ τὸ Β πρὸς τὸ T, οὕτως 
τὸ E πρὸς τὸ Ζ, δι᾽ ἴσου δὲ μεῖζον ἔστω τὸ A τοῦ I™ λέγω, ὅτι καὶ τὸ A τοῦ Z μεῖζον ἔσται, 
nav ἴσον. ἴσον, κἄν ἔλαττον, ἔλαττον. 


"Enel γὰρ μεῖζόν ἐστι τὸ A τοῦ T, ἄλλο δέ τι τὸ Β, τὸ δὲ μεῖζον πρὸς τὸ αὐτὸ μείζονα λόγον 
ἔχει ἤπερ τὸ ἔλαττον, τὸ A ἄρα πρὸς τὸ Β μείζονα λόγον ἔχει ἤπερ τὸ Τ᾿ πρὸς τὸ Β. ἀλλ᾽ ὡς 
μὲν τὸ A πρὸς τὸ B [οὕτως] τὸ Δ πρὸς τὸ E, ὡς δὲ τὸ Τ᾽ πρὸς τὸ B, ἀνάπαλιν οὕτως τὸ Ζ 
πρὸς τὸ E χαὶ τὸ Δ ἄρα πρὸς τὸ E μείζονα λόγον ἔχει ἤπερ τὸ Z πρὸς τὸ E. τῶν δὲ πρὸς τὸ 
αὐτὸ λόγον ἐχόντων τὸ μείζονα λόγον ἔχον μεῖζόν ἐστιν. μεῖζον ἄρα τὸ Δ τοῦ Ζ. ὁμοίως δὴ 
δείξομεν, ὅτι κἂν ἴσον ἢ τὸ A τῷ Τ᾽, ἴσον ἔσται καὶ τὸ Δ τῷ Ζ, udev ἔλαττον, ἔλαττον. 


"Exy ἄρα ἢ τρία μεγέϑη καὶ ἄλλα αὐτοῖς ἴσα τὸ πλῆϑος, σύνδυο λαμβανόμενα καὶ ἐν τῷ αὐτῷ 


λόγω, δι᾽ ἴσου δὲ τὸ πρῶτον τοῦ τρίτου μεῖζον 7H, καὶ τὸ τέταρτον τοῦ ἕκτου μεῖζον ἔσται, κἂν 
ἴσον, ἴσον, κἄν ἔλαττον, ἔλαττον" ὅπερ ἔδει δεῖξαι. 


334 


ELEMENTS BOOK 5 


Proposition 20 


If there are three magnitudes, and others of equal number to them, (being) also in the same ratio 
taken two by two, and (if), via equality, the first is greater than the third then the fourth will also 
be greater than the sixth. And if (the first is) equal (to the third then the fourth will also be) equal 
(to the sixth). And if (the first is) less (than the third then the fourth will also be) less (than the 
sixth). 


Let A, B, and C be three magnitudes, and D, FE, F other (magnitudes) of equal number to them, 
(being) in the same ratio taken two by two, (so that) as A (is) to B, so D (is) to Ε, and as B (is) 
to Οὐ, so E (is) to Ε΄. And let A be greater than (Οὐ, via equality. I say that D will also be greater 
than Γ΄. And if (A is) equal (to C then D will also be) equal (to F’). And if (A is) less (than C 
then D will also be) less (than F’). 


For since A is greater than C’, and B some other (magnitude), and the greater (magnitude) has 
a greater ratio than the lesser to the same (magnitude) [Prop. 5.8], A thus has a greater ratio 
to B than C (has) to B. But as A (is) to B, [so] D (is) to E. And, inversely, as C' (is) to B, 
so F' (is) to Καὶ [Prop. 5.7 corr.]. Thus, D also has a greater ratio to Εἰ than F (has) to E. And 
for (magnitudes) having a ratio to the same (magnitude), that having the greater ratio is greater 
[Prop. 5.10]. Thus, D (is) greater than F’. Similarly, we can show, that even if A is equal to C 
then D will also be equal to F’, and even if (A is) less (than C then D will also be) less (than F’). 


Thus, if there are three magnitudes, and others of equal number to them, (being) also in the same 
ratio taken two by two, and (if), via equality, the first is greater than the third, then the fourth 
will also be greater than the sixth. And if (the first is) equal (to the third then the fourth will also 
be) equal (to the sixth). And (if the first is) less (than the third then the fourth will also be) less 
(than the sixth). (Which is) the very thing it was required to show. 


°2In modern notation, this proposition reads that if a: 3::6:¢and 3: y::e:¢thena >=< yas ὃ >=< ¢. 
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"Ey ἢ τρία μεγέϑη καὶ ἄλλα αὐτοῖς ἴσα τὸ πλῆϑος σύνδυο λαμβανόμενα καὶ ἐν τῷ αὐτῷ λόγῳ, 
ἢ δὲ τεταραγμένη αὐτῶν ἣ ἀναλογία, δι᾽ ἴσου δὲ τὸ πρῶτον τοῦ τρίτου μεῖζον ἢ, καὶ τὸ τέταρτον 
TOD Extov μεῖζον ἔσται, κἂν ἴσον, ἴσον, κἂν ἔλαττον, ἔλαττον. 


Ἔστω τρία μεγέϑη τὰ A, Β, Τ᾽ καὶ ἄλλα αὐτοῖς ἴσα τὸ πλῆϑος τὰ Δ, E, Ζ, σύνδυο λαμβανόμενα 
καὶ ἐν τῷ αὐτῷ λόγῳ, ἔστω δὲ τεταραγμένη αὐτῶν ἣ ἀναλογία, ὡς μὲν TO A πρὸς τὸ B, οὕτως 
τὸ E πρὸς τὸ Ζ, ὡς δὲ τὸ Β πρὸς τὸ T, οὕτως τὸ Δ πρὸς τὸ E, δι᾽ ἴσου δὲ τὸ A τοῦ Τ᾿ μεῖζον 
ἔστω: λέγω, ὅτι καὶ τὸ Δ τοῦ Z μεῖζον ἔσται, κἂν ἴσον, ἴσον, κἂν ἔλαττον, ἔλαττον. 


"Exet γὰρ μεῖζόν ἐστι τὸ A τοῦ T, ἄλλο δέ τι τὸ Β, τὸ A ἄρα πρὸς τὸ Β μείζονα λόγον ἔχει 
neo τὸ Τ᾽ πρὸς τὸ Β. ἀλλ᾽ ὡς μὲν τὸ A πρὸς τὸ Β, οὕτως τὸ E πρὸς τὸ Ζ, ὡς δὲ τὸ TL πρὸς 
τὸ B, ἀνάπαλιν οὕτως τὸ E πρὸς τὸ Δ. καὶ τὸ E ἄρα πρὸς τὸ Ζ μείζονα λόγον ἔχει ἤπερ τὸ 
E πρὸς τὸ Δ. πρὸς ὃ δὲ τὸ αὐτὸ μείζονα λόγον ἔχει, ἐκεῖνο ἔλασσόν ἐστιν’ ἔλασσον ἄρα ἐστὶ 
τὸ Ζ τοῦ A’ μεῖζον ἄρα ἐστὶ τὸ A τοῦ Ζ. ὁμοίως δὴ δείξομεν, ὅτι κἂν ἴσον ἢ τὸ A τῷ T, ἴσον 
ἔσται καὶ τὸ Δ τῷ Ζ, γχἂν ἔλαττον, ἔλαττον. 


Ἐὰν ὁ ἄρα 7 τρία μεγέϑη nal ἄλλα αὐτοῖς ἴσα TO πλῆϑος, σύνδυο λαμβανόμενα καὶ ἐν τῷ αὐτῷ 


λόγῳ, ἡ δὲ τεταραγμένη αὐτῶν ἣ ἀναλογία, δι᾿ ἴσου δὲ τὸ πρῶτον τοῦ τρίτου μεῖζον n> καὶ τὸ 
τέταρτον τοῦ ἕκτου μεῖζον ἔσται, κἂν ἴσον, ἴσον, κἂν ἔλαττον, ἔλαττον" ὅπερ ἔδει δεῖξαι. 
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If there are three magnitudes, and others of equal number to them, (being) also in the same ratio 
taken two by two, and (if) their proportion (is) perturbed, and (if), via equality, the first is greater 
than the third then the fourth will also be greater than the sixth. And if (the first is) equal (to 
the third then the fourth will also be) equal (to the sixth). And if (the first is) less (than the third 
then the fourth will also be) less (than the sixth). 


Let A, B, and C be three magnitudes, and D, FE, F other (magnitudes) of equal number to them, 
(being) in the same ratio taken two by two. And let their proportion be perturbed, (so that) as 
A (is) to B, so E (is) to Ε΄, and as B (is) to C, so D (is) to EF. And let A be greater than C, via 
equality. I say that D will also be greater than F’. And if (A is) equal (to C then D will also be) 
equal (to ΕἼ. And if (A is) less (than C then D will also be) less (than F’). 


For since A is greater than C, and B some other (magnitude), A thus has a greater ratio to B 
than C (has) to B [Prop. 5.8]. But as A (is) to B, so E (is) to Γ᾿. And, inversely, as C (is) to B, 
so EF (is) to D [Prop. 5.7 corr.]. Thus, — also has a greater ratio to F than FE (has) to D. And 
that (magnitude) to which the same (magnitude) has a greater ratio is (the) lesser (magnitude) 
[Prop. 5.10]. Thus, Γ' is less than D. Thus, D is greater than Γ΄. Similarly, we can show even if A 
is equal to C' then D will also be equal to F’, and even if (A is) less (than C then D will also be) 
less (than F). 


Thus, if there are three magnitudes, and others of equal number to them, (being) also in the same 
ratio taken two by two, and (if) their proportion (is) perturbed, and (if), via equality, the first is 
greater than the third then the fourth will also be greater than the sixth. And if (the first is) equal 
(to the third then the fourth will also be) equal (to the sixth). And if (the first is) less (than the 
third then the fourth will also be) less (than the sixth). (Which is) the very thing it was required 
to show. 


°3In modern notation, this proposition reads that if a: 3::¢:¢ and 6: y::6:¢thena >=< yas ὃ >=< ¢. 
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"Ey ἢ ὁποσαοῦν μεγέϑη καὶ ἄλλα αὐτοῖς ἴσα τὸ TANGO, σύνδυο λαμβανόμενα καὶ ἐν τῷ αὐτῷ 
λόγω, nai SV ἴσου ἐν τῷ αὐτῷ λόγῳ ἔσται. 


Ἔστω ὁποσαοῦν μεγέϑη τὰ A, Β, Τ᾽ καὶ ἄλλα αὐτοῖς ἴσα τὸ πλῆϑος τὰ Δ, E, Ζ, σύνδυο 
λαμβανόμενα ἐν τῷ αὐτῷ λόγῳ, ὡς μὲν TO A πρὸς τὸ Β, οὕτως τὸ Δ πρὸς τὸ E, ὡς δὲ τὸ B 
πρὸς τὸ TL, οὕτως τὸ E πρὸς τὸ Z λέγω, ὅτι ual Sv ἴσου ἐν τῷ αὐτῳ λόγῳ ἔσται. 


Εἰλήφϑω γὰρ τῶν μὲν A, Δ ἰσάκις πολλαπλάσια τὰ H, Θ, τῶν δὲ Β, E ἄλλα, ἃ ἔτυχεν, ἰσάκις 
πολλαπλάσια τὰ KK, A, not ἔτι τῶν 1", Z ἄλλα, ἃ ἔτυχεν, ἰσάκις πολλαπλάσια τὰ Μ, N. 


Kot ἐπεί ἐστιν ὡς το A πρὸς τὸ B, οὕτως τὸ Δ πρὸς το E, καὶ εἴληπται τῶν μὲν A, Δ ἰσάκις 
πολλαπλάσια τὰ H, ©, τῶν δὲ Β, E ἄλλα, ἃ ἔτυχεν, ἰσάκις πολλαπλάσια τὰ Κ, A, ἔστιν ἄρα ὡς 
τὸ Η πρὸς τὸ Κ, οὕτως τὸ © πρὸς τὸ A. Sta τὰ αὐτὰ δὴ καὶ ὡς τὸ Κ πρὸς τὸ Μ, οὕτως τὸ A 
πρὸς τὸ Ν. ἐπεὶ οὖν τρία μεγέϑη ἐστὶ τὰ H, K, Μ, καὶ ἄλλα αὐτοῖς ἴσα τὸ πλῆϑος τὰ Θ, A, N, 
σύνδυο λαμβανόμενα καὶ ἐν τῷ αὐτῷ λόγῳ, SV ἴσου ἄρα, εἰ ὑπερέχει τὸ H τοῦ Μ, ὑπερέχει καὶ 
τὸ © τοῦ Ν, καὶ εἰ ἴσον, ἴσον, καὶ εἰ ἔλαττον, ἔλαττον. καί ἐστι τὰ μὲν H, © τῶν A, Δ ἰσάκις 
πολλαπλάσια, τὰ δὲ Μ, Ν τῶν Ty Z ἄλλα, ἃ ἔτυχεν, ἰσάκις πολλαπλάσια. ἔστιν ἄρα ὡς TO A 
πρὸς τὸ 1", οὕτως τὸ Δ πρὸς τὸ Ζ. 


"Exy ἄρα ἢ ὁποσαοῦν μεγέϑη καὶ ἄλλα αὐτοῖς ἴσα τὸ πλῆϑος, σύνδυο λαμβανόμενα ἐν τῷ αὐτῷ 
λόγῳ, καὶ Sv ἴσου ἐν τῷ αὐτῷ λόγῳ ἔσται: ὅπερ ἔδει δεῖξαι. 
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If there are any number of magnitudes whatsoever, and (some) other (magnitudes) of equal 
number to them, (which are) also in the same ratio taken two by two, then they will also be in 
the same ratio via equality. 


Let there be any number of magnitudes whatsoever, A, B, C, and (some) other (magnitudes), D, 
E, F, of equal number to them, (which are) in the same ratio taken two by two, (so that) as A 
(is) to B, so D (is) to E, and as B (is) to C, so E (is) to F’. I say that they will also be in the same 
ratio via equality. 


For let the equal multiples G and H have been taken of A and D (respectively), and the other 
random equal multiples K and L of B and F (respectively), and the yet other random equal 
multiples Μ and N of Cand F (respectively). 


And since as A is to B, so D (is) to Κ᾽, and the equal multiples G and H have been taken of A and 
D (respectively), and the other random equal multiples kK and L of B and EF (respectively), thus 
as G is to K, so H (is) to L [Prop. 5.4]. And, so, for the same (reasons), as K (is) to M, so L (is) 
to N. Therefore, since G, Καὶ, and M are three magnitudes, and H, L, and N other (magnitudes) 
of equal number to them, (which are) also in the same ratio taken two by two, thus, via equality, 
if G exceeds M then H also exceeds N, and if (G is) equal (to M then H is also) equal (to N), 
and if (G is) less (than M then H is also) less (than N) [Prop. 5.20]. And G and H are equal 
multiples of A and D (respectively), and M and N other random equal multiples of Οἱ and F’ 
(respectively). Thus, as A is to C, so D (is) to F’ [Def. 5.5]. 


Thus, if there are any number of magnitudes whatsoever, and (some) other (magnitudes) of equal 
number to them, (which are) also in the same ratio taken two by two, then they will also be in 
the same ratio via equality. (Which is) the very thing it was required to show. 


°4In modern notation, this proposition reads that ifa:3::¢:¢ and @:y::¢:nandy:6::7:@thena:6::€:0. 
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"Exy ἢ τρία μεγέϑη καὶ ἄλλα αὐτοῖς tox τὸ πλῆϑος σύνδυο λαμβανόμενα ἐν τῷ αὐτῷ λόγῳ, ἢ 
δὲ τεταραγμένη αὐτῶν ἣ ἀναλογία, καὶ Sv ἴσου ἐν τῷ αὐτῷ λόγῳ ἔσται. 


Ἔστω τρία μεγέϑη τὰ A, Β, Τ᾽ καὶ ἄλλα αὐτοῖς ἴσα TO πλῆϑος σύνδυο λαμβανόμενα ἐν τῷ αὐτῷ 
λόγῳ τὰ Δ, EB, Ζ, ἔστω δὲ τεταραγμένη αὐτῶν ἡ ἀναλογία, ὡς μὲν TO πρὸς τὸ B, οὕτως τὸ 
E πρὸς τὸ Ζ, ὡς δὲ τὸ Β πρὸς τὸ T, οὕτως τὸ Δ πρὸς τὸ Ε΄ λέγω, ὅτι ἐστὶν ὡς τὸ A πρὸς τὸ 
1), οὕτως τὸ Δ πρὸς τὸ Z. 


Εἰλήφϑω τῶν μὲν A, Β, Δ ἰσάκις πολλαπλάσια τὰ H, Θ, Κ, τῶν δὲ T, E, Z ἄλλα, ἃ ἔτυχεν, 
ἰσάκις πολλαπλάσια τὰ Λ, Μ, Ν. 


ΚΚαὶ ἐπεὶ ἰσάκις ἐστὶ πολλαπλάσια τὰ H, © τῶν A, Β, τὰ δὲ μέρη τοὶς ὡσαύτως πολλαπλασίοις 
τὸν αὐτὸν ἔχει λόγον, ἔστιν ἄρα ὡς τὸ A πρὸς τὸ B, οὕτως τὸ Η πρὸς τὸ Θ. διὰ τὰ αὐτὰ δὴ 
nat ὡς τὸ E πρὸς τὸ Ζ, οὕτως τὸ Μ πρὸς τὸ Ν᾽ καί ἐστιν ὡς τὸ A πρὸς τὸ Β, οὕτως τὸ E πρὸς 
τὸ Z* καὶ ὡς ἄρα τὸ Η πρὸς τὸ Θ, οὕτως τὸ Μ πρὸς τὸ Ν. καὶ ἐπεί ἐστιν ὡς τὸ Β πρὸς τὸ I, 
οὕτως τὸ Δ πρὸς τὸ E, καὶ ἐναλλὰξ ὡς τὸ Β πρὸς τὸ Δ, οὕτως τὸ TL’ πρὸς τὸ E. καὶ ἐπεὶ τὰ 
Θ, Κ τῶν Β, Δ ἰσάκις ἐστὶ πολλαπλάσια, τὰ δὲ μέρη τοῖς ἰσάκις πολλαπλασίοις τὸν αὐτὸν ἔχει 
λόγον, ἔστιν ἄρα ὡς τὸ Β πρὸς τὸ Δ, οὕτως τὸ © πρὸς τὸ K. ἀλλ᾽ ὡς τὸ Β πρὸς τὸ Δ, οὕτως 
τὸ I’ πρὸς τὸ Ev καὶ ὡς ἄρα TO Θ πρὸς τὸ K, οὕτως τὸ 1 πρὸς τὸ E. πάλιν, ἐπεὶ τὰ A, Μ τῶν 
T, E ἰσάκις ἐστι πολλαπλάσια, ἔστιν ἄρα ὡς τὸ Τ᾽ πρὸς τὸ E, οὕτως τὸ A πρὸς τὸ Μ. ἀλλ᾽ ὡς 
τὸ 1 πρὸς τὸ E, οὕτως τὸ © πρὸς τὸ Κ΄ καὶ ὡς ἄρα TO © πρὸς τὸ Κ, οὕτως τὸ A πρὸς τὸ M, 
καὶ ἐναλλὰξ ὡς τὸ Θ πρὸς τὸ A, τὸ Κ πρὸς τὸ Μ. ἐδείχϑη δὲ καὶ ὡς τὸ Η πρὸς τὸ Θ, οὕτως 
τὸ Μ πρὸς τὸ Ν. ἐπεὶ οὖν τρία μεγέϑη ἐστὶ τὰ Η, Θ, A, καὶ ἄλλα αὐτοις ἴσα τὸ πλῆϑος τὰ 
Κ, Μ, Ν σύνδυο λαμβανόμενα ἐν τῷ αὐτῷ λόγῳ, καί ἐστιν αὐτῶν τεταραγμένη ἣ ἀναλογία, δι᾿ 
ἴσου ἄρα, εἰ ὑπερέχει τὸ Η τοῦ A, ὑπερέχει καὶ τὸ K tod Ν, καὶ εἰ ἴσον, ἴσον, καὶ εἰ ἔλαττον, 
ἔλαττον. καί ἐστι τὰ μὲν H, Κ τῶν A, Δ ἰσάκις πολλαπλάσια, τὰ δὲ A, N τῶν 1), Ζ. ἔστιν ἄρα 
ὡς τὸ A πρὸς τὸ 1", οὕτως τὸ Δ πρὸς τὸ Ζ. 


"Ey ἄρα ἢ τρία μεγέϑη καὶ ἄλλα αὐτοῖς ἴσα τὸ πλῆϑος σύνδυο λαμβανόμενα ἐν τῷ αὐτῷ λόγῳ, 
ἢ δὲ τεταραγμένη αὐτῶν ἡ ἀναλογία, καὶ δι᾽ ἴσου ἐν τῷ αὐτῷ λόγῳ ἔσται ὅπερ ἔδει δεῖξαι. 
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Proposition 23 °° 


Δε---ο Bro CGtr— 
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If there are three magnitudes, and others of equal number to them, (being) in the same ratio 
taken two by two, and (if) their proportion is perturbed, then they will also be in the same ratio 
via equality. 


Let A, B, and C be three magnitudes, and D, FE and F' other (magnitudes) of equal number to 
them, (being) in the same ratio taken two by two. And let their proportion be perturbed, (so 
that) as A (is) to B, so E (is) to Γ᾽, and as B (is) to C, so D (is) to Ε΄. I say that as A is to C, so 
D (is) to F. 


Let the equal multiples G, H, and Καὶ have been taken of A, B, and D (respectively), and the other 
random equal multiples L, M, and N of C, F, and F (respectively). 


And since G and H are equal multiples of A and B (respectively), and parts have the same ratio as 
similar multiples [Prop. 5.15], thus as A (is) to B, so G (is) to H. And, so, for the same (reasons), 
as Εἰ (is) to F, so M (is) to N. And as A is to B, so F (is) to F’. And, thus, as G' (is) to H, so M 
(is) to N [Prop. 5.11]. And since as B is to C, so D (is) to E, also, alternately, as B (is) to D, 
so Οὐ (is) to EF [Prop. 5.16]. And since H and Καὶ are equal multiples of B and D (respectively), 
and parts have the same ratio as similar multiples [Prop. 5.15], thus as B is to D, so H (is) to 
kK. But, as B (is) to D, so C (is) to Ε. And, thus, as H (is) to K, so C (is) to FE [Prop. 5.11]. 
Again, since L and M are equal multiples of C and FE (respectively), thus as C is to E, so L (is) 
to M [Prop. 5.15]. But, as C (is) to Ε, so H (is) to kK. And, thus, as H (is) to K, so L (is) to Μ 
[Prop. 5.11]. Also, alternately, as H (is) to L, so Καὶ (is) to M [Prop. 5.16]. And it was also shown 
(that) as G (is) to H, so M (is) to N. Therefore, since G, H, and L are three magnitudes, and Kk, 
M, and N other (magnitudes) of equal number to them, (being) in the same ratio taken two by 
two, and their proportion is perturbed, thus, via equality, if G exceeds L then K also exceeds N, 
and if (G is) equal (to L then K is also) equal (to NV), and if (G is) less (than L then K is also) 
less (than N) [Prop. 5.21]. And G and Καὶ are equal multiples of A and D (respectively), and L 
and N of C and F (respectively). Thus, as A (is) to C, so D (is) to F' [Def. 5.5]. 


Thus, if there are three magnitudes, and others of equal number to them, (being) in the same 
ratio taken two by two, and (if) their proportion is perturbed, then they will also be in the same 
ratio via equality. (Which is) the very thing it was required to show. 


°>In modern notation, this proposition reads that ifa:3::¢:¢ and 6:y::6:ethena:y:6:¢. 
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᾿ὰν πρῶτον πρὸς δεύτερον τὸν αὐτὸν ἔχῃ λόγον καὶ τρίτον πρὸς τέταρτον, ἔχῃ δὲ καὶ πέμπτον 
πρὸς δεύτερον τὸν αὐτὸν λόγον καὶ ἕκτον πρὸς τέτραρτον, καὶ συντεϑὲν πρῶτον καὶ πέμπτον 
πρὸς δεύτερον τὸν αὐτὸν ἕξει λόγον καὶ τρίτον καὶ ἕκτον πρὸς τέταρτον. 


Πρῶτον γὰρ τὸ ΑΒ πρὸς δεύρερον τὸ 1 τὸν αὐτὸν ἐχέτω λόγον καὶ τρίτον τὸ AE πρὸς 
a \ 2 / Ἂν Ny ‘a X Xv 4 X X\ > + / νι Ὁ 

τέταρτον τὸ Ζ, ἐχέτω δὲ καὶ πέμπτον τὸ ΒΗ πρὸς δεύτερον τὸ T° τὸν αὐτὸν λόγον xual ἕκτον 
ν Ἂς / "3 / - Ν Ἂς ~ Ν / X X 4 

τὸ ΕΘ πρὸς τέταρτον τὸ Z" λέγω, ὅτι καὶ συντεϑὲν πρῶτον καὶ πέμπτον TO AH πρὸς δεύτερον 

τὸ I’ τὸν αὐτὸν ἕξει λόγον, καὶ τρίτον καὶ ἕκτον τὸ ΔΘ πρὸς τέταρτον τὸ Z. 


"Exel γάρ ἐστιν ὡς τὸ ΒΗ πρὸς τὸ 1), οὕτως τὸ ΕΘ πρὸς τὸ Z, ἀνάπαλιν ἄρα ὡς τὸ Τ᾽ πρὸς 
τὸ ΒΗ, οὕτως τὸ Ζ πρὸς τὸ ΕΘ. ἐπεὶ οὖν ἐστιν ὡς τὸ ΑΒ πρὸς τὸ T, οὕτως τὸ ΔΕ πρὸς τὸ 
Z, ὡς δὲ τὸ Τ᾽ πρὸς τὸ ΒΗ, οὕτως τὸ Ζ πρὸς τὸ EO, δι᾽ ἴσου ἄρα ἐστὶν ὡς τὸ ΑΒ πρὸς τὸ 
ΒΗ, οὕτως τὸ AE πρὸς τὸ ΕΘ. χαὶ ἐπεὶ διηρημένα μεγέϑη ἀνάλογόν ἐστιν, καὶ συντεϑέντα 
ἀνάλογον ἔσται’ ἔστιν ἄρα ὡς τὸ ΛΗ πρὸς τὸ ΗΒ, οὕτως τὸ ΔΘ πρὸς τὸ ΘΗ. ἔστι δὲ καὶ ὡς 
τὸ ΒΗ πρὸς τὸ T, οὕτως τὸ ΕΘ πρὸς τὸ Z: δι᾽ ἴσου ἄρα ἐστὶν ὡς τὸ ΑΗ πρὸς τὸ 1", οὕτως τὸ 


ΔΘ πρὸς τὸ Ζ. 


3 \ ” ~ N 3: ν > N " ΄ \ , \ ΄ " Ν \ 
Εὰν ἄρα πρῶτον πρὸς δεύτερον TOV αὐτὸν ἔχῃ λόγον καὶ τρίτον πρὸς τέταρτον, ἔχῃ SE καὶ 
πέμπτον πρὸς δεύτερον τὸν αὐτὸν λόγον ual ἕκτον πρὸς τέτραρτον, καὶ συντεϑὲν πρῶτον καὶ 
πέμπτον πρὸς δεύτερον τὸν αὐτὸν ἕξει λόγον καὶ τρίτον καὶ ἕκτον πρὸς τέταρτον’ ὅπερ ἔδει 


δεὶξαι. 
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Proposition 24 °° 


If a first (magnitude) has to a second the same ratio that third (has) to a fourth, and a fifth 
(magnitude) also has to the second the same ratio that a sixth (has) to the fourth, then the first 
(magnitude) and the fifth, added together, will also have the same ratio to the second that the 
third (magnitude) and sixth (added together, have) to the fourth. 


For let a first (magnitude) AB have the same ratio to a second C that a third DE (has) to a fourth 
F. And let a fifth (magnitude) BG also have the same ratio to the second C that a sixth EH (has) 
to the fourth Ε΄. I say that the first (magnitude) and the fifth, added together, AG, will also have 
the same ratio to the second C that the third (magnitude) and the sixth, (added together), DH, 
(has) to the fourth Ε΄. 


For since as BG is to C, so ΕΗ (is) to F, thus, inversely, as C' (is) to BG, so F (is) to EH 
[Prop. 5.7 corr.]. Therefore, since as AB is to C, so DE (is) to F’, and as C (is) to BG, so F (is) 
to FH, thus, via equality, as AB is to BG, so DE (is) to EH [Prop. 5.22]. And since separated 
magnitudes are proportional then they will also be proportional (when) composed [Prop. 5.18]. 
Thus, as AG is to GB, so DH (is) to HE. And, also, as BG is to C, so ΕΗ (is) to F. Thus, via 
equality, as AG is to C, so DH (is) to F' [Prop. 5.22]. 


Thus, if a first (magnitude) has to a second the same ratio that a third (has) to a fourth, and a 
fifth (magnitude) also has to the second the same ratio that a sixth (has) to the fourth, then the 
first (magnitude) and the fifth, added together, will also have the same ratio to the second that 
the third (magnitude) and the sixth (added together, have) to the fourth. (Which is) the very 
thing it was required to show. 


°°In modern notation, this proposition reads that ifa:@::y:dande:(6::¢:dthenate: 8: ες: δ. 
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ue 
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"Exy τέσσαρα μεγέϑη ἀνάλογον ἢ, τὸ μέγιστον [αὐτῶν] καὶ τὸ ἐλάχιστον δύο τῶν λοιπῶν μείζονά 
ἐστιν. 


Ἔστω τέσσαρα μεγέϑη ἀνάλογον τὰ AB, VA, E, Z, ὡς τὸ AB πρὸς τὸ TA, οὕτως τὸ E πρὸς 
τὸ Ζ, ἔστω δὲ μέγιστον μὲν αὐτῶν τὸ ΑΒ, ἐλάχιστον δὲ τὸ Z λέγω, ὅτι τὰ ΑΒ, Z τῶν TA, E 
μείζονά ἐστιν. 


ΚΚείσϑω γὰρ τῷ μὲν Ε ἴσον τὸ AH, τῷ δὲ Z ἴσον τὸ TO. 


"Exel [οὖν] ἐστιν ὡς τὸ ΑΒ πρὸς τὸ ΓΔ, οὕτως τὸ E πρὸς τὸ Ζ, ἴσον δὲ τὸ μὲν E τῷ AH, τὸ 
δὲ Ζ τῷ VO, ἔστιν ἄρα ὡς τὸ AB πρὸς τὸ VA, οὕτως τὸ ΛΗ πρὸς τὸ TO. nat ἐπεί ἐστιν ὡς 
ὅλον τὸ ΑΒ πρὸς ὅλον τὸ TA, οὕτως ἀφαιρεϑὲν τὸ ΛΗ πρὸς ἀφαιρεϑὲν τὸ TO, χαὶ λοιπὸν 
ἄρα τὸ ΗΒ πρὸς λοιπὸν τὸ ΘΔ ἔσται ὡς ὅλον τὸ AB πρὸς ὅλον τὸ TA. μεῖζον δὲ τὸ AB τοῦ 
TA: μεῖζον ἄρα καὶ τὸ ΗΒ τοῦ ΘΔ. χαὶ ἐπεὶ ἴσον ἐστὶ τὸ μὲν AH τῷ E, τὸ δὲ TO τῷ Ζ,, τὰ 
ἄρα AH, Z ἴσα ἐστὶ τοῖς TO, E. Koti [ἐπεὶ] ἐὰν [ἀνίσοις ἴσα προστεϑῇ, τὰ ὅλα ἄνισά ἐστιν, ἐὰν 
ἄρα] τῶν ΗΒ, ΘΔ ἀνίσων ὄντων καὶ μείζονος τοῦ ΗΒ τῷ μὲν ΗΒ προστεϑῇ τὰ ΛΗ, Z, τῷ δὲ 
ΘΔ προστεϑῇ τὰ TO, E, συνάγεται τὰ AB, Ζ μείζονα τῶν TA, E. 


"Exy ἄρα τέσσαρα μεγέϑη ἀνάλογον ἢ, τὸ μέγιστον αὐτῶν nol τὸ ἐλάχιστον δύο τῶν λοιπῶν 
μείζονά ἐστιν. ὅπερ ἔδει δεῖξαι. 
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Proposition 2557 


If four magnitudes are proportional then the (sum of the) largest and the smallest [of them] is 
greater than the (sum of the) remaining two (magnitudes). 


Let AB, CD, E, and F be four proportional magnitudes, (such that) as AB (is) to CD, so EF (is) 
to Γ΄. And let AB be the greatest of them, and F the least. I say that AB and F is greater than 
CD and E. 


For let AG be made equal to Εἰ, and C'H equal to F’. 


[In fact,] since as AB is to CD, so E (is) to Γ᾽, and E (is) equal to AG, and F' to CH, thus as 
AB is to CD, so AG (is) to CH. And since the whole AB is to the whole Ο ἢ) as the (part) taken 
away AG (is) to the (part) taken away C'H, thus the remainder GB will also be to the remainder 
HD as the whole AB (is) to the whole (ΟἿ [Prop. 5.19]. And AB (is) greater than Ο ἢ. Thus, 
GB (is) also greater than HD. And since AG is equal to EF, and CH to F, thus AG and F is equal 
to CH and E. And [since] if [equal (magnitudes) are added to unequal (magnitudes) then the 
wholes are unequal, thus if] AG and F are added to GB, and CH and E to HD—GB and HD 
being unequal, and GB greater—it is inferred that AB and F (is) greater than C'D and FE. 


Thus, if four magnitudes are proportional then the (sum of the) largest and the smallest of them 
is greater than the (sum of the) remaining two (magnitudes). (Which is) the very thing it was 
required to show. 


°7In modern notation, this proposition reads that if a : G :: y : 6, and a is the greatest and ὃ the least, then 
a+d>P+y7. 
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Similar figures 


ΣΤΟΙΧΕΊΩΝ ς΄ 


Ὅροι 


x 


α΄ Ὅμοια σχήματα εὐϑύγραμμά ἐστιν, ὅσα τάς Te γωνίας ἴσας ἔχει κατὰ μίαν ual τὰς περὶ 
τὰς ἴσας γωνίας πλευρὰς ἀνάλογον. 


β΄ *Axpov καὶ μέσον λόγον εὐϑεῖα τετμῆσϑαι λέγεται, ὅταν ἢ ὡς ἣ ὅλη πρὸς τὸ μεῖζον 
τμῆμα, οὕτως τὸ μεῖζον πρὸς τὸ ἔλαττὸν. 


γ΄ Ὕψφος ἐστὶ πάντος σχήματος ἣ ἀπὸ τῆς κορυφῆς ἐπὶ τὴν βάσιν κάϑετος ἀγομένη. 


348 


ELEMENTS BOOK 6 
Definitions 
1 Similar rectilinear figures are those (which) have (their) angles separately equal and the 


(corresponding) sides about the equal angles proportional. 


2 A straight-line is said to have been cut in extreme and mean ratio when as the whole is to 
the greater segment so the greater (segment is) to the smaller. 


3 The height of any figure is the (straight-line) drawn from the vertex perpendicular to the 
base. 
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Tx τρίγωνα καὶ τὰ παραλληλόγραμμα τὰ ὑπὸ TO αὐτὸ ὕψος ὄντα πρὸς ἄλληλά ἐστιν ὡς αἱ 
βάσεις. 


Ἔστω τρίγωνα μὲν τὰ ΑΒ], ADA, παραλληλόγραμμα δὲ τὰ ED, CZ ὑπὸ τὸ αὐτὸ ὕψος τὸ 
ΑἸ. λέγω, ὅτι ἐστὶν ὡς H BY βάσις πρὸς τὴν TA βάσις, οὕτως τὸ ABI τρίγωνον πρὸς τὸ ATA 
τρίγωνον, καὶ τὸ ED παραλληλόγραμμον πρὸς τὸ 12 παραλληλόγραμμον. 


᾿Ἔκχβεβλήσϑω γὰρ ἣ ΒΔ ἐφ᾽ ἑκάτερα τὰ μέρη ἐπὶ τὰ Θ, A σημεῖα, καὶ κείσϑωσαν τῇ μὲν BI 
βάσει ἴσαι [ὁσαιδηποτοῦν] αἱ ΒΗ, ΗΘ, τῇ δὲ TA βάσει ἴσαι ὁσαιδηποτοῦν αἱ AK, KA, χαὶ 
ἐπεζεύχϑωσαν αἱ ΑΗ, ΑΘ, ΑΚ, ΑΛ. 


Kot ἐπεὶ ἴσαι εἰσὶν αἱ ΤᾺ, ΒΗ, ΗΘ ἀλλήλαις, ἴσα ἐστὶ καὶ te A@H, ΑΗΒ, ABI’ τρίγωνα 
ἀλλήλοις. ὁσαπλασίων ἄρα ἐστὶν ἣ OL βάσις τῆς BI βάσεως, τοσαυταπλάσιόν ἐστι καὶ τὸ ACT 
τρίγωνον τοῦ ABI τριγώνου. διὰ τὰ αὐτὰ δὴ ὁσαπλασίων ἐστὶν ἡ ΛΙ βάσις τῆς TA βάσεως, 
τοσαυταπλάσιόν ἐστι καὶ TO AAT τρίγωνον tod ATA τριγώνου: καὶ εἰ ἴση ἐστὶν ἡἣ OL βάσις 
τῇ ΓΛ βάσει, ἴσον ἐστὶ καὶ τὸ AOL τρίγωνον tw ATA τριγώνῳ, καὶ εἰ ὑπερέχει ἣ OL βάσις 
τῆς ΓΛ βάσεως, ὑπερέχει καὶ τὸ A@L τρίγωνον tod ATA τριγώνου, καὶ εἰ ἐλάσσων, ἔλασσον. 
τεσσάρων δὴ ὄντων μεγεϑῶν δύο μὲν βάσεων τῶν BI, ΓΔ, δύο δὲ τριγώνων τῶν ABT, ATA 
εἴληπται ἰσάκις πολλαπλάσια τῆς μὲν BI’ βάσεως καὶ τοῦ ABI τριγώνον H te OL βάσις καὶ τὸ 
A@T τρίγωνον, τῆς δὲ TA βάσεως καὶ τοῦ AAT τριγώνου ἄλλα, ἃ ἔτυχεν, ἰσάκις πολλαπλάσια H 
te AT βάσις καὶ τὸ AAT τρίγωνον: καὶ δέδεικται, ὅτι, εἰ ὑπερέχει ἣ OL βάσις τῆς ΓΛ βάσεως, 
ὑπερέχει καὶ τὸ AOL τρίγωνον tod AAT τριγώνου, καί εἰ ἴση, ἴσον, καὶ εἰ ἔλασσων, ἔλασσον" 
ἔστιν ἄρα ὡς ἣ BI βάσις πρὸς τὴν ΓΔ βάσιν, οὕτως τὸ ABI τρίγωνον πρὸς τὸ ATA τρίγωνον. 


Kot ἐπεὶ τοῦ μὲν ABI τριγώνου διπλάσιόν ἐστι τὸ ED παραλληλόγραμμον, τοῦ δὲ ATA 
τριγώνου διπλάσιόν ἐστι τὸ ZT παραλληλόγραμμον, τὰ δὲ μέρη τοῖς ὡσαύτως πολλαπλασίοις 
τὸν αὐτὸν ἔχει λόγον, ἔστιν ἄρα ὡς τὸ ABI τρίγωνον πρὸς τὸ ATA τρίγωνον, οὕτως TO ET 
παραλληλόγραμμον πρὸς τὸ ZT παραλληλόγραμμον. ἐπεὶ οὖν ἐδείχϑη, ὡς μὲν ἡ ΒΓ βάσις 
πρὸς τὴν Δ, οὕτως τὸ ABI’ τρίγωνον πρὸς τὸ AVA τρίγωνον, ὡς δὲ τὸ ABI τρίγωνον πρὸς 
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Triangles and parallelograms which are of the same height are to one another as their bases. 


Let ABC and ACD be triangles, and EC and CF parallelograms, of the same height AC’. I say 
that as base BC is to base CD, so triangle ABC (is) to triangle ACD, and parallelogram EC to 
parallelogram ΟΕ. 


For let the (straight-line) BD have been produced in each direction to points H and L, and let 
[any number] (of straight-lines) BG and G'H be made equal to base BC, and any number (of 
straight-lines) DK and KL equal to base CD. And let AG, AH, AK, and AL have been joined. 


And since C'B, BG, and GH are equal to one another, triangles AWG, AGB, and ABC are also 
equal to one another [Prop. 1.38]. Thus, as many times as base HC is (divisible by) base BC, 
so many times is triangle AHC also (divisible) by triangle ABC. So, for the same (reasons), as 
many times as base LC is (divisible) by base (1), so many times is triangle ALC also (divisible) 
by triangle AC'D. And if base HC is equal to base CL then triangle AHC is also equal to triangle 
ACL [Prop. 1.38]. And if base HC exceeds base C'L then triangle AHC also exceeds triangle 
ACL.?? And if (HC is) less (than CL then AHC is also) less (than ACL). So, their being four 
magnitudes, two bases, BC and CD, and two triangles, ABC and AC'D, equal multiples have 
been taken of base BC and triangle ABC—(namely), base HC and triangle AHC—and other 
random equal multiples of base CD and triangle ADC—(namely), base LC and triangle ALC. 
And it has been shown that if base HC exceeds base C'L then triangle AHC also exceeds triangle 
ALC, and if (HC is) equal (to CL then AHC is also) equal (to ALC), and if (HC is) less (than 
CL then AHC is also) less (than ALC). Thus, as base BC is to base C'D, so triangle ABC (is) to 
triangle ACD [Def. 5.5]. 


°8As is easily demonstrated, this proposition holds even when the triangles, or parallelograms, do not share a 
common side, and/or are not right-angled. 
This is a straight-forward generalization of Prop. 1.38. 
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τὸ AVA τρίγωνον, οὕτως τὸ ED παραλληλόγραμμον πρὸς τὸ 12 παραλληλόγραμμον, καὶ ὡς 
ἄρα ἣ BI βάσις πρὸς τὴν VA βάσιν, οὕτως τὸ ED παραλληλόγραμμον πρὸς τὸ ZIT παραλ- 
ληλόγραμμον. 

Tx ἄρα τρίγωνα καὶ τὰ παραλληλόγραμμα τὰ υπὸ τὸ αὐτὸ ὕψος ὄντα πρὸς ἄλληλά ἐστιν ὡς αἱ 
βάσεις: ὅπερ ἔδει δεὶξαι. 
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And since parallelogram EC is double triangle ABC, and parallelogram FC is double triangle 
ACD [Prop. 1.34], and parts have the same ratio as similar multiples [Prop. 5.15], thus as trian- 
gle ABC is to triangle ACD, so parallelogram EC (is) to parallelogram FC. In fact, since it was 
shown that as base BC (is) to CD, so triangle ABC (is) to triangle ACD, and as triangle ABC 
(is) to triangle ACD, so parallelogram EC (is) to parallelogram Ο Ε', thus, also, as base BC (is) 
to base C'D, so parallelogram EC (is) to parallelogram F'C [Prop. 5.11]. 


Thus, triangles and parallelograms which are of the same height are to one another as their bases. 
(Which is) the very thing it was required to show. 
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Β 1 


᾿ὰν τριγώνου παρὰ μίαν τῶν πλευρῶν ἀχϑῇ τις εὐθεῖα, ἀνάλογον τεμεῖ τὰς τοῦ τριγώνου 
πλευράς: καὶ ἐὰν αἱ τοῦ τριγώνου πλευραὶ ἀνάλογον τμηϑῶσιν, ἣ ἐπὶ τὰς τομὰς ἐπιζευγνυμένη 
εὐϑεῖα παρὰ τὴν λοιπὴν ἔσται τοῦ τριγώνου πλευράν. 


Τριγώνου γὰρ τοῦ ABT παράλληλος μιᾷ τῶν πλευρῶν τῇ BI ἤχϑω ἣ ΔΕ’ λέγω, ὅτι ἐστὶν ὡς ἣ 
ΒΔ πρὸς τὴν AA, οὕτως ἡ ΤῈ πρὸς τὴν EA. 


᾿Ἐπεζεύχϑωσαν γὰρ αἱ BE, TA. 


Ἴσον ἄρα ἐστὶ τὸ ΒΔΕ τρίγωνον τῷ CAE τριγώνῳ: ἐπὶ γὰρ τῆς αὐτῆς βάσεώς ἐστι τῆς AE καὶ 
ἐν ταῖς αὐταῖς παραλλήλοις ταῖς ΔΗ, BI™ ἄλλο δέ τι τὸ ΑΔΕ τρίγωνον. τὰ δὲ ἴσα πρὸς τὸ αὐτὸ 
τὸν αὐτὸν ἔχει λόγον ἔστιν ἄρα ὡς τὸ ΒΔΕ τρίγωνον πρὸς τὸ ΑΔΕ [τρίγωνον], οὕτως τὸ ΓΔΕ 
τρίγωνον πρὸς τὸ ΑΔΕ τρίγωνον. add’ ὡς μὲν τὸ ΒΔΕ τρίγωνον πρὸς τὸ ΑΔΕ, οὕτως ἣ ΒΔ 
πρὸς τὴν AA: ὑπὸ γὰρ τὸ αὐτὸ ὕψος ὄντα τὴν ἀπὸ τοῦ E ἐπὶ τὴν AB κάϑετον ἀγομένην πρὸς 
ἄλληλά εἰσιν ὡς αἱ βάσεις. διὰ τὰ αὐτὰ δὴ ὡς τὸ ΓΔΕ τρίγωνον πρὸς τὸ ΑΔΕ, οὕτως 7 ΤῈ 
πρὸς τὴν ΕΔ’ καὶ ὡς ἄρα ἣ ΒΔ πρὸς τὴν AA, οὕτως 7 TE πρὸς τὴν EA. 


᾿Αλλὰ δὴ αἱ τοῦ ABT τριγώνου πλευραὶ αἱ AB, AT ἀνάλογον τετμήσϑωσαν, ὡς ἣ ΒΔ πρὸς τὴν 
ΔΑ, οὕτως ἣ TE πρὸς τὴν EA, nat ἐπεζεύχϑω ἡ ΔΕ; λέγω, ὅτι παράλληλός ἐστιν ἡἣ AE τῇ BI. 


Ἰῶν γὰρ αὐτῶν κατασχευασϑέντων, ἐπεί ἐστιν ὡς ἣ ΒΔ πρὸς τὴν AA, οὕτως ἡ ΤῈ πρὸς τὴν 
EA, ἀλλ᾽ ὡς μὲν ἣ ΒΔ πρὸς τὴν ΔΑ, οὕτως τὸ ΒΔΕ τρίγωνον πρὸς τὸ AAE τρίγωνον, ὡς δὲ 
i ΤῈ πρὸς τὴν EA, οὕτως τὸ ΓΔΕ τρίγωνον πρὸς τὸ ΑΔΕ τρίγωνον, καὶ ὡς ἄρα τὸ ΒΔΕ 
τρίγωνον πρὸς τὸ ΑΔΕ τρίγωνον, οὕτως τὸ ΓΔΕ τρίγωνον πρὸς τὸ ΑΔΕ τρίγωνον. ἑκάτερον 
ἄρα τῶν ΒΔΕ, ΤΔΕ τριγώνων πρὸς τὸ ΑΔΕ τὸν αὐτὸν ἔχει λόγον. ἴσον ἄρα ἐστὶ τὸ ΒΔΕ 
τρίγωνον τῷ CAE τριγώνῳ: καί εἰσιν ἐπὶ τὴς αὐτῆς βάσεως τῆς AE. τὰ δὲ ἴσα τρίγωνα καὶ ἐπὶ 
τῆς αὐτῆς βάσεως ὄντα καὶ ἐν ταῖς αὐταῖς παραλλήλοις ἐστίν. παράλληλος ἄρα ἐστὶν ἡ AE τῇ 
BI. 
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ELEMENTS BOOK 6 


Proposition 2 


B C 


If some straight-line is drawn parallel to one of the sides of a triangle, then it will cut the (other) 
sides of the triangle proportionally. And if (two of) the sides of a triangle are cut proportionally, 
then the straight-line joining the cutting (points) will be parallel to the remaining side of the 
triangle. 


For let DE have been drawn parallel to one of the sides BC of triangle ABC. I say that as BD is 
to DA, so CE (is) to BA. 


For let BE and C'D have been joined. 


Thus, triangle BDE is equal to triangle CDE. For they are on the same base DE and between 
the same parallels DE and BC [Prop. 1.38]. And ADE is some other triangle. And equal (mag- 
nitudes) have the same ratio to the same (magnitude) [Prop. 5.7]. Thus, as triangle BDE is to 
[triangle] ADE, so triangle CDE (is) to triangle ADE. But, as triangle BDE (is) to triangle 
ADE, so (is) BD to DA. For, having the same height—(namely), the (straight-line) drawn from 
E perpendicular to AB—they are to one another as their bases [Prop. 6.1]. So, for the same 
(reasons), as triangle CDE (is) to ADE, so CE (is) to FA. And, thus, as BD (is) to DA, so CE 
(is) to EA [Prop. 5.11]. 


And so, let the sides AB and AC of triangle ABC have been cut, (so that) as BD (is) to DA, so 
CE (is) to EA. And let DE have been joined. I say that DE is parallel to BC. 


For, by the same construction, since as BD is to DA, so CE (is) to EA, but as BD (is) to DA, so 
triangle BDE (is) to triangle ADE, and as ΟΕ (is) to ΕΑ, so triangle CDE (is) to triangle ADE 
[Prop. 6.1], thus, also, as triangle BDE (is) to triangle ADE, so triangle CDE (is) to triangle 
ADE [Prop. 5.11]. Thus, triangles BDE and CDE each have the same ratio to ADE. Thus, tri- 
angle BDE is equal to triangle CDE [Prop. 5.9]. And they are on the same base DE. And equal 
triangles, which are also on the same base, are also between the same parallels [Prop. 1.39]. 
Thus, DE is parallel to BC. 
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ΣΤΟΙΧΕΊΩΝ ς΄ 
Β᾽ 


᾿ὰν ἄρα τριγώνου παρὰ μίαν τῶν πλευρῶν ἀχϑῇ τις εὐϑεῖα, ἀνάλογον τεμεῖ τὰς τοῦ τριγώνου 
πλευράς: καὶ ἐὰν αἱ τοῦ τριγώνου πλευραὶ ἀνάλογον τμηϑῶσιν, ἣ ἐπὶ τὰς τομὰς ἐπιζευγνυμένη 
εὐϑεῖα παρὰ τὴν λοιπὴν ἔσται τοῦ τριγώνου πλευράν: ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 6 
Proposition 2 


Thus, if some straight-line is drawn parallel to one of the sides of a triangle, then it will cut 
the (other) sides of the triangle proportionally. And if (two of) the sides of a triangle are cut 
proportionally, then the straight-line joining the cutting (points) will be parallel to the remaining 
side of the triangle. (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΕΊΩΝ ς΄ 


Β Δ 1 


᾿Ἐὰν τριγώνου ἣ γωνία δίχα τμηϑῇ, ἣ δὲ τέμνουσα τὴν γωνίαν εὐϑεῖα τέμνῃ καὶ τὴν βάσιν, τὰ 
τῆς βάσεως τμήματα τὸν αὐτὸν ἕξει λόγον ταῖς λοιπαῖς τοῦ τριγώνου πλευραῖς" καὶ ἐὰν τὰ τῆς 
βάσεως τμήματα τὸν αὐτὸν ἔχῃ λόγον ταῖς λοιπαῖς τοῦ τριγώνου πλευραῖς, ἣ ἀπὸ τῆς κορυφῆς 
ἐπὶ τὴν τομὴν ἐπιζευγνυμένη εὐϑεῖα δίχα τεμεῖ τὴν τοῦ τριγώνου γωνίαν. 


Ἔστω τρίγωνον τὸ ABIL, καὶ τετμήσϑω ἣ ὑπὸ BAT γωνία δίχα ὑπὸ τῆς AA εὐϑείας: λέγω, ὅτι 
ἐστὶν ὡς ἣ ΒΔ πρὸς τὴν TA, οὕτως ἣ BA πρὸς τὴν AT. 


Ἤχϑω γὰρ διὰ τοῦ Τ᾽ τῇ ΔΑ παράλληλος ἣ TE, nat διαχϑεῖσα ἣ BA συμπιπτέτω αὐτῇ κατὰ 
τὸ E. 


Kot ἐπεὶ εἰς παραλλήλους τὰς AA, ED εὐϑεῖα ἐνέπεσεν ἡ AT, ἡ ἄρα ὑπὸ ATE γωνία ἴση ἐστὶ 
τῇ ὑπὸ ΓΑΔ. ἀλλ᾽ ἡ ὑπὸ TAA τῇ ὑπὸ ΒΑΔ ὑπόκειται ἴση" καὶ ἣ ὑπὸ ΒΑΔ ἄρα τῇ ὑπὸ ATE 
ἐστιν ἴση. πάλιν, ἐπεὶ εἰς παραλλήλους τὰς AA, ED εὐϑεῖα ἐνέπεσεν ἣ ΒΛΗΕ, ἡἣ ἐχτὸς γωνία ἣ 
ὑπὸ ΒΑΔ ἴση ἐστὶ τῇ ἐντὸς τῇ ὑπὸ ΑΕ). ἐδείχϑη δὲ καὶ ἣ ὑπὸ ATE τῇ ὑπὸ BAA ion: καὶ ἣ 
ὑπὸ ATE ἄρα γωνία τὴ ὑπὸ ABET ἐστιν ἴση ὥστε καὶ πλευρὰ ἣ AE πλευρᾷ τῇ AT ἐστιν ἴση. 
καὶ ἐπεὶ τριγώνου tod BLE παρὰ μίαν τῶν πλευρῶν thy ED ἧκται ἣ ΑΔ, ἀνάλογον ἄρα ἐστὶν 
ὡς ἡ ΒΔ πρὸς τὴν AT, οὕτως ἡ ΒΑ πρὸς τὴν AE. ἴση δὲ ἣ AE τῇ ΑἸ ὡς ἄρα ἡ ΒΔ πρὸς τὴν 
AT, οὕτως ἣ BA πρὸς τὴν AT. 


᾿Αλλὰ δὴ ἔστω ὡς ἡ ΒΔ πρὸς τὴν AT, οὕτως ἣ ΒΑ πρὸς τὴν AT, καὶ ἐπεζεύχϑω ἣ ΑΔ’ λέγω, 
ὅτι δίχα τέτμηται ἣ ὑπὸ BAT γωνία ὑπὸ τῆς ΛΔ εὐϑείας. 


Ἰῶν γὰρ αὐτῶν χκατασχευασϑέντων, ἐπεί ἐστιν ὡς ἣ ΒΔ πρὸς τὴν AT, οὕτως ἣ BA πρὸς τὴν 
AT, ἀλλὰ καὶ ὡς ἣ ΒΔ πρὸς τὴν AT, οὕτως ἐστὶν ἣ ΒΑ πρὸς τὴν AE: τριγώνου γὰρ τοῦ BIE 
παρὰ μίαν τὴν ED ἧκται ἡ ΑΔ’ καὶ ὡς ἄρα ἣ BA πρὸς thy AT, οὕτως ἣ ΒΑ πρὸς τὴν AE. ἴση 
ἄρα ἡ AL τῇ AE ὥστε καὶ γωνία ἣ ὑπὸ ΑΕΓ τῇ ὑπὸ ATE ἐστιν ἴση. ἀλλ᾽ ἣ μὲν ὑπὸ AEP 
τῇ ἐκτὸς τῇ ὑπὸ ΒΑΔ [ἐστιν] ton, ἣ δὲ ὑπὸ ATE τῇ ἐναλλὰξ τῇ ὑπὸ ΤᾺΔ ἐστιν ἴση" καὶ ἣ ὑπὸ 
BAA ἄρα τῇ ὑπὸ TAA ἐστιν ton. ἡἣ ἄρα ὑπὸ BAT γωνία δίχα τέτμηται ὑπὸ τῆς AA εὐϑείας. 
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ELEMENTS BOOK 6 


Proposition 3 


B D C 


If an angle of a triangle is cut in half, and the straight-line cutting the angle also cuts the base, 
then the segments of the base will have the same ratio as the remaining sides of the triangle. And 
if the segments of the base have the same ratio as the remaining sides of the triangle, then the 
straight-line joining the vertex to the cutting (point) will cut the angle of the triangle in half. 


Let ABC be a triangle. And let the angle BAC have been cut in half by the straight-line AD. I 
say that as BD is to CD, so BA (is) to AC. 


For let CE have been drawn through (point) C parallel to DA. And, BA being drawn through, 
let it meet (CE) at (point) E.1°° 


And since the straight-line AC falls across the parallel (straight-lines) AD and EC, angle ACE 
is thus equal to CAD [Prop. 1.29]. But, (angle) CAD is assumed (to be) equal to BAD. Thus, 
(angle) BAD is also equal to AC'E. Again, since the straight-line ΒΑΕ falls across the paral- 
lel (straight-lines) AD and EC, the external angle BAD is equal to the internal (angle) AEC 
[Prop. 1.29]. And (angle) AC’E was also shown (to be) equal to BAD. Thus, angle ACE is also 
equal to AEC’. And, hence, side AE is equal to side AC [Prop. 1.6]. And since AD has been 
drawn parallel to one of the sides EC of triangle BC'E, thus, proportionally, as BD is to DC, so 
BA (is) to AE [Prop. 6.2]. And AEF (is) equal to AC. Thus, as BD (is) to DC, so BA (is) to AC. 


And so, let BD be to DC, as BA (is) to AC. And let AD have been joined. I say that angle BAC 
has been cut in half by the straight-line AD. 


For, by the same construction, since as BD is to DC, so BA (is) to AC, then also as BD (is) to 
DC, so BA is to AE. For AD has been drawn parallel to one (of the sides) EC of triangle BCE 
[Prop. 6.2]. Thus, also, as BA (is) to AC, so BA (is) to AE [Prop. 5.11]. Thus, AC (is) equal to 
AE [Prop. 5.9]. And, hence, angle AEC is equal to ACE [Prop. 1.5]. But, AEC [is] equal to the 
external (angle) BAD, and AC E is equal to the alternate (angle) CAD [Prop. 1.29]. Thus, (ang- 


100The fact that the two straight-lines meet follows because the sum of ACE and CAE is less than two right-angles, 
as can easily be demonstrated. See Post. 5. 
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ΣΤΟΙΧΕΊΩΝ ς΄ 


΄ 


Y 


᾿Ἐὰν ἄρα τριγώνου ἣ γωνία δίχα τμηϑῇ; ἣ SE τέμνουσα τὴν γωνίαν εὐϑεῖα τέμνῃ καὶ thy βάσιν, 
τὰ τῆς βάσεως τμήματα τὸν αὐτὸν ἕξει λόγον ταῖς λοιπαῖς τοῦ τριγώνου πλευραῖς: καὶ ἐὰν τὰ τῆς 
βάσεως τμήματα τὸν αὐτὸν ἔχῃ λόγον ταῖς λοιπαῖς τοῦ τριγώνου πλευραῖς, ἣ ἀπὸ τῆς κορυφῆς 
ἐπὶ τὴν τομὴν ἐπιζευγνυμένη εὐϑεῖα δίχα τέμνει τὴν τοῦ τριγώνου γωνίαν" ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 6 
Proposition 3 


-le) BAD is also equal to CAD. Thus, angle BAC has been cut in half by the straight-line AD. 


Thus, if an angle of a triangle is cut in half, and the straight-line cutting the angle also cuts the 
base, then the segments of the base will have the same ratio as the remaining sides of the triangle. 
And if the segments of the base have the same ratio as the remaining sides of the triangle, then 
the straight-line joining the vertex to the cutting (point) will cut the angle of the triangle in half. 
(Which is) the very thing it was required to show. 
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ΣΤΟΙΧΕΊΩΝ ς΄ 


δ΄ 


Β 1 E 


T@v ἰσογωνίων τριγώνων ἀνάλογόν εἰσιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας γωνίας καὶ ὁμόλογοι αἱ 
ὑπὸ τὰς ἴσας γωνίας ὑποτείνουσαι. 


Ἔστω ἰσογώνια τρίγωνα τὰ ABT, ΔΙῈ ἴσην ἔχοντα τὴν μὲν ὑπὸ ABI γωνίαν τῇ ὑπὸ ATE, 
τὴν δὲ ὑπὸ BAT τῇ ὑπὸ TAE xo ἔτι τὴν ὑπὸ ATB τῇ ὑπὸ ΓΕΔ’ λέγω, ὅτι τῶν ABT, ATE 
τριγώνων ἀνάλογόν εἰσιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας γωνίας καὶ ὁμόλογοι αἱ ὑπὸ τὰς ἴσας 
γωνίας ὑποτείνουσαι. 


ΚΚείσϑω γὰρ ἐπ᾽ εὐϑείας ἡ BI τῇ VE. καὶ ἐπεὶ αἱ ὑπὸ ABP, ΑΓΒ γωνίαι δύο ὀρϑῶν ἐλάττονές 
εἰσιν, ἴση δὲ ἣ ὑπὸ ΑΓΒ τῇ ὑπὸ ΔΕΙ͂; αἱ ἄρα ὑπὸ ABI, AET δύο ὀρϑῶν ἐλάττονές iow" αἱ 
BA, EA ἄρα ἐκβαλλόμεναι συμπεσοῦνται. ἐκβεβλήσϑωσαν καὶ συμπιπτέτωσαν κατὰ τὸ Ζ. 


Kot ἐπεὶ ἴση ἐστὶν ἣ ὑπὸ ATE γωνία τῇ ὑπὸ ABI’, παράλληλός ἐστιν ἡἣ ΒΖ τῇ VA. πάλιν, ἐπεὶ 
ἴση ἐστὶν ἣ ὑπὸ ATB τῇ ὑπὸ ΔΕΙ͂, παράλληλός ἐστιν ἣ AT τῇ ΖΕ. παραλληλόγραμμον ἄρα 
ἐστὶ τὸ ΖΛΙ Δ’ ἴση ἄρα ἣ μὲν ZA τῇ AT, ἡ δὲ AT τῇ ΖΔ. καὶ ἐπεὶ τριγώνου τοῦ ZBE παρὰ 
μίαν τὴν ΖΕ juror ἡ AT, ἐστιν ἄρα ὡς ἣ ΒΑ πρὸς τὴν ΑΖ, οὕτως ἡ ΒΓ πρὸς τὴν TE. ἴση δὲ ἣ 
AZ τῇ TA: ὡς ἄρα ἣ BA πρὸς τὴν TA, οὕτως ἣ BE πρὸς τὴν TE, καὶ ἐναλλὰξ ὡς ἣ AB πρὸς 
τὴν BI, οὕτως ἡ ΔΙ πρὸς τὴν VE. πάλιν, ἐπεὶ παράλληλός ἐστιν ἡ VA τῇ ΒΖ, ἔστιν ἄρα ὡς ἣ 
BI’ πρὸς τὴν VE, οὕτως ἡἣ ΖΔ πρὸς τὴν AE. ἴση δὲ ἡ ZA τῇ ΑΙ᾽ ὡς ἄρα ἣ BI πρὸς τὴν TE, 
οὕτως 4 AD πρὸς τὴν AE, καὶ ἐναλλὰξ ὡς ἣ BE πρὸς τὴν Δ, οὕτως 7 TE πρὸς τὴν EA. ἐπεὶ 
οὖν ἐδείχϑη ὡς μὲν ἣ ΑΒ πρὸς thy BI, οὕτως ἣ ΔΙ᾽ πρὸς τὴν ΓΕ, ὡς δὲ ἣ ΒΓ πρὸς τὴν ΓΑ, 
οὕτως ἣ DE πρὸς τὴν EA, δι᾽ ἴσου ἄρα ὡς ἡἣ ΒΑ πρὸς τὴν AT, οὕτως ἡ ΓΔ πρὸς τὴν AE. 


Ἰῶν ἄρα ἰσογωνίων τριγώνων ἀνάλογόν εἰσιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας γωνίας καὶ ὁμόλογοι 
αἱ ὑπὸ τὰς ἴσας γωνίας ὑποτείνουσαι" ὅπερ ἔδει δεῖξαι. 
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Proposition 4 


B ς Ε 


For equiangular triangles, the sides about the equal angles are proportional, and those (sides) 
subtending equal angles correspond. 


Let ABC and DCE be equiangular triangles, having angle ABC equal to DCE, and (angle) BAC 
to CDE, and, further, (angle) ACB to CED. I say that, for triangles ABC and DCE, the sides 
about the equal angles are proportional, and those (sides) subtending equal angles correspond. 


Let BC be placed straight-on to CE. And since angles ABC and ACB are less than two right- 
angles [Prop 1.17], and ACB (is) equal to DEC, thus ABC and DEC are less than two right- 
angles. Thus, BA and ED, being produced, will meet [C.N. 5]. Let them have been produced, 
and let them meet at (point) F’. 


And since angle DCE is equal to ABC, BF is parallel to CD [Prop. 1.28]. Again, since (angle) 
ACB is equal to DEC, AC is parallel to FE [Prop. 1.28]. Thus, FACD is a parallelogram. Thus, 
ΕΑ is equal to DC, and AC to ΕΠ) [Prop. 1.34]. And since AC’ has been drawn parallel to one 
(of the sides) ΕΕ of triangle F BE, thus as BA is to AF, so BC (is) to CE [Prop. 6.2]. And AF’ 
(is) equal to CD. Thus, as BA (is) to CD, so BC (is) to CE, and, alternately, as AB (is) to BC, 
so DC (is) to CE [Prop. 5.16]. Again, since C'D is parallel to BF’, thus as BC (is) to CE, so ΕΠ 
(is) to DE [Prop. 6.2]. And ΕΠ) (is) equal to AC’. Thus, as BC is to CE, so AC (is) to DE, and, 
alternately, as BC (is) to CA, so CE (is) to ED [Prop. 6.2]. Therefore, since it was shown that 
as AB (is) to BC, so DC (is) to CE, and as BC (is) to C'A, so CE (is) to ED, thus, via equality, 
as BA (is) to AC, so CD (is) to DE [Prop. 5.22]. 


Thus, for equiangular triangles, the sides about the equal angles are proportional, and those 
(sides) subtending equal angles correspond. (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΕΊΩΝ ς΄ 


ε 

Α Δ 
Ε Ζ 

Τ' Η 


Β 


᾿ὰν δύο τρίγωνα τὰς πλευρὰς ἀνάλογον ἔχῃ, ἰσογώνια ἔσται τὰ τρίγωνα nol ἴσας ἕξει τὰς 
γωνίας, ὑφ᾽ ἃς αἱ ὁμόλογοι πλευραὶ ὑποτείνουσιν. 


Ἔστω δύο τρίγωνα τὰ ABI, ΔΕΖ τὰς πλευρὰς ἀνάλογον ἔχοντα, ὡς μὲν τὴν AB πρὸς τὴν BI, 
οὕτως τὴν AE πρὸς τὴν EZ, ὡς δὲ τὴν BY πρὸς τὴν TA, οὕτως τὴν ΕΖ πρὸς τὴν ZA, nat ἔτι ὡς 
τὴν BA πρὸς τὴν AT, οὕτως τὴν ΕΔ πρὸς τὴν ΔΖ. λέγω, ὅτι ἰσογώνιόν ἐστι τὸ ΑΒ] τρίγωνον 
τῷ ΔΕΖ τριγώνῳ καὶ ἴσας ἕξουσι τὰς γωνίας, ὑφ᾽ ἃς αἱ ὁμόλογοι πλευραὶ ὑποτείνουσιν, τὴν μὲν 
ὑπὸ ΑΒΤ τῇ ὑπὸ ΔΕΖ, τὴν δὲ ὑπὸ ΒΙᾺ τῇ ὑπὸ EZA χαὶ ἔτι τὴν ὑπὸ BAT τῇ ὑπὸ ΕΔΖ. 


Συνεστάτω γὰρ πρὸς τῇ ΕΖ εὐϑείᾳ καὶ τοῖς πρὸς αὐτῇ σημείοις τοῖς E, Z τῇ μὲν ὑπο ABI 
γωνίᾳ ἴση ἡἣ ὑπὸ ZEH, τῇ δὲ ὑπο ATB ἴση ἡ ὑπὸ ΕΖΗ: λοιπὴ ἄρα ἣ πρὸς τῷ A λοιπῇ τῇ πρὸς 
τῷ Η ἐστιν ἴση. 


ἴσογώνιον ἄρα ἐστὶ τὸ ABI’ τρίγωνον τῷ ΕΗΖ [τριγώνῳ]. τῶν ἄρα ABI, EHZ τριγώνων 
ἀνάλογόν εἰσιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας γωνίας καὶ ὁμόλογοι αἱ ὑπὸ τὰς ἴσας γωνίας 
ὑποτείνουσαι" ἔστιν ἄρα ὡς ἣ ΑΒ πρὸς τὴν BI, [οὕτως] ἣ HE πρὸς τὴν ΕΖ. ἀλλ᾽ ὡς AB πρὸς 
τὴν BI, οὕτως ὑπόκειται ἣ AE πρὸς τὴν EZ: ὡς ἄρα ἣ ΔΕ πρὸς τὴν ΕΖ, οὕτως ἡ HE πρὸς 
τὴν ΕΖ. ἑκατέρα ἄρα τῶν ΔΗ, HE πρὸς τὴν EZ τὸν αὐτὸν ἔχει λόγον: ἴση ἄρα ἐστὶν ἡ ΔΕ τῇ 
HE. διὰ τὰ αὐτὰ δὴ καὶ ἡ ΔΖ τῇ ΗΖ ἐστιν ἴση. ἐπεὶ οὖν ἴση ἐστὶν ἣ AE τῇ ΕΗ, κοινὴ δὲ ἣ 
EZ, δύο δὴ αἱ AE, EZ δυσὶ ταῖς HE, EZ ἴσαι εἰσίν: καὶ βάσις ἡἣ ΔΖ βάσει τῇ ΖΗ [ἐστιν] ton 
γωνία ἄρα ἣ ὑπὸ ΔΕΖ γωνίᾳ τῇ υπὸ ΗΕΖ ἐστιν ἴση, καὶ τὸ ΔΕΖ τρίγωνον τῷ ΗΕΖ τριγώνῳ 
ἴσον, καὶ αἱ λοιπαὶ γωνίαι ταῖς λοιπαῖς γωνίαις ἴσαι, by ἃς αἱ ἴσαι πλευραὶ ὑποτείνουσιν. ἴση ἄρα 
ἐστὶ καὶ ἣ μὲν ὑπὸ ΔΖΕ γωνία τῇ ὑπὸ HZE, ἣ δὲ ὑπὸ EAZ τῇ ὑπὸ ΕΗΖ. χαὶ ἐπεὶ ἡ μὲν ὑπὸ 
ZEA τῇ ὑπὸ ΗΕΖ ἐστιν ἴση, ἀλλ᾽ ἣ ὑπὸ ΗΕΖ τῇ ὑπὸ ABT, καὶ ἣ ὑπὸ ΑΒΙ ἄρα γωνία τῇ ὑπὸ 
ΔΕΖ ἐστιν ἴση. διὰ τὰ αὐτὰ δὴ καὶ ἣ ὑπὸ ΑΒ τῇ ὑπὸ ΔΖΕ ἐστιν ton, καὶ ἔτι ἣ πρὸς τῷ A τῇ 
πρὸς τῷ Δ’ ἰσογώνιον ἄρα ἐστὶ τὸ ABI’ τρίγωνον τῷ ΔΕΖ, τριγώνῳ. 


᾿Ἐὰν ἄρα δύο τρίγωνα τὰς πλευρὰς ἀνάλογον ἔχῃ, ἰσογώνια ἔσται τὰ τρίγωνα καὶ ἴσας ἕξει τὰς 
γωνίας, ὑφ᾽ ἃς αἱ ὁμόλογοι πλευραὶ ὑποτείνουσιν: ὅπερ ἔδει δεῖξαι. 
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A D 
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If two triangles have proportional sides then the triangles will be equiangular, and will have the 
angles which corresponding sides subtend equal. 


Let ABC and DEF be two triangles having proportional sides, (so that) as AB (is) to BC, so DE 
(is) to EF, and as BC (is) to CA, so EF (is) to FD, and, further, as BA (is) to AC, so ED (is) 
to DF. I say that triangle ABC is equiangular to triangle DEF’, and (that the triangles) will have 
the angles which corresponding sides subtend equal. (That is), (angle) ABC (equal) to DEF, 
BCA to EFD, and, further, BAC to EDF. 


For let (angle) FEG, equal to angle ABC, and (angle) E FG, equal to ACB, have been con- 
structed at points F and F (respectively) on the straight-line EF [Prop. 1.23]. Thus, the remain- 
ing (angle) at A is equal to the remaining (angle) at G [Prop. 1.32]. 


Thus, triangle ABC is equiangular to [triangle] EGF. Thus, for triangles ABC and EGF, the 
sides about the equal angles are proportional, and (those) sides subtending equal angles corre- 
spond [Prop. 6.4]. Thus, as AB is to BC, [so] GE (is) to EF. But, as AB (is) to BC, so, it was 
assumed, (is) DE to EF. Thus, as DE (is) to EF, so GE (is) to EF [Prop. 5.11]. Thus, DE 
and GE each have the same ratio to EF’. Thus, DE is equal to GE [Prop. 5.9]. So, for the same 
(reasons), DF is also equal to GF’. Therefore, since DE is equal to EG, and EF (is) common, 
the two (sides) DE, EF are equal to the two (sides) GE, EF (respectively). And base DF [is] 
equal to base FG. Thus, angle DEF is equal to angle GEF [Prop. 1.8], and triangle DEF (is) 
equal to triangle GE F’, and the remaining angles (are) equal to the remaining angles which the 
equal sides subtend [Prop. 1.4]. Thus, angle DFE is also equal to GFE, and (angle) EDF to 
EGF. And since (angle) FED is equal to GEF, and (angle) GEF to ABC, angle ABC is thus 
also equal to DEF. So, for the same (reasons), (angle) ACB is also equal to DFE, and, further, 
the (angle) at A to the (angle) at D. Thus, triangle ABC is equiangular to triangle DEF. 


Thus, if two triangles have proportional sides then the triangles will be equiangular, and will have 


the angles which corresponding sides subtend equal. (Which is) the very thing it was required to 
show. 
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Ἐὰν δύο τρίγωνα μίαν γωνίαν μιᾷ γωνίᾳ ἴσην ἔχῃ, περὶ δὲ τὰς ἴσας γωνίας τὰς πλευρὰς 
ἀνάλογον, ἰσογώνια ἔσται τὰ τρίγωνα nol ἴσας ἕξει τὰς γωνίας, ὑφ᾽ ἃς αἱ ὁμόλογοι πλευραὶ 
ὑποτείνουσιν. 


Ἔστω δύο τρίγωνα τὰ ABI, AEZ μίαν γωνίαν τὴν ὑπὸ BAT μιᾷ γωνίᾳ τῇ ὑπὸ ΕΔΖ ἴσην 
ἔχοντα, περὶ δὲ τὰς ἴσας γωνίας τὰς πλευρὰς ἀνάλογον, ὡς τὴν ΒΑ πρὸς τὴν ΑΙ", οὕτως τὴν 
ΕΔ πρὸς τὴν ΔΖ: λέγω, ὅτι ἰσογώνιόν ἐστι τὸ ABI τρίγωνον τῷ ΔΕΖ τριγώνῳ χαὶ ἴσην ἕξει 
τὴν ὑπὸ ABI γωνίαν τῇ ὑπὸ AEZ, τὴν δὲ ὑπὸ ATB τῇ ὑπὸ AZE. 


Συνεστάτω γὰρ πρὸς τῇ AZ εὐϑείᾳ καὶ τοῖς πρὸς αὐτῇ σημείοις τοῖς Δ, Ζ ὁποτέρᾳ μὲν τῶν 
ὑπὸ BAT, EAZ ἴση ἡ ὑπὸ ΖΔΗ, τῇ δὲ ὑπὸ ΑΓΒ ἴση ἡ ὑπὸ ΔΖΗ: λοιπὴ ἄρα ἣ πρὸς τῷ Β 
γωνία λοιπῇ τῇ πρὸς τῷ Η ἴση ἐστίν. 


᾿σογώνιον ἄρα ἐστὶ τὸ ABT τρίγωνον τῷ ΔΗΖ τριγώνῳ. ἀνάλογον ἄρα ἐστὶν ὡς ἣ ΒΑ πρὸς 
τὴν AD, οὕτως ἣ ΗΔ πρὸς τὴν ΔΖ. ὑπόκειται δὲ καὶ ὡς ἣ BA πρὸς τὴν AT, οὕτως ἣ ΕΔ πρὸς 
τὴν ΔΖ: καὶ ὡς ἄρα ἣ ΕΔ πρὸς τὴν ΔΖ, οὕτως ἣ ΗΔ πρὸς τὴν ΔΖ. ἴση ἄρα ἡἣ EA τῇ ΔΗ: καὶ 
nowy ἣ ΔΖ: δύο δὴ αἱ EA, ΔΖ δυσὶ ταῖς ΗΔ, ΔΖ ἴσας εἰσίν: καὶ γωνία 7 ὑπὸ ΕΔΖ γωνίᾳ τῇ 
ὑπὸ HAZ [ἐστιν] ton βάσις ἄρα ἡ ΕΖ βάσει τῇ ΗΖ ἐστιν ἴση, καὶ τὸ ΔΕΖ τρίγωνον τῷ HAZ 
τριγώνῳ ἴσον ἐστίν, καὶ αἱ λοιπαὶ γωνίαι ταῖς λοιπαῖς γωνίαις ἴσας ἔσονται, ὑφ᾽ ἃς ἴσας πλευραὶ 
ὑποτείνουσιν. ἴση ἄρα ἐστὶν ἣ μὲν ὑπὸ AZH τῇ ὑπο ΔΖΕ, ἣ δὲ bn0 AHZ τῇ ὑπὸ ΔΕΖ. ἀλλ᾽ 
yn ὗπο ΔΖΗ τῇ ὑπο ATB ἐστιν ton καὶ ἣ ὑπὸ ΑΓΒ ἄρα τῇ ὑπὸ ΔΖΕ ἐστιν ἴση. ὑπόκειται δὲ 
nat ἣ ὑπο BAT τῇ ὑπὸ ΕΔΖ ἴση: καὶ λοιπη ἄρα ἣ πρὸς τῷ Β λοιπῇ τῇ πρὸς τῷ E ἴση ἐστίν: 
ἰσογώνιον ἄρα ἐστὶ τὸ ABI’ τρίγωνον τῷ ΔΕΖ τριγώνῳ. 


᾿ὰν ἄρα δύο τρίγωνα μίαν γωνίαν μιᾷ γωνίᾳ ἴσην ἔχῃ, περὶ δὲ τὰς ἴσας γωνίας τὰς πλευρὰς 


ἀνάλογον, ἰσογώνια ἔσται τὰ τρίγωνα nal ἴσας ἕξει τὰς γωνίας, ὑφ᾽ ἃς αἱ ὁμόλογοι πλευραὶ 
ὑποτείνουσιν: ὅπερ ἔδει δεῖξαι. 
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If two triangles have one angle equal to one angle, and the sides about the equal angles propor- 
tional, then the triangles will be equiangular, and will have the angles which corresponding sides 
subtend equal. 


Let ABC and DEF be two triangles having one angle, BAC, equal to one angle, EDF (respec- 
tively), and the sides about the equal angles proportional, (so that) as BA (is) to AC, so ED (is) 
to DF. I say that triangle ABC is equiangular to triangle DEF’, and will have angle ABC equal 
to DEF, and (angle) ACB to DFE. 


For let (angle) F DG, equal to each of BAC’ and EDF, and (angle) DFG, equal to ACB, have 
been constructed at the points D and F (respectively) on the straight-line AF’ [Prop. 1.23]. Thus, 
the remaining angle at B is equal to the remaining angle at G [Prop. 1.32]. 


Thus, triangle ABC is equiangular to triangle DGF. Thus, proportionally, as BA (is) to AC, 
so GD (is) to DF [Prop. 6.4]. And it was also assumed that as BA (is) to AC, so ΕΠ) (is) to 
DF. And, thus, as ED (is) to DF, so GD (is) to DF [Prop. 5.11]. Thus, ED (is) equal to DG 
[Prop. 5.9]. And DF (is) common. So, the two (sides) ED, DF are equal to the two (sides) 
GD, DF (respectively). And angle EDF [is] equal to angle GDF’. Thus, base EF is equal to 
base GF’, and triangle DEF is equal to triangle GDF’, and the remaining angles will be equal 
to the remaining angles which the equal sides subtend [Prop. 1.4]. Thus, (angle) DFG is equal 
to DFE, and (angle) DGF to DEF. But, (angle) DFG is equal to AC'B. Thus, (angle) ACB 
is also equal to DFE. And (angle) BAC was also assumed (to be) equal to EDF. Thus, the 
remaining (angle) at B is equal to the remaining (angle) at Εἰ [Prop. 1.32]. Thus, triangle ABC 
is equiangular to triangle DEF. 


Thus, if two triangles have one angle equal to one angle, and the sides about the equal angles 


proportional, then the triangles will be equiangular, and will have the angles which corresponding 
sides subtend equal. (Which is) the very thing it was required to show. 
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᾿Ἐὰν δύο τρίγωνα μίαν γωνίαν μιᾷ γωνίᾳ ἴσην ἔχῃ, περὶ δὲ ἄλλας γωνίας τὰς πλευρὰς ἀνάλογον, 
τῶν δὲ λοιπῶν ἑκατέραν ἅμα ἤτοι ἐλάσσονα ἢ μὴ ἐλάσσονα ὀρϑῆς, ἰσογώνια ἔσται τὰ τρίγωνα 
nal ἴσας ἕξει τὰς γωνίας, περὶ ἃς ἀνάλογόν εἰσιν αἱ πλευραί. 


Ἔστω δύο τρίγωνα τὰ ABI, ΔΕΖ μίαν γωνίαν μιᾷ γωνίᾳ ἴσην ἔχοντα τὴν ὑπὸ BAT τῇ ὑπὸ 
ΕΔΖ, περὶ δὲ ἄλλας γωνίας τὰς ὑπὸ ABI, ΔΕΖ τὰς πλευρὰς ἀνάλογον, ὡς τὴν AB πρὸς τὴν 
BI, οὕτως τὴν AE πρὸς τὴν ΕΖ, τῶν δὲ λοιπῶν τῶν πρὸς τοῖς I’, Ζ πρότερον ἑκατέραν ἅμα 
ἐλάσσονα ὀρϑῆς: λέγω, ὅτι ἰσογώνιόν ἐστι τὸ ABI τρίγωνον τῷ ΔΕΖ τριγώνῳ, καὶ ἴση ἔσται ἣ 
ὑπὸ ABI γωνία τῇ ὑπὸ AEZ, καὶ λοιπὴ δηλονότι ἣ πρὸς τῷ T° λοιπῇ τῇ πρὸς τῷ Ζ ἴση. 


Εἰ γὰρ ἄνισός ἐστιν ἣ ὑπὸ ABI γωνία τῇ ὑπὸ ΔΕΖ, μία αὐτῶν μείζων ἐστίν. ἔστω μείζων ἡ ὑπὸ 
ABI. καὶ συνεστάτω πρὸς τῇ AB εὐϑείᾳ καὶ τῷ πρὸς αὐτῇ σημείῳ τῷ Β τῇ ὑπὸ ΔΕΖ γωνίᾳ ἴση 
ἣ ὑπὸ ΑΒΗ. 


Kot ἐπεὶ ἴση ἐστὶν ἣ μὲν A γωνία τῇ A, 7 δὲ ὑπὸ ABH τῇ ὑπὸ ΔΕΖ, λοιπὴ ἄρα ἡ ὑπὸ AHB 
λοιπῇ τῇ ὑπὸ ΔΖΕ ἐστιν ἴση. ἰσογώνιον ἄρα ἐστὶ τὸ ΑΒΗ τρίγωνον τῷ ΔΕΖ, τριγώνῳ. ἔστιν 
ἄρα ὡς ἣ ΛΒ πρὸς τὴν ΒΗ, οὕτως ἣ ΔΕ πρὸς τὴν EZ. ὡς δὲ ἣ AE πρὸς τὴν ΕΖ, [οὕτως] 
ὑπόχειται ἣ AB πρὸς τὴν ΒΙ" ἣ AB ἄρα πρὸς ἑκατέραν τῶν BI’, BH τὸν αὐτὸν ἔχει λόγον" 
ἴση ἄρα ἣ BI τῇ ΒΗ. ὥστε καὶ γωνία ἣ πρὸς τῷ TV γωνίᾳ τῇ ὑπὸ BHT ἐστιν ἴση. ἐλάττων δὲ 
ὀρϑῆς ὑπόκειται ἣ πρὸς τῷ 1" ἐλάττων ἄρα ἐστὶν ὀρϑῆς καὶ ὑπὸ BHI™ ὥστε ἣ ἐφεξῆς αὐτῇ 
γωνία 4 ὑπὸ ΑΗΒ μείζων ἐστὶν ὀρϑῆς. καὶ ἐδείχϑη ἴση οὖσα τῇ πρὸς τῷ Ζ᾽ καὶ ἣ πρὸς τῷ 
Z ἄρα μείζων ἐστὶν ὀρϑῆς. ὑπόκειται δὲ ἐλάσσων ὀρϑῆς᾽ ὅπερ ἐστὶν ἄτοπον. οὐκ ἄρα ἄνισός 
ἐστιν ἣ ὑπὸ ABI γωνία τῇ ὑπὸ AEZ: ἴση ἄρα. ἔστι δὲ καὶ ἣ πρὸς τῷ A ἴση τῇ πρὸς τῷ Δ’ καὶ 
λοιπὴ ἄρα ἣ πρὸς τῷ 1 λοιπῇ τῇ πρὸς τῷ Z ἴση ἐστίν. ἰσογώνιον ἄρα ἐστὶ τὸ ABI τρίγωνον 
τῷ AEZ τριγώνῳ. 
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If two triangles have one angle equal to one angle, and the sides about other angles proportional, 
and the remaining angles either both less than or both not less than right-angles, then the trian- 
gles will be equiangular, and will have the angles about which the sides are proportional equal. 


Let ABC and DEF be two triangles having one angle, BAC, equal to one angle, EDF (respec- 
tively), and the sides about (some) other angles, ABC and DEF (respectively), proportional, (so 
that) as AB (is) to BC, so DE (is) to EF, and the remaining (angles) at C and F’, first of all, both 
less than right-angles. I say that triangle ABC is equiangular to triangle DEF, and (that) angle 
ABC will be equal to DEF, and (that) the remaining (angle) at C’ (will be) manifestly equal to 
the remaining (angle) at F. 


For if angle ABC is not equal to (angle) DEF then one of them is greater. Let ABC be greater. 
And let (angle) ABG, equal to (angle) DEF’, have been constructed at the point B on the straight- 
line AB [Prop. 1.23]. 


And since angle A is equal to (angle) D, and (angle) ABG to DEF, the remaining (angle) AGB 
is thus equal to the remaining (angle) DFE [Prop. 1.32]. Thus, triangle ABG is equiangular 
to triangle DEF. Thus, as AB is to BG, so DE (is) to EF [Prop. 6.4]. And as DE (is) to 
EF, [so] it was assumed (is) AB to BC. Thus, AB has the same ratio to each of BC and BG 
[Prop. 5.11]. Thus, BC (is) equal to BG [Prop. 5.9]. And, hence, the angle at C is equal to 
angle BGC [Prop. 1.5]. And the angle at C was assumed (to be) less than a right-angle. Thus, 
(angle) BGC is also less than a right-angle. Hence, the adjacent angle to it, AGB, is greater than 
a right-angle [Prop. 1.13]. And (AGB) was shown to be equal to the (angle) at Ε΄. Thus, the 
(angle) at F is also greater than a right-angle. But it was assumed (to be) less than a right-angle. 
The very thing is absurd. Thus, angle ABC is not unequal to (angle) DEF’. Thus, (it is) equal. 
And the (angle) at A is also equal to the (angle) at D. And thus the remaining (angle) at ( is 
equal to the remaining (angle) at Γ' [Prop. 1.32]. Thus, triangle ABC is equiangular to triangle 
DEF. 
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᾿Αλλὰ δὴ πάλιν ὑποχείσϑω ἑκατέρα τῶν πρὸς τοῖς 1", Z μὴ ἐλάσσων ὀρϑῆς: λέγω πάλιν, ὅτι καὶ 
οὕτως ἐστὶν ἰσογώνιον τὸ ABI τρίγωνον τῷ ΔΕΖ, τριγώνῳ. 


Tov γὰρ αὐτῶν κατασχευασϑέντων ὁμοίως δείξομεν, ὅτι ἴση ἐστὶν ἣ BI’ τῇ ΒΗ: ὥστε καὶ γωνία 
ἣ πρὸς τῷ I τῇ ὑπὸ BHT ἴση ἐστίν. οὐκ ἐλάττων δὲ ὀρϑῆς ἣ πρὸς τῷ 1" οὐκ ἐλάττων ἄρα 
ὀρϑῆς οὐδὲ ἡ ὑπὸ BHI. τριγώνου δὴ τοῦ BHT αἱ δύο γωνίαι δύο ὀρϑῶν οὔκ εἰσιν ἐλάττονες" 
ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα πάλιν ἄνισός ἐστιν ἣ ὑπὸ ABT’ γωνία τῇ ὑπὸ ΔΕΖ’ ἴση ἄρα. ἔστι 
δὲ καὶ ἡἣ πρὸς τῷ A τῇ πρὸς τῷ Δ ἴση: λοιπὴ ἄρα ἣ πρὸς τῷ 1" λοιπῇ τῇ πρὸς τῷ Z ἴση ἐστίν. 
ἰσογώνιον ἄρα ἐστὶ τὸ ΑΒΙ τρίγωνον τῷ ΔΕΖ τριγώνῳ. 


Ἐὰν ἄρα δύο τρίγωνα μίαν γωνίαν μιᾷ γωνίᾳ ἴσην ἔχῃ, περὶ δὲ ἄλλας γωνίας τὰς πλευρὰς 


ἀνάλογον, τῶν δὲ λοιπῶν ἑκατέραν ἅμα ἐλάττονα ἢ μὴ ἐλάττονα ὀρϑῆς, ἰσογώνια ἔσται τὰ 
τρίγωνα ual ἴσας ἕξει τὰς γωνίας, περὶ ἃς ἀνάλογόν εἰσιν αἱ πλευραί: ὅπερ ἔδει δεῖξαι. 
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But, again, let each of the (angles) at C and Ε΄ be assumed (to be) not less than a right-angle. I 
say, again, that triangle ABC is equiangular to triangle DEF in this case also. 


For, similarly, by the same construction, we can show that BC is equal to BG. Hence, also, the 
angle at ( is equal to (angle) BGC. And the (angle) at C (is) not less than a right-angle. Thus, 
BGC (is) not less than a right-angle either. So, for triangle BGC, the (sum of) two angles is not 
less than two right-angles. The very thing is impossible [Prop. 1.17]. Thus, again, angle ABC 
is not unequal to DEF’. Thus, (it is) equal. And the (angle) at A is also equal to the (angle) at 
1). Thus, the remaining (angle) at C is equal to the remaining (angle) at Γ' [Prop. 1.32]. Thus, 
triangle ABC is equiangular to triangle DEF. 


Thus, if two triangles have one angle equal to one angle, and the sides about other angles pro- 
portional, and the remaining angles both less than or both not less than right-angles, then the 
triangles will be equiangular, and will have the angles about which the sides (are) proportional 
equal. (Which is) the very thing it was required to show. 
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᾿ὰν ἐν ὀρϑογωνίῳ τριγώνῳ ἀπό τῆς ὀρϑῆς γωνίας ἐπὶ τὴν βάσιν κάϑετος ἀχϑῇ, τὰ πρὸς τῇ 
χκαϑέτῳ τρίγωνα ὅμοιά ἐστι τῷ τε ὅλῳ καὶ ἀλλήλοις. 


Ἔστω τρίγωνον ὀρϑογώνιον τὸ ABI’ ὀρϑὴν ἔχον τὴν ὑπο BAT γωνίαν, καὶ ἤχϑω ἀπὸ τοῦ A 
ἐπὶ τὴν BY κάϑετος ἡ ΑΔ’ λέγω, ὅτι ὅμοιόν ἐστιν ἑκάτερον τῶν ABA, AAT τριγώνων ὅλῳ τῷ 
ABT χαὶ ἔτι ἀλλήλοις. 


‘Exel γὰρ ἴση ἐστὶν ἣ ὑπὸ BAT τῇ ὕπο ΑΔΒ: ὀρϑὴ γὰρ ἑκατέρα" καὶ κοινὴ τῶν δύο τριγώνων 
τοῦ te ΑΒΙ καὶ τοῦ ABA ἣ πρὸς τῷ B, λοιπὴ ἄρα ἣ ὑπὸ ATB λοιπῇ τῇ ὑπο ΒΑΔ ἐστιν ton: 
ἰσογώνιον ἄρα ἐστὶ τὸ ABI τρίγωνον τῷ ABA τριγώνῳ. ἔστιν ἄρα ὡς ἣ BI ὑποτείνουσα τὴν 
ὀρϑὴν τοῦ ABI τριγώνου πρὸς τὴν ΒΑ ὑποτείνουσαν τὴν ὀρϑὴν τοῦ ABA τριγώνου, οὕτως 
αὐτὴ ἣ AB ὑποτείνουσα τὴν πρὸς τῷ TF γωνίαν τοῦ ABI τριγώνου πρὸς τὴν ΒΔ ὑποτείνουσαν 
τὴν ἴσην τὴν ὑπο BAA τοῦ ABA τριγώνου, καὶ ἔτι ἣ AV πρὸς τὴν AA ὑποτείνουσαν τὴν πρὸς 
τῷ Β γωνίαν κοινὴν τῶν δύο τριγώνων. τὸ ABT ἄρα τρίγωνον τῷ ABA τριγώνῳ ἰσογώνιόν τέ 
ἐστι καὶ τὰς περὶ τὰς ἴσας γωνίας πλευρὰς ἀνάλογον ἔχει. ὅμοιον ἄμα [ἐστὶ] τὸ ABI’ τρίγωνον 
τῷ ABA τριγώνῳ. ὁμοίως δὴ δείξομεν, ὅτι καὶ τῷ AAT τριγώνῳ ὅμοιόν ἐστι τὸ ABI τρίγωνον" 
ἑκάτερον ἄρα τῶν ABA, AAT [τριγώνων] ὅμοιόν ἐστιν ὅλῳ τῷ ABI. 


Λέγω δή, ὅτι καὶ ἀλλήλοις ἐστὶν ὅμοια τὰ ABA, AAT τρίγωνα. 


"Exei γὰρ ὀρϑὴ ἣ ὑπὸ BAA ὀρϑῇ τῇ ὑπὸ AAT ἐστιν ἴση, ἀλλὰ μὴν καὶ ἣ ὑπὸ ΒΑΔ τῇ πρὸς τῷ 
Τ᾽ ἐδείχϑη ἴση, καὶ λοιπὴ ἄρα ἣ πρὸς TH B λοιπῇ τῇ ὑπὸ AAT ἐστιν ἴση: ἰσογώνιον ἄρα ἐστὶ τὸ 
ABA τρίγωνον τῷ AAT τριγώνῳ. ἔστιν ἄρα ὡς ἣ ΒΔ τοῦ ABA τριγώνου ὑποτείνουσα τὴν ὑπὸ 
ΒΑΔ πρὸς τὴν AA tod AAT τριγώνου ὑποτείνουσαν τὴν πρὸς τῷ 1 ἴσην τῇ ὑπὸ BAA, οὕτως 
αὐτὴ ἣ AA tod ABA τριγώνου ὑποτείνουσα τὴν πρὸς τῷ Β γωνίαν πρὸς τὴν ΔΙ᾽ ὑποτείνουσαν 
τὴν ὑπὸ AAT τοῦ AAT τριγώνου ἴσην τῇ πρὸς τῷ B, καὶ ἔτι ἣ BA πρὸς τὴν AT ὑποτείνουσαι 
τὰς ὀρϑάς: ὅμοιον ἄρα ἐστὶ TO ABA τρίγωνον τῷ AAT τριγώνῳ. 
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If, in a right-angled triangle, a (straight-line) is drawn from the right-angle perpendicular to the 
base then the triangles around the perpendicular are similar to the whole (triangle) and to one 
another. 


Let ABC be a right-angled triangle having the angle BAC a right-angle, and let AD have been 
drawn from A, perpendicular to BC [Prop. 1.12]. I say that triangles ABD and ADC are each 
similar to the whole (triangle) ABC and, further, to one another. 


For since (angle) BAC is equal to AD B—for each (are) right-angles—and the (angle) at B (is) 
common to the two triangles ABC and ABD, the remaining (angle) ACB is thus equal to the 
remaining (angle) BAD [Prop. 1.32]. Thus, triangle ABC is equiangular to triangle ABD. Thus, 
as BC, subtending the right-angle in triangle ABC, is to BA, subtending the right-angle in trian- 
gle ABD, so the same AB, subtending the angle at C in triangle ABC, (is) to BD, subtending the 
equal (angle) BAD in triangle ABD, and, further, (so is) AC to AD, (both) subtending the angle 
at B common to the two triangles [Prop. 6.4]. Thus, triangle ABC is equiangular to triangle 
ABD, and has the sides about the equal angles proportional. Thus, triangle ABC [is] similar to 
triangle ABD [Def. 6.1]. So, similarly, we can show that triangle ADC is also similar to triangle 
ABC. Thus, [triangles] ABD and ADC are each similar to the whole (triangle) ABC. 


So I say that triangles ABD and ADC are also similar to one another. 


For since the right-angle BDA is equal to the right-angle ADC, and, indeed, (angle) BAD was 
also shown (to be) equal to the (angle) at C’, thus the remaining (angle) at B is also equal to 
the remaining (angle) DAC [Prop. 1.32]. Thus, triangle ABD is equiangular to triangle ADC. 
Thus, as BD, subtending (angle) BAD in triangle ABD, is to DA, subtending the (angle) at C 
in triangle ADB, (which is) equal to (angle) BAD, so (is) the same AD, subtending the angle 
at B in triangle ABD, to DC, subtending (angle) DAC in triangle ADC, (which is) equal to the 
(angle) at B, and, further, (so is) BA to AC, (each) subtending right-angles [Prop. 6.4]. Thus, 
triangle ABD is similar to triangle ADC [Def. 6.1]. 
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΄ὔ 


ul 


᾿ὰν ἄρα ἐν ὀρϑογωνίῳ τριγώνῳ ἀπὸ τῆς ὀρϑῆς γωνίας ἐπὶ τὴν βάσιν κάϑετος ἀχϑῇ, τὰ πρὸς 
τῇ καϑέτῳ τρίγωνα ὅμοιά ἐστι τῷ τε ὅλῳ καὶ ἀλλήλοις [ὅπερ ἔδει δεῖξαι]. 


Πόρισμα 


"Ex δὴ τούτου φανερόν, ὅτι ἐὰν ἐν ὀρϑογωνίῳ τριγώνῳ ἀπὸ τῆς ὀρϑῆς γωνάις ἐπὶ τὴν βάσις 
χκάϑετος ἀχϑῇ, ἣ ἀχϑεῖσα τῶν τῆς βάσεως τμημάτων μέση ἀνάλογόν ἐστιν’ ὅπερ ἔδει δεῖξαι. 
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Thus, if, in a right-angled triangle, a (straight-line) is drawn from the right-angle perpendicular 
to the base then the triangles around the perpendicular are similar to the whole (triangle) and to 
one another. [(Which is) the very thing it was required to show. ] 


Corollary 


So (it is) clear, from this, that if, in a right-angled triangle, a (straight-line) is drawn from the 
right-angle perpendicular to the base then the (straight-line so) drawn is in mean proportion to 
the pieces of the base. 151 (Which is) the very thing it was required to show. 


101Tm other words, the perpendicular is the geometric mean of the pieces. 


375 


ΣΤΟΙΧΕΊΩΝ ς΄ 


9΄ 


Α 7, B 


Ἰῇῆς δοϑείσης εὐϑείας τὸ προσταχϑὲν μέρος ἀφελεῖν. 

Ἔστω ἣ δοϑεῖσα εὐϑεῖα 7 ΑΒ’ δεῖ δὴ τῆς AB τὸ προσταχϑὲν μέρος ἀφελεῖν. 

᾿Επιτετάχϑω δὴ τὸ τρίτον. [καὶ] διήϑχω τις ἀπὸ tod A εὐϑεῖα ἡ AD γωνίαν περιέχουσα μετὰ 
τῆς ΑΒ τυχοῦσαν nat εἰλήφϑω τυχὸν σημεῖον ἐπὶ τῆς AT τὸ Δ, καὶ κείσϑωσαν τῇ AA ἴσαι αἱ 
AE, ED. καὶ ἐπεζεύχϑω ἣ BV, καὶ διὰ τοῦ A παράλληλος αὐτῇ ἤχϑω ἡἣ ΔΖ. 

"Exel οὖν τριγώνου tod ABP παρὰ μίαν τῶν πλευρῶν τὴν BI Ἦκται ἣ ΖΔ, ἀνάλογον ἄρα ἐστὶν 
ὡς ἣ ΓΔ πρὸς τὴν AA, οὕτως ἡ ΒΖ πρὸς τὴν ZA. διπλῇ δὲ ἡ VA τῆς ΔΑ’ διπλῇ ἄρα nat ἡ BZ 
τῆς ΖΔ’ τριπλῇ ἄρα ἣ BA τῆς AZ. 


Ἰῇῆς ἄρα δοϑείσης εὐθείας τῆς AB τὸ ἐπιταχϑὲν τρίτον μέρος ἀφήρηται τὸ ΑΖ’ ὅπερ ἔδει 
ποιῆσαι. 
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Proposition 9 


A F B 


To cut off a prescribed part from a given straight-line. 
Let AB be the given straight-line. So it is required to cut off a prescribed part from AB. 


So let a third (part) have been prescribed. [And] let some straight-line AC have been drawn from 
(point) A, encompassing a random angle with AB. And let a random point D have been taken 
on AC. And let DE and EC be made equal to AD [Prop. 1.3]. And let BC have been joined. 
And let DF have been drawn through D parallel to it [Prop. 1.31]. 


Therefore, since ΕΠ) has been drawn parallel to one of the sides, BC, of triangle ABC, then, 
proportionally, as CD is to DA, so BF (is) to FA [Prop. 6.2]. And CD (is) double DA. Thus, 
BF (is) also double ΓΑ. Thus, BA (is) triple AF. 


Thus, the prescribed third part, AF’, has been cut off from the given straight-line, AB. (Which is) 
the very thing it was required to do. 
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A Ζ Η Β 
Thy δοϑεῖσαν εὐϑεῖαν ἄτμητον τῇ δοϑείσῃ τετμημένῃ ὁμοίως τεμεῖν. 


Ἔστω ἣ μὲν δοϑεῖσα εὐϑεῖα ἄτμητος ἣ ΑΒ, ἡ δὲ τετμημένη ἣ AT κατὰ τὰ Δ, E σημεῖα, καὶ 
γχείσϑωσαν ὥστε γωνίαν τυχοῦσαν περιέχειν, καὶ ἐπεζεύχϑω ἣ ΓΒ, καὶ διὰ τῶν Δ, E τῇ BI 
παράλληλοι ἤχϑωσαν αἱ ΔΖ, EH, διὰ δὲ τοῦ Δ τῇ AB παράλληλος ἤχϑω ἣ AOK. 


Παραλληλόγραμον ἄρα ἐστὶν ἑκάτερον τῶν ΖΘ, ΘΒ’ ἴση ἄρα ἣ μὲν ΔΘ τῇ ZH, ἣ δὲ OK τῇ 
ΗΒ. καὶ ἐπεὶ τριγώνου tod AKT παρὰ μίαν τῶν πλευρῶν τὴν KT εὐϑεῖα Auto ἣ ΘΕ, ἀνάλογον 
ἄρα ἐστὶν ὡς ἣ ΤῈ πρὸς τὴν ΕΔ, οὕτως 7 ΚΘ πρὸς τὴν ΘΔ. ἴση δὲ H μὲν ΚΘ τῇ BH, ἡἣ δὲ 
ΘΔ τῇ ΗΖ. ἔστιν ἄρα ὡς ἡ ΤῈ πρὸς τὴν EA, οὕτως 1 ΒΗ πρὸς τὴν ΗΖ. πάλιν, ἐπεὶ τριγώνου 
τοῦ AHE παρὰ μίαν τῶν πλευρῶν τὴν HE jut ἣ ΖΔ, ἀνάλογον ἄρα ἐστὶν ὡς ἣ ΕΔ πρὸς τὴν 
ΔΑ, οὕτως ἡ ΗΖ πρὸς τὴν ZA. ἐδείχϑη δὲ καὶ ὡς ἡ TE πρὸς τὴν ΕΔ, οὕτως ἣ ΒΗ πρὸς τὴν 
ΗΖ: ἔστιν ἄρα ὡς μὲν ἡἣ ΤῈ πρὸς τὴν EA, οὕτως ἣ ΒΗ πρὸς τὴν ΗΖ, ὡς δὲ ἣ ΕΔ πρὸς τὴν 
ΔΑ, οὕτως 7 ΗΖ πρὸς τὴν ΖΑ. 


Ἡ ἄρα δοϑεῖσα εὐϑεῖα ἄτμητος ἣ AB τῇ δοϑείσῃ εὐϑείᾳ τετμημένῃ τῇ AT ὁμοίως τέτμηται: 
ὅπερ ἔδει ποιῆσαι: 
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Proposition 10 


A Ε G B 


To cut a given uncut straight-line similarly to a given cut (straight-line). 


Let AB be the given uncut straight-line, and AC a (straight-line) cut at points D and F, and let 
(AC) be laid down so as to encompass a random angle (with AB). And let CB have been joined. 
And let DF and EG have been drawn through (points) D and F (respectively), parallel to BC, 
and let DH K have been drawn through (point) D, parallel to AB [Prop. 1.31]. 


Thus, FH and HB are each parallelograms. Thus, DH (is) equal to FG, and HK to GB 
[Prop. 1.34]. And since the straight-line HE has been drawn parallel to one of the sides, KC, of 
triangle DK C, thus, proportionally, as ΟΕ is to ED, so KH (is) to HD [Prop. 6.2]. And KH (is) 
equal to BG, and HD to GF. Thus, as CE is to ED, so BG (is) to GF’. Again, since F'D has been 
drawn parallel to one of the sides, GE, of triangle AGE, thus, proportionally, as ED is to DA, 
so GF (is) to ΓΑ [Prop. 6.2]. And it was also shown that as ΟΕ (is) to ED, so BG (is) to GF. 
Thus, as CE is to ED, so BG (is) to GF, and as ED (is) to DA, so GF (is) to ΓΑ. 


Thus, the given uncut straight-line, AB, has been cut similarly to the given cut straight-line, AC. 
(Which is) the very thing it was required to do. 
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Δύο δοϑεισῶν εὐϑειῶν τρίτην ἀνάλογον προσευρεῖν. 


Ἔστωσαν αἱ δοϑεῖσαι [δύο εὐϑεῖαι] αἱ BA, AT χαὶ κείσϑωσαν γωνίαν περιέχουσαι τυχοῦσαν. 
δεῖ δὴ τῶν BA, AT τρίτην ἀνάλογον προσευρεῖν. ἐκβεβλήσϑωσαν γὰρ ἐπὶ τὰ Δ, Ε σημεῖα, καὶ 
γχείσϑω τῇ AT ἴση 7 BA, uci ἐπεζεύχϑω ἣ BI, καὶ διὰ τοῦ Δ παράλληλος αὐτῇ ἤχϑω ἡ AE. 
"Exel οὖν τριγώνου τοῦ ΑΔΕ παρὰ μίαν τῶν πλευρῶν τὴν AE Ἦκται ἡ BD, ἀνάλογόν ἐστιν ὡς 
ἢ AB πρὸς τὴν ΒΔ, οὕτως ἣ AT πρὸς τὴν TE. ἴση δὲ ἣ BA τῇ AT. ἔστιν ἄρα ὡς ἡ AB πρὸς 
τὴν AD, οὕτως ἣ ΔΙ" πρὸς τὴν VE. 


Δύο ἄρα δοϑεισῶν εὐθειῶν τῶν AB, AV τρίτη ἀνάλογον αὐταῖς προσεύρηται ἣ CE ὅπερ ἔδει 
ποιῆσαι. 
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Proposition 11 


A 


E 


To find a third (straight-line) proportional to two given straight-lines. 


Let BA and AC be the [two] given [straight-lines], and let them be laid down encompassing a 
random angle. So it is required to find a third (straight-line) proportional to BA and AC. For let 
(BA and AC) have been produced to points D and FE (respectively), and let BD be made equal 
to AC [Prop. 1.3]. And let BC have been joined. And let DE have been drawn through (point) 
D parallel to it [Prop. 1.31]. 


Therefore, since BC has been drawn parallel to one of the sides DE of triangle ADE, propor- 
tionally, as AB is to BD, so AC (is) to CE [Prop. 6.2]. And BD (is) equal to AC’. Thus, as AB is 
to AC, so AC (is) to CE. 


Thus, a third (straight-line), CE’, has been found (which is) proportional to the two given straight- 
lines, AB and AC. (Which is) the very thing it was required to do. 
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1B 


A © Z. 


Τριῶν δοϑεισῶν εὐθειῶν τετάρτην ἀνάλογον προσευρεῖν. 


ἬἜστωσαν αἱ δοϑεῖσαι τρεῖς εὐϑεῖαι αἱ A, B, 1 δεῖ δὴ τῶν A, Β, Τ᾽ τετράτην ἀνάλογον 
προσευρεῖν. 


᾿Ἐκκείσϑωσαν δύο εὐϑεῖαι αἱ AE, ΔΖ γωνίαν περιέχουσαι [τυχοῦσαν] τὴν ὑπὸ ΕΔΖ: καὶ κείσϑω 
τῇ μὲν A ἴση ἡ ΔΗ, τῇ δὲ Β ἴση ἡ HE, χαὶ ἔτι τῇ 1 ἴση ἡ ΔΘ’ χαὶ ἐπιζευχϑείσης τῆς HO 
παράλληλος αὐτῇ ἤχϑω διὰ τοῦ E ἡ ΕΖ. 

"Exel οὖν τριγώνου τοῦ ΔΕΖ παρὰ μίαν τὴν EZ ἧχται ἡἣ ΗΘ, ἔστιν ἄρα ὡς ἣ ΔΗ πρὸς τὴν 
HE, οὕτως ἣ ΔΘ πρὸς τὴν ΘΖ. ἴση δὲ ἡ μὲν AH τῇ Δ, ἣ δὲ HE τῇ Β, ἣ δὲ ΔΘ τῇ I ἔστιν 
ἄρα ὡς ἣ πρὸς τὴν B, οὕτως ἣ Τ᾿ πρὸς τὴν ΘΖ. 


Ἰριῶν ἄρα δοϑεισῶν εὐϑειῶν τῶν A, B, Τ᾽ τετάρτη ἀνάλογον προσεύρηται ἣ OZ ὅπερ ἔδει 
ποιῆσαι. 
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Cr E 
G 
D H F 


To find a fourth (straight-line) proportional to three given straight-lines. 


Let A, B, and C be the three given straight-lines. So it is required to find a fourth (straight-line) 
proportional to A, B, and C. 


Let the two straight-lines DE and DF be set out encompassing the [random] angle EDF’. And 
let DG be made equal to A, and GE to B, and, further, DH to C [Prop. 1.3]. And GH being 
joined, let EF have been drawn through (point) Εἰ parallel to it [Prop. 1.31]. 


Therefore, since GH has been drawn parallel to one of the sides EF of triangle DEF, thus as 
DG is to GE, so DH (is) to HF [Prop. 6.2]. And DG (is) equal to A, and GE to B, and DH to 
C. Thus, as A is to B, so C (is) to HF. 


Thus, a fourth (straight-line), HF’, has been found (which is) proportional to the three given 
straight-lines, A, B, and C’. (Which is) the very thing it was required to do. 
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΄ 


Υ 


A B Tr 


Δύο δοϑεισῶν εὐθειῶν μέσην ἀνάλογον προσευρεῖν. 
Ἔστωσαν αἱ δοϑεῖσαι δύο εὐϑεῖαι αἱ AB, ΒΙ δεῖ δὴ τῶν AB, BI μέσην ἀνάλογον προσευρεῖν. 


Κείσϑωσαν ἐπ᾽ εὐϑείας, καὶ γεγράφϑω ἐπὶ τῆς AD ἡμικύκλιον τὸ AAT, καὶ ἤχϑω ἀπὸ τοῦ Β 
σημείου τῇ AT εὐϑείᾳ πρὸς ὀρϑὰς H BA, καὶ ἐπεζεύχϑωσαν αἱ AA, AT. 


‘Enel ἐν ἡμικυκλίῳ γωνία ἐστὶν 7 ὑπὸ AAT, ὀρϑή ἐστιν. καὶ ἐπεὶ ἐν ὀρθογωνίῳ τριγώνῳ τῷ 
AAT ἀπὸ τῆς ὀρϑῆς γωνίας ἐπὶ τὴν βάσιν κάϑετος Huta ἣ AB, 7 ΔΒ ἄρα τῶν τῆς βάσεως 


τμημάτων τῶν AB, BI μέση ἀνάλογόν ἐστιν. 


Δύο ἄρα δοϑεισῶν εὐϑειῶν τῶν AB, BI’ μέση ἀνάλογον προσεύρηται ἣ ΔΒ’ ὅπερ ἔδει ποιῆσαι. 
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Proposition 13 


D 


A B C 


To find the (straight-line) in mean proportion to two given straight-lines. 102 


Let AB and BC be the two given straight-lines. So it is required to find the (straight-line) in 
mean proportion to AB and BC. 


Let (AB and BC) be laid down straight-on (with respect to one another), and let the semi-circle 
ADC have been drawn on AC [Prop. 1.10]. And let BD have been drawn from (point) B, at 
right-angles to AC [Prop. 1.11]. And let AD and DC have been joined. 


And since ADC is an angle in a semi-circle, it is a right-angle [Prop. 3.31]. And since, in the 
right-angled triangle ADC, the (straight-line) DB has been drawn from the right-angle perpen- 
dicular to the base, DB is thus the mean proportional to the pieces of the base, AB and BC 
[Prop. 6.8 corr.]. 


Thus, DB has been found (which is) in mean proportion to the two given straight-lines, AB and 
BC. (Which is) the very thing it was required to do. 


102Tn other words, to find the geometric mean of two given straight-lines. 
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ιδ΄ 
/ / / 
Ζ Β Η 
Α Δ 


Ἰῶν ἴσων τε καὶ ἴσογωνίων παραλληλογράμμων ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας 
γωνίας: καὶ ὧν ἰσογωνίων παραλληλογράμμων ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας 
γωνίας, ἴσα ἐστὶν ἐκεῖνα. 


Ἔστω ἴσα τε καὶ ἰσογώνια παραλληλόγραμμα τὰ AB, BI ἴσας ἔχοντα τὰς πρὸς τῷ B γωνίας, 
καὶ κείσϑωσαν ἐπ᾽ εὐϑείας αἱ ΔΒ, BE: ἐπ᾽ εὐϑείας ἄρα εἰσὶ καὶ αἱ ΖΒ, ΒΗ. λέγω, ὅτι τῶν ΑΒ, 
BI’ ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας γωνίας, τουτέστιν, ὅτι ἐστὶν ὡς ἣ ΔΒ πρὸς τὴν 
BE, οὕτως 7 ΗΒ πρὸς τὴν ΒΖ. 


Συμπεπληρώσϑω γὰρ τὸ ΖΕ παραλληλόγραμμον. ἐπεὶ οὖν ἴσον ἐστὶ τὸ ΑΒ παραλληλόγραμμον 
τῷ BI παραλληλογράμμῳ, ἄλλο δέ τι τὸ ZE, ἔστιν ἄρα ὡς τὸ ΛΒ πρὸς τὸ ΖΕ, οὕτως τὸ BI 
πρὸς τὸ ΖΗ. ἀλλ᾽ ὡς μὲν τὸ ΑΒ πρὸς τὸ ΖΕ, οὕτως ἡἣ ΔΒ πρὸς τὴν BE, ὡς δὲ τὸ BI’ πρὸς τὸ 
ΖΕ, οὕτως 7 ΗΒ πρὸς τὴν BZ: καὶ ὡς ἄρα ἣ ΔΒ πρὸς τὴν BE, οὕτως 7 ΗΒ πρὸς τὴν ΒΖ. τῶν 
ἄρα AB, BI παραλληλογράμμων ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας γωνίας. 


᾿Αλλὰ δὴ ἔστω ὡς ἣ ΔΒ πρὸς τὴν ΒΕ, οὕτως ἣ ΗΒ πρὸς τὴν BZ: λέγω, ὅτι ἴσον ἐστὶ τὸ ΑΒ 
παραλληλόγραμμον τῷ BI παραλληλογράμμῳ. 


"Exel γάρ ἐστιν ὡς ἣ ΔΒ πρὸς τὴν BE, οὕτως ἣ ΗΒ πρὸς τὴν ΒΖ, ἀλλ᾽ ὡς μὲν ἡἣ ΔΒ πρὸς 
τὴν BE, οὕτως τὸ AB παραλληλόγραμμον πρὸς τὸ ZE παραλληλόγραμμον, ὡς δὲ ἣ ΗΒ πρὸς 
τὴν ΒΖ, οὕτως τὸ BI παραλληλόγραμμον πρὸς τὸ ΖΕ παραλληλόγραμμον, καὶ ὡς ἄρα τὸ 
AB πρὸς τὸ ZE, οὕτως τὸ BI’ πρὸς τὸ ΖΕ: ἴσον ἄρα ἐστὶ τὸ AB παραλληλόγραμμον τῷ BI 
παραλληλογράμμῳ. 


Tav ἄρα ἴσων τε καὶ ἰσογωνίων παραλληλογράμμων ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ τὰς 


ἴσας γωνίας καὶ ὧν ἰσογωνίων παραλληλογράμμων ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας 
γωνίας, ἴσα ἐστὶν ἐκεῖνα᾽ ὅπερ ἔδει δεῖξαι. 
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E C 


A D 


For equal and equiangular parallelograms, the sides about the equal angles are reciprocally pro- 
portional. And those equiangular parallelograms for which the sides about the equal angles are 
reciprocally proportional are equal. 


Let AB and BC be equal and equiangular parallelograms having the angles at B equal. And let 
DB and BE be laid down straight-on (with respect to one another) [Prop. 1.14]. Thus, ΕΒ and 
BG are also straight-on (with respect to one another). I say that the sides of AB and BC about 
the equal angles are reciprocally proportional, that is to say, that as DB is to BE, so GB (is) to 
ΒΡ. 


For let the parallelogram ΓΕ have been filled in. Therefore, since parallelogram AB is equal to 
parallelogram BC, and FF (is) some other (parallelogram), thus as (parallelogram) AB is to 
FE, so (parallelogram) BC (is) to FE [Prop. 5.7]. But, as (parallelogram) AB (is) to ΓΕ, so 
DB (is) to BE, and as (parallelogram) BC (is) to FE, so GB (is) to BF [Prop. 6.1]. Thus, also, 
as DB (is) to BE, so GB (is) to ΒΕ. Thus, for parallelograms AB and BC, the sides about the 
equal angles are reciprocally proportional. 


And so, let DB be to BE, as 6 Β (is) to ΒΕ. I say that parallelogram AB is equal to parallelogram 
BC. 


For since as DB is to BE, so GB (is) to BF, but as DB (is) to BE, so parallelogram AB (is) to 
parallelogram ΓΕ [Prop. 6.1], and as GB (is) to BF, so parallelogram BC (is) to parallelogram 
FE [Prop. 6.1], thus, also, as (parallelogram) AB (is) to FE, so (parallelogram) BC (is) to FE 
[Prop. 5.11]. Thus, parallelogram AB is equal to parallelogram BC [Prop. 5.9]. 


Thus, for equal and equiangular parallelograms, the sides about the equal angles are reciprocally 


proportional. And those equiangular parallelograms for which the sides about the equal angles 
are reciprocally proportional are equal. (Which is) the very thing it was required to show. 
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LE 


A Ε 


Tov ἴσων χαὶ μίαν μιᾷ ἴσην ἐχόντων γωνίαν τριγώνων ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ τὰς 
ἴσας γωνίας: καὶ ὧν μίαν μιᾷ ἴσην ἐχόντων γωνίαν τριγώνων ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ 
τὰς ἴσας γωνίας, ἴσα ἐστὶν ἐκεῖνα. 


Ἔστω ἴσα τρίγωνα τὰ ABT, ΑΔΕ μίαν μιᾷ ἴσην ἔχοντα γωνίαν τὴν ὑπὸ BAT τῇ ὑπὸ AAE: λέγω, 
ὅτι τῶν ABT, ΑΔΕ τριγώνων ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας γωνίας, τουτέστιν, ὅτι 
ἐστὶν ὡς ἣ ΓᾺ πρὸς τὴν AA, οὕτως ἡ EA πρὸς τὴν AB. 


Κείσϑω γὰρ ὥστε ἐπ᾽ εὐϑείας εἶναι thy ΓᾺ τῇ ΑΔ’ ἐπ᾽ εὐϑείας ἄρα ἐστὶ καὶ ἣ EA τῇ ΑΒ. καὶ 
ἐπεζεύχϑω ἣ ΒΔ. 


"Exel οὖν ἴσον ἐστὶ τὸ ABI τρίγωνον τῷ AAE τριγώνῳ, ἄλλο δέ τι τὸ ΒΑΔ, ἔστιν ἄρα ὡς τὸ 
TAB τρίγωνον πρὸς τὸ ΒΑΔ τρίγωνον, οὕτως τὸ EAA τρίγωνον πρὸς τὸ ΒΑΔ τρίγωνον. ἀλλ᾽ 
ὡς μὲν τὸ LAB πρὸς τὸ BAA, οὕτως ἣ ΓᾺ πρὸς τὴν AA, ὡς δὲ τὸ EAA πρὸς τὸ BAA, οὕτως 
ni EA πρὸς τὴν AB. χαὶ ὡς ἄρα ἣ ΤᾺ πρὸς τὴν ΛΔ, οὕτως ἣ EA πρὸς τὴν AB. τῶν ABT, 
AAE ἄρα τριγώνων ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας γωνίας. 


᾿Αλλὰ δὴ ἀντιπεπονθέτωσαν αἱ πλευραὶ τῶν ABT, AAE τριγώνων, καὶ ἔστω ὡς ἡ VA πρὸς τὴν 
AA, οὕτως ἡἣ EA πρὸς τὴν AB: λέγω, ὅτι ἴσον ἐστὶ τὸ ABI τρίγωνον τῷ ΑΔΕ τριγώνῳ. 


᾿Επιζευχϑείσης γὰρ πάλιν τῆς ΒΔ, ἐπεί ἐστιν ὡς ἣ ΓᾺ πρὸς τὴν AA, οὕτως ἡἣ EA πρὸς τὴν AB, 
ἀλλ᾽ ὡς μὲν ἣ ΓΑ πρὸς τὴν ΑΔ, οὕτως τὸ ABT τρίγωνον πρὸς τὸ ΒΑΔ τρίγωνον, ὡς δὲ ἣ EA 
πρὸς τὴν AB, οὕτως τὸ EAA τρίγωνον πρὸς τὸ BAA τρίγωνον, ὡς ἄρα TO ABI τρίγωνον πρὸς 
τὸ ΒΑΔ τρίγωνον, οὕτως TO EAA τρίγωνον πρὸς τὸ ΒΑΔ τρίγωνον. ἑκάτερον ἄρα τῶν ABT, 
EAA πρὸς τὸ BAA τὸν αὐτὸν ἔχει λόγον. ἴσων ἄρα ἐστὶ τὸ ABT [τρίγωνον] τῷ EAA τριγώνῳ. 


Tov ¢ ἄρα ἴσων nat μίαν μιᾷ ἴσην ἐχόντων γωνίαν τριγώνων ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ 


τὰς ἴσας γωνίας: NOL ὡς μίαν μιᾷ ἴσην ἐχόντων γωνίαν τριγώνων ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ 
περὶ τὰς ἴσας γωνίας, ἐκεῖνα ἴσα ἐστὶν᾽ ὅπερ ἔδει δεῖξαι. 
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B C 


D E 


For equal triangles also having one angle equal to one (angle), the sides about the equal angles 
are reciprocally proportional. And those triangles having one angle equal to one angle for which 
the sides about the equal angles (are) reciprocally proportional are equal. 


Let ABC and ADE be equal triangles having one angle equal to one (angle), (namely) BAC 
(equal) to DAE. I say that, for triangles ABC and ADE, the sides about the equal angles are 
reciprocally proportional, that is to say, that as (ΓΑ is to AD, so EA (is) to AB. 


For let ΟἿΑ be laid down so as to be straight-on (with respect) to AD. Thus, FA is also straight-on 
(with respect) to AB [Prop. 1.14]. And let BD have been joined. 


Therefore, since triangle ABC is equal to triangle ADE, and BAD (is) some other (triangle), 
thus as triangle C'AB is to triangle BAD, so triangle EAD (is) to triangle BAD [Prop. 5.7]. But, 
as (triangle) C'AB (is) to BAD, so CA (is) to AD, and as (triangle) EAD (is) to BAD, so EA 
(is) to AB [Prop. 6.1]. And thus, as C'A (is) to AD, so EA (is) to AB. Thus, for triangles ABC 
and ADE, the sides about the equal angles (are) reciprocally proportional. 


And so, let the sides of triangles ABC and ADE be reciprocally proportional, and let C'A be to 
AD, as EA (is) to AB. I say that triangle ABC is equal to triangle ADE. 


For, BD again being joined, since as (ΓΑ is to AD, so ΕΑ (is) to AB, but as CA (is) to AD, so 
triangle ABC (is) to triangle BAD, and as ΕΑ (is) to AB, so triangle EAD (is) to triangle BAD 
[Prop. 6.1], thus as triangle ABC (is) to triangle BAD, so triangle EAD (is) to triangle BAD. 
Thus, (triangles) ABC and EAD each have the same ratio to BAD. Thus, [triangle] ABC is 
equal to triangle HAD [Prop. 5.9]. 


Thus, for equal triangles also having one angle equal to one (angle), the sides about the equal 
angles (are) reciprocally proportional. And those triangles having one angle equal to one angle 
for which the sides about the equal angles (are) reciprocally proportional are equal. (Which is) 
the very thing it was required to show. 
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᾿ὰν τέσσαρες εὐϑεῖαι ἀνάλογον ὦσιν, τὸ ὑπὸ τῶν ἄκρων περιεχόμενον ὀρϑογώνιον ἴσον ἐστὶ 
τῷ ὑπὸ τῶν μέσων περιεχομένῳ ὀρϑογωνίῳ: κἂν τὸ ὑπὸ τῶν ἄκρων περιεχόμενον ὀρϑογώνιον 
ἴσον ἢ τῷ ὑπὸ τῶν μέσων περιεχομένῳ ὀρϑογωνίῳ, αἱ τέσσαρες εὐϑεῖαι ἀνάλογον ἔσονται. 


Ἔστωσαν τέσσαρες εὐϑεῖαι ἀνάλογον αἱ AB, TA, E, Ζ, ὡς ἡ AB πρὸς τὴν TA, οὕτως H E 
πρὸς τὴν Ζ᾽ λέγω, ὅτι τὸ ὑπὸ τῶν ΑΒ, Ζ περιεχόμενον ὀρϑογώνιον ἴσον ἐστὶ τῷ ὑπὸ τῶν TA, 
E περιεχομένῳ ὀρϑογωνίῳ. 


Ἤχϑωσαν [γὰρ] ἀπὸ τῶν A, Τ᾽ σημείων ταῖς AB, TA εὐϑείαις πρὸς ὀρϑὰς αἱ ΛΗ, TO, καὶ 
γχείσϑω τῇ μὲν Ζ ἴση ἣ ΛΗ, τῇ δὲ E ἴση ἣ VO. καὶ συμπεπληρώσϑω τὰ ΒΗ, ΔΘ παραλ- 
ληλόγραμμα. 


Kot ἐπεί ἐστιν ὡς ἣ AB πρὸς τὴν TA, οὕτως ἣ E πρὸς τὴν Ζ, ἴση δὲ H μὲν E τῇ TO, 7 
δὲ Z τῇ ΛΗ, ἔστιν ἄρα ὡς ἣ ΛΒ πρὸς τὴν TA, οὕτως ἣ TO πρὸς τὴν AH. τῶν ΒΗ, ΔΘ 
ἄρα παραλληλογράμμων ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας γωνίας. ὧν δὲ ἰσογωνίων 
παραλληλογράμμων ἀντιπεπόνϑασιν αἱ πλευραί αἱ περὶ τὰς ἴσας γωνάις, ἴσα ἐστὶν ἐκεῖνα" ἴσον 
ἄρα ἐστὶ τὸ ΒΗ παραλληλόγραμμον τῷ ΔΘ παραλληλογράμμῳ. καί ἐστι τὸ μὲν ΒΗ τὸ ὑπὸ 
τῶν AB, Z: ἴση γὰρ ἣ ΛΗ τῇ Ζ: τὸ δὲ ΔΘ τὸ ὑπὸ τῶν TA, Ε’ ἴση γὰρ ἣ Ε τῇ VO: τὸ ἄρα ὑπὸ 
τῶν ΑΒ, Ζ περιεχόμενον ὀρϑογώνιον ἴσον ἐστὶ τῷ ὑπὸ τῶν TA, E περιεχόμενῳ ὀρϑογώνιῳ. 


᾿Αλλὰ δὴ τὸ ὑπὸ τῶν ΑΒ, Ζ περιεχόμενον ὀρϑογώνιον ἴσον ἔστω τῷ ὑπὸ τῶν TA, E περιε- 
χομένῳ ὀρϑογωνίῳ. λέγω, ὅτι αἱ τέσσαρες εὐϑεῖαι ἀνάλογον ἔσονται, ὡς ἣ AB πρὸς τὴν TA, 
οὕτως ἡ Ε πρὸς τὴν Ζ. 


Ἰῶν γὰρ αὐτῶν κατασχκευασϑέντων, ἐπεὶ τὸ ὑπὸ τῶν ΑΒ, Z ἴσον ἐστὶ τῷ ὑπὸ τῶν TA, E, καί 
ἐστι TO μὲν ὑπὸ τῶν ΑΒ, Z τὸ ΒΗ: ἴση γάρ ἐστιν ἣ AH τῇ Z: τὸ δὲ ὑπὸ τῶν TA, Ε τὸ ΔΘ’: ἴση 
γὰρ ἣ [© τῇ Ε' τὸ ἄρα ΒΗ ἴσον ἐστὶ τῷ ΔΘ. καί ἐστιν ἰσογώνια. τῶν δὲ ἴσων καὶ ἰσογωνίων 
παραλληλογράμμων ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας γωνίας. ἔστιν ἄρα ὡς ἣ AB 


390 


ELEMENTS BOOK 6 


Proposition 16 


H 


A Β ς D 


_Kt——— -_}rR——4 


If four straight-lines are proportional, then the rectangle contained by the (two) outermost is 
equal to the rectangle contained by the middle (two). And if the rectangle contained by the 
(two) outermost is equal to the rectangle contained by the middle (two), then the four straight- 
lines will be proportional. 


Let AB, CD, E, and F be four proportional straight-lines, (such that) as AB (is) to CD, so E (is) 
to [΄. I say that the rectangle contained by AB and F is equal to the rectangle contained by CD 
and E. 


[For] let AG and CH have been drawn from points A and C at right-angles to the straight-lines AB 
and CD (respectively) [Prop. 1.11]. And let AG be made equal to F’, and CH to E [Prop. 1.3]. 
And let the parallelograms BG and DH have been completed. 


And since as AB is to CD, so E (is) to Εἰ, and F (is) equal CH, and F to AG, thus as AB is 
to CD, so CH (is) to AG. Thus, for the parallelograms BG and DH, the sides about the equal 
angles are reciprocally proportional. And those equiangular parallelograms for which the sides 
about the equal angles are reciprocally proportional are equal [Prop. 6.14]. Thus, parallelogram 
BG is equal to parallelogram DH. And BG is the (rectangle contained) by AB and F’. For AG 
(is) equal to Γ΄. And DH (is) the (rectangle contained) by ΟΠ) and E. For E (is) equal to CH. 
Thus, the rectangle contained by AB and F is equal to the rectangle contained by CD and E. 


And so, let the rectangle contained by AB and F be equal to the rectangle contained by C'D and 


E. 1 say that the four straight-lines will be proportional, (so that) as AB (is) to CD, so E (is) to 
F, 
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΄ 


IS 


πρὸς τὴν TA, οὕτως ἡ ΓΘ πρὸς τὴν AH. ton δὲ H μὲν VO τῇ E, ἡ δὲ AH τῇ Ζ: ἔστιν ἄρα ὡς 
ἣ AB πρὸς τὴν TA, οὕτως ἡ Ε πρὸς τὴν Ζ. 


"Exy ἄρα τέσσαρες εὐϑεῖαι ἀνάλογον ὦσιν, τὸ ὑπὸ τῶν ἄκρων περιεχόμενον ὀρϑογώνιον 
ἴσον ἐστὶ τῷ ὑπὸ τῶν μέσων περιεχομένῳ ὀρϑογωνίῳ: κἂν τὸ ὑπὸ τῶν ἄκρων περιεχόμενον 
ὀρϑογώνιον ἴσον ἢ τῷ ὑπὸ τῶν μέσων περιεχομένῳ ὀρϑογωνίῳ, αἱ τέσσαρες εὐϑεῖαι ἀνάλογον 
ἔσονται: ὅπερ ἔδει δεῖξαι. 
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For, by the same construction, since the (rectangle contained) by AB and F is equal to the (rect- 
angle contained) by CD and EF, and BG is the (rectangle contained) by AB and Γ΄. For AG is 
equal to Γ΄. And DH (is) the (rectangle contained) by C'D and E. For CH (is) equal to Ε'. BG is 
thus equal to DH. And they are equiangular. And for equal and equiangular parallelograms, the 
sides about the equal angles are reciprocally proportional [Prop. 6.14]. Thus, as AB is to CD, so 
CH (is) to AG. And CH (is) equal to E, and AG to F’.. Thus, as AB is to CD, so E (is) to F. 


Thus, if four straight-lines are proportional, then the rectangle contained by the (two) outer- 
most is equal to the rectangle contained by the middle (two). And if the rectangle contained 
by the (two) outermost is equal to the rectangle contained by the middle (two), then the four 
straight-lines will be proportional. (Which is) the very thing it was required to show. 
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"Ey τρεῖς εὐϑεῖαι ἀνάλογον ὦσιν, τὸ ὑπὸ τῶν ἄκρων περιεχόμενον ὀρϑογώνιον ἴσον ἐστὶ τῷ 
ἀπὸ τῆς μέσης τετραγώνῳ: χἂν τὸ ὑπὸ τῶν ἄκρων περιεχόμενον ὀρϑογώνιον ἴσον ἢ τῷ ἀπὸ τῆς 
μέσης τετραγώνῳ, αἱ τρεῖς εὐϑεῖαι ἀνάλογον ἔσονται. 


Ἔστωσαν τρεῖς εὐϑεῖαι ἀνάλογον αἱ A, Β, 1᾿, ὡς ἣ A πρὸς τὴν B, οὕτως ἣ Β πρὸς τὴν 1" λέγω, 
ὅτι τὸ ὑπὸ τῶν A, Τ᾽ περιεχόμενον ὀρϑογώνιον ἴσον ἐστὶ τῷ ἀπὸ τῆς Β τετραγώνῳ. 


Κείσϑω τῇ Β ἴση 7 Δ. 


Kot ἐπεί ἐστιν ὡς ἡἣ A πρὸς τὴν Β, οὕτως ἣ Β πρὸς τὴν T, ἴση δὲ ἡ Β τῇ Δ, ἔστιν ἄρα ὡς ἣ 
A πρὸς thy Β, ἣ Δ πρὸς τὴν T. ἐὰν δὲ τέσσαρες εὐϑεῖαι ἀνάλογον ὦσιν, τὸ ὑπὸ τῶν ἄκρων 
περιεχόμενον [ὀρϑογώνιον] ἴσον ἐστὶ τῷ ὑπὸ τῶν μέσων περιεχομένῳ ὀρϑογωνίῳ. τὸ ἄρα ὑπὸ 
τῶν A, Τ᾽ ἴσον ἐστὶ τῷ ὑπὸ τῶν Β, Δ. ἀλλὰ τὸ ὑπὸ τῶν Β, Δ τὸ ἀπὸ τῆς Β ἐστιν’ ἴση γὰρ ἣ Β 
τῇ Δ’ τὸ ἄρα ὑπὸ τῶν A, Τ᾽ περιεχόμενον ὀρϑογώνιον ἴσον ἐστὶ τῷ ἀπὸ τῆς Β τετραγώνῳ. 


᾿Αλλὰ δὴ τὸ ὑπὸ τῶν A, T ἴσον ἔστω τῷ ἀπὸ τῆς Br λέγω, ὅτι ἐστὶν ὡς ἣ A πρὸς τὴν Β, οὕτως 
7 Β πρὸς τὴν I. 


Tov γὰρ αὐτῶν κατασχευασϑέντων, ἐπεὶ τὸ ὑπὸ τῶν A, Τ᾽ ἴσον ἐστὶ τῷ ἀπὸ τῆς Β, ἀλλὰ τὸ ἀπὸ 
τῆς Β τὸ ὑπὸ τῶν Β, Δ ἐστιν’ ἴση γὰρ 7 B τῇ Δ’ τὸ ἄρα ὑπὸ τῶν Α, Τ᾽ ἴσον ἐστὶ τῷ ὑπὸ τῶν 
Β, Δ. ἐὰν δὲ τὸ ὑπὸ τῶν ἄκρων ἴσον i τῷ ὑπὸ τῶν μέσων, αἱ τέσσαρες εὐϑεῖαι ἀνάλογόν εἰσιν. 
ἔστιν ἄρα ὡς 7 A πρὸς τὴν B, οὕτως ἣ Δ πρὸς τὴν T. ἴση δὲ ἣ Β τῇ Δ’ ὡς ἄρα ἣ A πρὸς τὴν 
Β, οὕτως ἣ Β πρὸς τὴν T. 


Ἐὰν ¢ ἄρα τρεῖς εὐϑεῖαι ἀνάλογον ὦσιν, τὸ ὑπὸ τῶν ἄκρων περιεχόμενον ὀρϑογώνιον | ἴσον ἐστὶ 


τῷ ἀπὸ τῆς μέσης τετραγώνῳ" γἂν τὸ ὑπὸ τῶν ἄκρων περιεχόμενον ὀρϑογώνιον ἴσον ἢ τῷ ἀπὸ 
τῆς μέσης τετραγώνῳ, αἱ τρεῖς εὐϑεῖαι ἀνάλογον ἔσονται" ὅπερ ἔδει δεῖξαι. 
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If three straight-lines are proportional, then the rectangle contained by the (two) outermost is 
equal to the square on the middle (one). And if the rectangle contained by the (two) outermost 
is equal to the square on the middle (one), then the three straight-lines will be proportional. 


Let A, B and C be three proportional straight-lines, (such that) as A (is) to B, so B (is) to C. I 
say that the rectangle contained by A and C is equal to the square on B. 


Let D be made equal to B [Prop. 1.3]. 


And since as A is to B, so B (is) to D, and B (is) equal to D, thus as A is to B, (so) D (is) to 
C. And if four straight-lines are proportional, then the [rectangle] contained by the (two) outer- 
most is equal to the rectangle contained by the middle (two) [Prop. 6.16]. Thus, the (rectangle 
contained) by A and C is equal to the (rectangle contained) by B and D. But, the (rectangle 
contained) by B and D is the (square) on B. For B (is) equal to D. Thus, the rectangle contained 
by A and C is equal to the square on B. 


And so, let the (rectangle contained) by A and C be equal to the (square) on B. I say that as A is 
to B, so B (is) to C. 


For, by the same construction, since the (rectangle contained) by A and C is equal to the (square) 
on B. But, the (square) on B is the (rectangle contained) by B and D. For B (is) equal to D. The 
(rectangle contained) by A and C is thus equal to the (rectangle contained) by B and D. And 
if the (rectangle contained) by the (two) outermost is equal to the (rectangle contained) by the 
middle (two), then the four straight-lines are proportional [Prop. 6.16]. Thus, as A is to B, so D 
(is) to C. And B (is) equal to D. Thus, as A (is) to B, so B (is) to C. 


Thus, if three straight-lines are proportional, then the rectangle contained by the (two) outermost 
is equal to the square on the middle (one). And if the rectangle contained by the (two) outermost 
is equal to the square on the middle (one), then the three straight-lines will be proportional. 
(Which is) the very thing it was required to show. 
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"And τῆς δοϑείσης εὐϑείας τῷ δοϑέντι εὐθυγράμμῳ ὅμοιόν τε καὶ ὁμοίως κείμενον εὐϑύγραμμον 
ἀναγράψαι. 


Ἔστω ἣ μὲν δοϑεῖσα εὐθεῖα ἣ AB, τὸ δὲ δοϑὲν εὐθύγραμμον τὸ ΤῈ; δεῖ δὴ ἀπὸ τὴς AB 
εὐϑείας τῷ TE εὐϑυγράμμῳ ὅμοιόν τε καὶ ὁμοίως κείμενον εὐθύγραμμον ἀναγράψαι. 


᾿Επεζεύχϑω ἡἣ ΔΖ, καὶ συνεστάτω πρὸς τῇ ΑΒ εὐϑείᾳ καὶ τοῖς πρὸς αὐτῇ σημείοις τοῖς A, Β τῇ 
μὲν πρὸς τῷ 1" γωνίᾳ ἴση ἣ ὑπὸ HAB, τῇ δὲ ὑπὸ [ΔΖ ἴση ἡ ὑπὸ ABH. λοιπὴ ἄρα ἣ ὑπὸ TZA 
τῇ ὑπὸ ΛΗΒ ἐστιν ἴση: ἰσογώνιον ἄρα ἐστὶ τὸ ΖΙ Δ τρίγωνον τῷ HAB τριγώνῳ. ἀνάλογον 
ἄρα ἐστὶν ὡς ἡἣ ΖΔ πρὸς τὴν ΗΒ, οὕτως ἣ ZT πρὸς τὴν HA, χαὶ ἡ VA πρὸς τὴν AB. πάλιν 
συνεστάτω πρὸς τῇ ΒΗ εὐϑείᾳ καὶ τοῖς πρὸς αὐτῇ σημείοις τοῖς Β, Η τῇ μὲν ὑπὸ ΔΖΕ γωνίᾳ 
ἴση ἣ ὑπὸ ΒΗΘ, τῇ δὲ ὑπὸ ΖΔΕ ἴση 7 ὑπὸ HBO. λοιπὴ ἄρα ἣ πρὸς τῷ E λοιπῇ τῇ πρὸς τῷ 
© ἐστιν toy’ ἰσογώνιον ἄρα ἐστὶ τὸ ΖΔΕ τρίγωνον τῷ HOB τριγώνῳ: ἀνάλογον ἄρα ἐστὶν ὡς ἣ 
ΖΔ πρὸς τὴν ΗΒ, οὕτως ἡ ΖΕ πρὸς τὴν ΗΘ χαὶ ἡἣ ΕΔ πρὸς τὴν ΘΒ. ἐδείχϑη δὲ καὶ ὡς 7 ZA 
πρὸς τὴν ΗΒ, οὕτως ἣ ZT πρὸς τὴν HA χαὶ ἣ VA πρὸς τὴν ΑΒ’ καὶ ὡς ἄρα ἣ ZT πρὸς τὴν 
ΛΗ, οὕτως ἣ τε ΓΔ πρὸς τὴν AB χαὶ ἡ ΖΕ πρὸς τὴν ΗΘ χαὶ ἔτι ἣ EA πρὸς τὴν ΘΒ. χαὶ ἐπεὶ 
ton ἐστὶν ἡἣ μὲν ὑπὸ 1Ζ2Δ γωνία τῇ ὑπὸ AHB, ἣ δὲ ὑπὸ ΔΖΕ τῇ ὑπὸ ΒΗΘ, ὅλη ἄρα ἣ ὑπὸ 
ΤΖΕ ὅλῃ τῇ ὑπὸ ΛΗΘ ἐστιν ἴση. διὰ τὰ αὐτὰ δὴ καὶ ἣ ὑπὸ LAE τῇ ὑπὸ ABO ἐστιν ἴση. ἔστι 
δὲ καὶ ἡ μὲν πρὸς τῷ T° τῇ πρὸς τῷ A ἴση, H δὲ πρὸς τῷ E τῇ πρὸς τῷ Θ. ἰσογώνιον ἄρα ἐστὶ 
τὸ ΔΘ τῷ ΤῊ: χαὶ τὰς περὶ τὰς ἴσας γωνίας αὐτῶν πλευρὰς ἀνάλογον ἔχει: ὅμοιον ἄρα ἐστὶ τὸ 
A® εὐθύγραμμον τῷ TE εὐθυγράμμῳ. 


"And τῆς δοϑείσης ἄρα εὐϑείας τῆς ΑΒ τῷ δοϑέντι εὐθυγράμμῳ τῷ TE ὅμοιόν τε καὶ ὁμοίως 
χείμενον εὐϑύγραμμον ἀναγέγραπται τὸ ΑΘ: ὅπερ ἔδει ποιῆσαι. 
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To describe a rectilinear figure similar, and similarly laid down, to a given rectilinear figure on a 
given straight-line. 


Let AB be the given straight-line, and CE the given rectilinear figure. So it is required to describe 
a rectilinear figure similar, and similarly laid down, to the rectilinear figure CE on the straight- 
line AB. 


Let DF have been joined, and let GAB, equal to the angle at C, and ABG, equal to (angle) CDF, 
have been constructed at the points A and B (respectively) on the straight-line AB [Prop. 1.23]. 
Thus, the remaining (angle) CFD is equal to AGB [Prop. 1.32]. Thus, triangle F'C'D is equian- 
gular to triangle GAB. Thus, proportionally, as F'D is to GB, so FC (is) to GA, and CD to AB 
[Prop. 6.4]. Again, let BGH, equal to angle DF'E, and GBH equal to (angle) F DE, have been 
constructed at the points G and B (respectively) on the straight-line BG [Prop. 1.23]. Thus, the 
remaining (angle) at Εἰ is equal to the remaining (angle) at H [Prop. 1.32]. Thus, triangle PDE 
is equiangular to triangle GH B. Thus, proportionally, as FD is to GB, so FE (is) to GH, and ED 
to HB [Prop. 6.4]. And it was also shown (that) as F'D (is) to GB, so FC (is) to GA, and Ο ἢ to 
AB. Thus, also, as F'C (is) to AG, so CD (is) to AB, and FE to GH, and, further, ED to HB. 
And since angle ΟΕ) is equal to AGB, and DFE to BGH, thus the whole (angle) CFE is equal 
to the whole (angle) AGH. So, for the same (reasons), (angle) CDE is also equal to ABH. And 
the (angle) at C is also equal to the (angle) at A, and the (angle) at Καὶ to the (angle) at H. Thus, 
(figure) AH is equiangular to CE. And they have the sides about their equal angles proportional. 
Thus, the rectilinear figure AH is similar to the rectilinear figure ΟΕ [Def. 6.1]. 


Thus, the rectilinear figure AH, similar, and similarly laid down, to the given rectilinear figure 


CE has been constructed on the given straight-line AB. (Which is) the very thing it was required 
to do. 
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ιϑ΄ 


Β Η Tr ΕΗ Z. 
Tax ὅμοια τρίγωνα πρὸς ἄλληλα ἐν διπλασίονι λόγῳ ἐστὶ τῶν ὁμολόγων πλευρῶν. 


Ἔστω ὅμοια τρίγωνα τὰ ABI, ΔΕΖ ἴσην ἔχοντα τὴν πρὸς τῷ Β γωνίαν τῇ πρὸς τῷ E, ὡς δὲ 
τὴν ΑΒ πρὸς thy BI, οὕτως τὴν ΔΕ πρὸς τὴν ΕΖ, ὥστε ὁμόλογον εἶναι τὴν ΒΓ τῇ EZ: λέγω, 
ὅτι τὸ ABI τρίγωνον πρὸς τὸ AEZ τρίγωνον διπλασίονα λόγον ἔχει ἤπερ ἣ BI πρὸς τὴν ΕΖ. 


Εἰλήφϑω γὰρ τῶν BI, ΕΖ τρίτη ἀνάλογον ἣ ΒΗ, ὥστε εἶναι ὡς τὴν BI πρὸς τὴν ΕΖ, οὕτως 
τὴν EZ πρὸς τὴν ΒΗ: καὶ ἐπεζεύχϑω ἡ AH. 


"Enel οὖν ἐστιν ὡς ἣ ΑΒ πρὸς thy BI, οὕτως 4 ΔΕ πρὸς τὴν ΕΖ, ἐναλλὰξ ἄρα ἐστὶν ὡς ἣ 
AB πρὸς τὴν AE, οὕτως ἣ BI πρὸς τὴν ΕΖ. ἀλλ᾽ ὡς ἣ ΒΓ πρὸς EZ, οὕτως ἐστιν ἣ EZ 
πρὸς BH. χαὶ ὡς ἄρα ἣ AB πρὸς ΔΕ, οὕτως ἣ EZ πρὸς ΒΗ: τῶν ΑΒΗ, ΔΕΖ ἢ ἄρα τριγώνων 
ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας γωνάις. ὧν δὲ μίαν μιᾷ ἴσην ἐχόντων γωνίαν τριγώνων 
ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας γωνάις, ἴσα ἐστὶν ἐκεῖνα. ἴσον ἄρα ἐστὶ τὸ ΑΒΗ 
τρίγωνον τῷ AEZ τριγώνῳ. καὶ ἐπεί ἐστιν ὡς ἡ BI πρὸς τὴν ΕΖ, οὕτως 7 ΕΖ πρὸς τὴν BH, 
ἐὰν δὲ τρεῖς εὐϑεῖαι ἀνάλογον ὦσιν, ἣ πρώτη πρὸς τὴν τρίτην διπλασίονα λόγον ἔχει ἤπερ πρὸς 
τὴν δευτέραν, ἣ BI ἄρα πρὸς τὴν ΒΗ διπλασίονα λόγον ἔχει ἤπερ ἣ ΓΒ πρὸς τὴν ΕΖ. ὡς δὲ 7 
ΤῈ πρὸς τὴν ΒΗ, οὕτως τὸ ABI τρίγωνον πρὸς τὸ ΑΒΗ τρίγωνον: καὶ τὸ ΑΒ] ἄρα τρίγωνον 
πρὸς τὸ ABH διπλασίονα λόγον ἔχει ἤπερ ἣ BI πρὸς τὴν ΕΖ. ἴσον δὲ τὸ ΑΒΗ τρίγωνον τῷ 
ΔΕΖ τριγώνῳ. καὶ τὸ ABT ἄρα τρίγωνον πρὸς τὸ ΔΕΖ τρίγωνον διπλασίονα λόγον ἔχει ἤπερ 
ἣ ΒΓ πρὸς τὴν ΕΖ. 


Ἰὰ ἄρα ὅμοια τρίγωνα πρὸς ἄλληλα ἐν διπλασίονι λόγῳ ἐστὶ τῶν ὁμολόγων πλευρῶν. [ὅπερ 


ἔδει δεῖξαι. 
Πόρισμα 
"Ex δὴ τούτου φανερόν, ὅτι, ἐὰν τρεῖς εὐϑεῖαι ἀνάλογον ὦσιν, ἔστιν ὡς ἣ πρώτη πρὸς τὴν 


τρίτην, οὕτως τὸ ἀπὸ τῆς πρώτης εἶδος πρὸς τὸ ἀπὸ τῆς δευτέρας τὸ ὅμοιον καὶ ὁμοίως 
ἀναγραφόμενον. ὅπερ ἔδει δεῖξαι. 
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Proposition 19 


B G C E F 


Similar triangles are to one another in the squared °° ratio of (their) corresponding sides. 


Let ABC and DEF be similar triangles having the angle at B equal to the (angle) at FE, and AB 
to BC, as DE (is) to EF’, such that BC corresponds to EF’. I say that triangle ABC has a squared 
ratio to triangle DEF with respect to (that side) BC (has) to EF. 


For let a third (straight-line), BG, have been taken (which is) proportional to BC and EF, so 
that as BC (is) to EF, so EF (is) to BG [Prop. 6.11]. And let AG have been joined. 


Therefore, since as AB is to BC, so DE (is) to EF, thus, alternately, as AB is to DE, so BC (is) 
to EF [Prop. 5.16]. But, as BC (is) to EF, so EF is to BG. And, thus, as AB (is) to DE, so EF 
(is) to BG. Thus, for triangles ABG and DEF, the sides about the equal angles are reciprocally 
proportional. And those triangles having one (angle) equal to one (angle) for which the sides 
about the equal angles are reciprocally proportional are equal [Prop. 6.15]. Thus, triangle ABG 
is equal to triangle DEF. And since as BC (is) to EF, so EF (is) to BG, and if three straight- 
lines are proportional then the first has a squared ratio to the third with respect to the second 
[Def. 5.9], BC thus has a squared ratio to BG with respect to (that) CB (has) to EF. And as 
CB (is) to BG, so triangle ABC (is) to triangle ABG [Prop. 6.1]. Thus, triangle ABC also has a 
squared ratio to (triangle) ABG with respect to (that side) BC (has) to EF. And triangle ABG 
(is) equal to triangle DEF’. Thus, triangle ABC also has a squared ratio to triangle DEF with 
respect to (that side) BC (has) to EF. 


Thus, similar triangles are to one another in the squared ratio of (their) corresponding sides. 
[(Which is) the very thing it was required to show]. 


Corollary 
So it is clear, from this, that if three straight-lines are proportional, then as the first is to the third, 


so the figure (described) on the first (is) to the similar, and similarly described, (figure) on the 
second. (Which is) the very thing it was required to show. 


1031 iterally, “double”. 
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© K 


rT A 


Tx ὅμοια πολύγωνα εἴς Te ὅμοια τρίγωνα διαιρεῖται καὶ εἰς ἴσα τὸ πλῆϑος καὶ ὁμόλογα τοῖς 
ὅλοις, καὶ τὸ πολύγωνον πρὸς τὸ πολύγωνον διπλασίονα λόγον ἔχει ἤπερ ἣ ὁμόλογος πλευρὰ 
πρὸς τὴν ὁμόλογον πλευράν. 


Ἔστω ὅμοια πολύγωνα τὰ ABPAE, ΖΗΘΚΛ, ὁμόλογος δὲ ἔστω ἡἣ AB τῇ ΖΗ: λέγω, ὅτι 
τὰ ΑΒΙ͂ΔΗ, ΖΗΘΚΛ πολύγωνα εἴς τε ὅμοια τρίγωνα διαιρεῖται καὶ εἰς ἴσα τὸ πλῆϑος καὶ 
ὁμόλογα τοῖς ὅλοις, καὶ τὸ ΛΒΙΔΗΕ πολύγωνον πρὸς τὸ ΖΗΘΙΚΛ πολύγωνον διπλασίονα 
λόγον ἔχει ἤπερ ἣ AB πρὸς τὴν ΖΗ. 


᾿Ἐπεζεύχϑωσαν αἱ BE, ED, HA, ΛΘ. 


Καὶ ἐπεὶ ὅμοιόν ἐστι τὸ ΑΒΙ͂ΔΕ πολύγωνον τῷ ΖΗΘΚΛ πολυγώνῳ, ἴση ἐστὶν ἣ ὑπὸ BAE 
γωνία τῇ ὑπὸ ΗΖΛ. καί ἐστιν ὡς ἣ ΒΑ πρὸς AE, οὕτως ἡ ΗΖ πρὸς ZA. ἐπεὶ οὖν δύο τρίγωνά 
ἐστι τὰ ΑΒΗ, ΖΗΛ μίαν γωνίαν μιᾷ γωνίᾳ ἴσην ἔχοντα, περὶ δὲ τὰς ἴσας γωνίας τὰς πλευρὰς 
ἀνάλογον, ἰσογώνιον ἄρα ἐστὶ τὸ ABE τρίγωνον τῷ ΖΗΛ τριγώνῳ: ὥστε χαὶ ὅμοιον: ἴση ἄρα 
ἐστὶν ἣ ὑπὸ ABE γωνία τῇ ὑπὸ ΖΗΛ. ἔστι δὲ καὶ ὅλη ἣ ὑπὸ ABT ὅλῃ τῇ ὑπὸ ΖΗΘ ἴση διὰ 
τὴν ὁμοιότητα τῶν πολυγώνων: λοιπὴ ἄρα ἣ ὑπὸ EBT γωνία τῇ ὑπὸ ΛΗΘ ἐστιν ἴση. καὶ ἐπεὶ 
διὰ τὴν ὁμοιότητα τῶν ABE, ΖΗΛ τριγώνων ἐστὶν ὡς ἣ ΕΒ πρὸς ΒΑ, οὕτως ἡἣ ΛΗ πρὸς HZ, 
ἀλλὰ μὴν καὶ διὰ τὴν ὁμοιότητα τῶν πολυγώνων ἐστὶν ὡς ἣ AB πρὸς BI’, οὕτως ἣ ΖΗ πρὸς 
ΗΘ, δι᾽ ἴσου ἄρα ἐστὶν ὡς ἣ ΕΒ πρὸς BI, οὕτως ἣ ΛΗ πρὸς ΗΘ, καὶ περὶ τὰς ἴσας γωνάις 
τὰς ὑπὸ ΕΒ], ΛΗΘ αἱ πλευραὶ ἀνάλογόν stow: ἰσογώνιον ἄρα ἐστὶ τὸ EBL τρίγωνον τῷ ΛΗΘ 
τριγώνῳ’ ὥστε uxt ὅμοιόν ἐστι TO EBT τρίγωνον τῷ ΛΗΘ τριγώνω. διὰ τὰ αὐτὰ δὴ καὶ τὸ 
EDA τρίγωνον ὅμοιόν ἐστι τῷ AOK τριγώνῳ. τὰ ἄρα ὅμοια πολύγωνα τὰ ΑΒΙ ΔΕ, ΖΗΘΚΛ 
εἴς τε ὅμοια τρίγωνα διήρηται καὶ εἰς ἴσα τὸ πλῆϑος. 


Λέγω, ὅτι καὶ ὁμόλογα τοῖς ὅλοις, τουτέστιν ὥστε ἀνάλογον εἶναι τὰ τρίγωνα, καὶ ἡγούμενα 
μὲν εἶναι τὰ ABE, EBT, ΕΓΔ, ἑπόμενα δὲ αὐτῶν τὰ ΖΗΛ, ΛΗΘ, ΛΘΚ, καὶ ὅτι τὸ ΑΒΓΔΕ 
πολύγωνον πρὸς τὸ ΖΗΘΚΛ πολύγωνον διπλασίονα λόγον ἔχει ἤπερ ἣ ὁμόλογος πλευρὰ πρὸς 
τὴν ὁμόλογον πλευράν, τουτέστιν ἣ AB πρὸς τὴν ZH. 
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ς D 


Similar polygons can be divided into equal numbers of similar triangles corresponding (in pro- 
portion) to the wholes, and one polygon has to the (other) polygon a squared ratio with respect 
to (that) a corresponding side (has) to a corresponding side. 


Let ABCDE and FGH KL be similar polygons, and let AB correspond to FG. I say that polygons 
ABCDE and FGH KL can be divided into equal numbers of similar triangles corresponding (in 
proportion) to the wholes, and (that) polygon ABC'DE has a squared ratio to polygon FGHK L 
with respect to that AB (has) to FG. 


Let BE, EC, GL, and LH have been joined. 


And since polygon ABC DE is similar to polygon FGHKL, angle BAE is equal to angle GFL, 
and as BA is to AE, so GF (is) to FL [Def. 6.1]. Therefore, since ABE and FGL are two tri- 
angles having one angle equal to one angle and the sides about the equal angles proportional, 
triangle ABE is thus equiangular to triangle ΕΓ, [Prop. 6.6]. Hence, (they are) also similar 
[Prop. 6.4, Def. 6.1]. Thus, angle ABE is equal to (angle) FGL. And the whole (angle) ABC is 
equal to the whole (angle) GH on account of the similarity of the polygons. Thus, the remain- 
ing angle EBC is equal to LGH. And since, on account of the similarity of triangles ABE and 
FGL, as EB is to BA, so LG (is) to GF, but also, on account of the similarity of the polygons, as 
AB is to BC, so FG (is) to GH, thus, via equality, as EB is to BC, so LG (is) to GH [Prop. 5.22], 
the sides about the equal angles, Ε ΒΟ and LGH, are also proportional. Thus, triangle EBC is 
equiangular to triangle LG'H [Prop. 6.6]. Hence, triangle EBC is also similar to triangle LGH 
[Prop. 6.4, Def. 6.1]. So, for the same (reasons), triangle ECD is also similar to triangle LH Kk. 
Thus, the similar polygons ABCDE and FGHKL have been divided into equal numbers of sim- 
ilar triangles. 


I also say that (the triangles) correspond (in proportion) to the wholes. That is to say, the triangles 
are proportional, ABE, EBC, and ECD are the leading (magnitudes), and their (associated) 
following (magnitudes are) FGL, LGH, and LHK (respectively). (1) also (say) that polygon 
ABCDE has a squared ratio to polygon FGH KL with respect to (that) a corresponding side 
(has) to a corresponding side—that is to say, (side) AB to FG. 
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᾿Επεζεύχϑωσαν γὰρ αἱ AD, ΖΘ. καὶ ἐπεὶ διὰ τὴν ὁμοιότητα τῶν πολυγώνων ἴση ἐστὶν ἣ ὑπὸ 
ABT γωνία τῇ ὑπὸ ΖΗΘ, nat ἐστιν ὡς ἣ AB πρὸς BI, οὕτως ἣ ΖΗ πρὸς ΗΘ, ἰσογώνιόν ἐστι 
τὸ ABI τρίγωνον τῷ ΖΗΘ τριγώνῳ: ἴση ἄρα ἐστὶν ἡἣ μὲν ὑπὸ BAT γωνία τῇ ὑπὸ ΗΖΘ, ἡἣ δὲ 
ὑπὸ BLA τῇ ὑπὸ ΗΘΖ. καὶ ἐπεὶ ἴση ἐστὶν ἣ ὑπὸ BAM γωνία τῇ ὑπὸ ΗΖΝ, ἔστι δὲ καὶ ἡ ὑπὸ 
ABM τῇ ὑπὸ ZHN ἴση; καὶ λοιπὴ ἄρα ἣ ὑπὸ AMB λοιπῇ τῇ ὑπὸ ΖΝΗ ἴση ἐστίν: ἰσογώνιον 
ἄρα ἐστὶ τὸ ABM τρίγωνον τῷ ZHN τριγώνῳ. ὁμοίως δὴ SeiZopev, ὅτι καὶ τὸ BMT τρίγωνον 
ἰσογώνιόν ἐστι τῷ HN® τριγώνῳ. ἀνάλογον ἄρα ἐστίν, ὡς μὲν 7 AM πρὸς ΜΒ, οὕτως ἡ ZN 
πρὸς ΝΗ, ὡς δὲ ἣ ΒΜ πρὸς MI, οὕτως ἣ ΗΝ πρὸς ΝΘ: ὥστε καὶ δι᾽ ἴσου, ὡς ἣ ΑΜ πρὸς 
MI, οὕτως ἣ ΖΝ πρὸς ΝΘ. ἀλλ᾽ ὡς ἣ ΑΜ πρὸς MT, οὕτως τὸ ΑΒΜ [τρίγωνον] πρὸς τὸ 
MBI, χαὶ τὸ AME πρὸς τὸ EMI™ πρὸς ἄλληλα γάρ εἰσιν ὡς αἱ βάσεις. καὶ ὡς ἄρα ἕν τῶν 
ἡγουμένων πρὸς ἕν τῶν ἑπόμενων, οὕτως ἅπαντα τὰ ἡγούμενα πρὸς ἅπαντα τὰ ἑπόμενα: ὡς 
ἄρα τὸ ΑΜΒ τρίγωνον πρὸς τὸ BMT’, οὕτως τὸ ΑΒΕ πρὸς τὸ TBE. «AN ὡς τὸ AMB πρὸς 
τὸ BMI, οὕτως ἣ AM πρὸς MI™ χαὶ ὡς ἄρα ἣ AM πρὸς ΜΙ; οὕτως τὸ ABE τρίγωνον πρὸς 
τὸ EBD τρίγωνον. διὰ τὰ αὐτὰ δὴ καὶ ὡς ἣ ΖΝ πρὸς ΝΘ, οὕτως τὸ ΖΗΛ τρίγωνον πρὸς 
τὸ ΗΛΘ τρίγωνον. καί ἐστιν ὡς ἣ AM πρὸς ΜΙ, οὕτως ἡἣ ZN πρὸς ΝΘ: χαὶ ὡς ἄρα τὸ 
ABE τρίγωνον πρὸς τὸ BET τρίγωνον, οὕτως τὸ ΖΗΛ τρίγωνον πρὸς τὸ ΗΛΘ τρίγωνον, καὶ 
ἐναλλὰξ ὡς τὸ ABE τρίγωνον πρὸς τὸ ΖΗΛ τρίγωνον, οὕτως τὸ BET τρίγωνον πρὸς τὸ ΗΛΘ 
τρίγωνον. ὁμοίως δὴ δεϊξομεν ἐπιζευχϑεισῶν τῶν ΒΔ, ΗΚ, ὅτι καὶ ὡς τὸ BED τρίγωνον πρὸς 
τὸ ΛΗΘ τρίγωνον, οὕτως τὸ ΕἸ Δ τρίγωνον πρὸς τὸ ΛΘΚ τρίγωνον. καὶ ἐπεί ἐστιν ὡς τὸ 
ABE τρίγωνον πρὸς τὸ ΖΗΛ τρίγωνον. οὕτως τὸ EBT πρὸς τὸ ΛΗΘ, καὶ ἔτι τὸ ΕἸ] Δ πρὸς τὸ 
ΛΘΚ, not ὡς ἄρα ἕν τῶν ἡγουμένων πρὸς ἕν τῶν ἑπομένων, οὕτως ἅπαντα τὰ ἡγούμενα πρὸς 
ἅπαντα τὰ ἑπόμενα: ἔστιν ἄρα ὡς τὸ ABE τρίγωνον πρὸς τὸ ΖΗΛ τρίγωνον, οὕτως τὸ ΑΒΓΔΕ 
πολύγωνον πρὸς τὸ ΖΗΘΚΛ πολύγωνον. ἀλλὰ τὸ ΑΒΕ τρίγωνον πρὸς τὸ ΖΗΛ τρίγωνον 
διπλασίονα λόγον ἔχει ἤπερ ἣ AB ὁμόλογος πλευρὰ πρὸς τὴν ΖΗ ὁμόλογον πλευράν: τὰ γὰρ 
ὅμοια τρίγωνα ἐν διπλασίονι λόγῳ ἐστὶ τῶν ὁμολόγων πλευρῶν. καὶ τὸ ΑΒΙΔΕ ἄρα πολύγωνον 
πρὸς τὸ ΖΗΘΚΛ πολύγωνον διπλασίονα λόγον ἔχει ἤπερ ἣ AB ὁμόλογος πλευρὰ πρὸς τὴν 
ΖΗ ὁμόλογον πλευράν. 


Ἰὰ ἄρα ὅμοια πολύγωνα εἴς τε ὅμοια τρίγωνα διαιρεῖται καὶ εἰς ἴσα τὸ πλῆϑος καὶ ὁμόλογα 


τοῖς ὅλοις, καὶ τὸ πολύγωνον πρὸς τὸ πολύγωνον διπλασίονα λόγον ἔχει ἤπερ ἣ ὁμόλογος 
πλευρὰ πρὸς τὴν ὁμόλογον πλευράν. [ὅπερ ἔδει δεῖξαι]. 


Πόρισμα 


Ὡσαύτως δὲ ual ἐπὶ τῶν [ὁμοίων] τετραπλεύρων δειχϑήσεται, ὅτι ἐν διπλασίονι λόγῳ εἰσὶ τῶν 
ὁμολόγων πλευρῶν. ἐδείχϑη δὲ nal ἐπὶ τῶν τρίγώνων᾽ ὥστε καὶ καϑόλου τὰ ὅμοια εὐθύγραμμα 
σχήματα πρὸς ἄλληλα ἐν διπλασίονι λόγῳ εἰσὶ τῶν ὁμολόγων πλευρῶν. ὅπερ ἔδει δεῖξαι. 
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For let AC and F'H have been joined. And since angle ABC is equal to FGH, and as AB is to 
BC, so FG (is) to GH, on account of the similarity of the polygons, triangle ABC is equiangular 
to triangle FGH [Prop. 6.6]. Thus, angle BAC is equal to GF'H, and (angle) BCA to GHF.. And 
since angle BAM is equal to GFN, and (angle) ABM is also equal to FGN (see earlier), the 
remaining (angle) ΑΜΒ is thus also equal to the remaining (angle) F NG [Prop. 1.32]. Thus, 
triangle ABM is equiangular to triangle FGN. So, similarly, we can show that triangle BMC 
is equiangular to triangle GN H. Thus, proportionally, as AM is to MB, so ΕΝ (is) to NG, and 
as BM (is) to MC, so GN (is) to NH [Prop. 6.4]. Hence, also, via equality, as AM (is) to MC, 
so ΓΝ (is) to NH [Prop. 5.22]. But, as AM (is) to WC, so [triangle] ABM is to MBC, and 
AME to EMC. For they are to one another as their bases [Prop. 6.1]. And as one of the leading 
(magnitudes) is to one of the following (magnitudes), so is the sum of the leading (magnitudes) 
to the sum of the following (magnitudes) [Prop. 5.12]. Thus, as triangle ΑΜΒ (is) to BMC, so 
(triangle) ABE (is) to CBE. But, as (triangle) AMB (is) to BMC, so AM (is) to MC. Thus, 
also, as AM (is) to MWC, so triangle ABE (is) to triangle EBC. And so, for the same (reasons), 
as ΕΝ (is) to NH, so triangle FGL (is) to triangle GLH. And as AM is to MC, so ΕΝ (is) to 
NH. Thus, also, as triangle ABE (is) to triangle BEC, so triangle FGL (is) to triangle GLH, 
and, alternately, as triangle ABE (is) to triangle FGL, so triangle BEC (is) to triangle GLH 
[Prop. 5.16]. So, similarly, we can also show, by joining BD and GK, that as triangle BEC (is) 
to triangle LGH, so triangle ECD (is) to triangle LH Kk. And since as triangle ABE is to triangle 
FGL, so (triangle) EBC (is) to LGH, and, further, (triangle) ECD to LH K, and also as one of 
the leading (magnitudes is) to one of the following, so the sum of the leading (magnitudes is) 
to the sum of the following [Prop. 5.12], thus as triangle ABE is to triangle FGL, so polygon 
ABCDE (is) to polygon FGHKL. But, triangle ABE has a squared ratio to triangle FGL with 
respect to (that) the corresponding side AB (has) to the corresponding side ΕΓ. For, similar 
triangles are in the squared ratio of corresponding sides [Prop. 6.14]. Thus, polygon ABCDE 
also has a squared ratio to polygon DEF'GH with respect to (that) the corresponding side AB 
(has) to the corresponding side F'G. 


Thus, similar polygons can be divided into equal numbers of similar triangles corresponding (in 
proportion) to the wholes, and one polygon has to the (other) polygon a squared ratio with 
respect to (that) a corresponding side (has) to a corresponding side. [(Which is) the very thing it 
was required to show]. 


Corollary 


And, in the same manner, it can also be shown for [similar] quadrilaterals that they are in the 
squared ratio of (their) corresponding sides. And it was also shown for triangles. Hence, in 
general, similar rectilinear figures are to one another in the squared ratio of (their) corresponding 
sides. (Which is) the very thing it was required to show. 
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Ta τῷ αὐτῷ εὐθυγράμμῳ ὅμοια καὶ ἀλλήλοις ἐστὶν ὅμοια. 


Ἔστω γὰρ ἑκάτερον τῶν A, Β εὐθυγράμμων τῷ 1 ὅμοιον: λέγω, ὅτι καὶ τὸ A τῷ Β ἐστιν 
ὅμοιον. 


"Exel γὰρ ὅμοιόν ἐστι τὸ A τῷ T, ἰσογώνιόν τέ ἐστιν αὐτῷ καὶ τὰς περὶ τὰς ἴσας γωνίας πλευρὰς 
ἀνάλογον ἔχει. πάλιν, ἐπεὶ ὅμοιόν ἐστι τὸ Β τῷ 1", ἰσογώνιόν τέ ἐστιν αὐτῷ καὶ τὰς περὶ τὰς 
ἴσας γωνίας πλευρὰς ἀνάλογον ἔχει. ἑκάτερον ἄρα τῶν A, Β τῷ I ἰσογώνιόν τέ ἐστι καὶ τὰς 
περὶ τὰς ἴσας γωνίας πλευρὰς ἀνάλογον ἔχει [ὥστε καὶ TO A τῷ Β ἰσογώνιόν τέ ἐστι καὶ τὰς περὶ 
τὰς ἴσας γωνίας πλευρὰς ἀνάλογον ἔχει]. ὅμοιον ἄρα ἐστὶ τὸ A τῷ Β’ ὅπερ ἔδει δεῖξαι. 
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(Rectilinear figures) similar to the same rectilinear figure are also similar to one another. 


Let each of the rectilinear figures A and B be similar to (the rectilinear figure) Οὐ. I say that A is 
also similar to B. 


For since A is similar to Οὐ, (A) is equiangular to (C), and has the sides about the equal angles 
proportional [Def. 6.1]. Again, since B is similar to C, (B) is equiangular to (C), and has the 
sides about the equal angles proportional [Def. 6.1]. Thus, A and B are each equiangular to C, 
and have the sides about the equal angles proportional [hence, A is also equiangular to B, and 
has the sides about the equal angles proportional]. Thus, A is similar to B [Def. 6.1]. (Which is) 
the very thing it was required to show. 
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᾿ὰν τέσσαρες εὐϑεῖαι ἀνάλογον ὦσιν, καὶ τὰ ἀπ᾿ αὐτῶν εὐθύγραμμα ὅμοιά τε nol ὁμοίως 
ἀναγεγραμμένα ἀνάλογον ἔσται: κἂν τὰ ἀπ᾿ αὐτῶν εὐθύγραμμα ὅμοιά τε καὶ ὁμοίως ἀναγε- 
γραμμένα ἀνάλογον 7, καὶ αὐτὰι αἱ εὐϑεῖαι ἀνάλογον ἔσονται. 


Ἔστωσαν τέσσαρες εὐϑεῖαι ἀνάλογον αἱ AB, VA, ΕΖ, ΗΘ, ὡς ἡ AB πρὸς τὴν TA, οὕτως ἣ 
ΕΖ πρὸς τὴν ΗΘ, καὶ ἀναγεγράφϑωσαν ἀπὸ μὲν τῶν AB, TA ὅμοιά τε καὶ ὁμοίως κείμενα 
εὐθύγραμμα τὰ ΚΑΒ, ADA, ἀπὸ δὲ τῶν EZ, ΗΘ ὅμοιά τε καὶ ὁμοίως κείμενα εὐθύγραμμα τὰ 
ΜΖ, ΝΘ: λέγω, ὅτι ἐστὶν ὡς τὸ ΚΑΒ πρὸς τὸ ATA, οὕτως τὸ ΜΖ πρὸς τὸ ΝΘ. 

Εἰλήφϑω γὰρ τῶν μὲν AB, VA τρίτη ἀνάλογον ἣ &, τῶν δὲ EZ, ΗΘ τρίτη ἀνάλογον ἣ Ο. καὶ 
ἐπεί ἐστιν ὡς μὲν ἣ ΛΒ πρὸς τὴν TA, οὕτως ἡἣ ΕΖ πρὸς τὴν ΗΘ, ὡς δὲ ἡ ΓΔ πρὸς τὴν &, 
οὕτως ἣ ΗΘ πρὸς τὴν Ο, δι᾽ ἴσου ἄρα ἐστὶν ὡς ἣ ΑΒ πρὸς τὴν ΞΞ, οὕτως ἣ ΕΖ πρὸς τὴν Ο. 
ἀλλ᾽ ὡς μὲν ἣ ΑΒ πρὸς τὴν Ξ, οὕτως [καὶ] τὸ KAB πρὸς τὸ ATA, ὡς δὲ ἡ ΕΖ πρὸς τὴν Ο, 
οὕτως τὸ ΜΖ πρὸς τὸ ΝΘ: καὶ ὡς ἄρα τὸ ΚΑΒ πρὸς τὸ ATA, οὕτως τὸ ΜΖ πρὸς τὸ ΝΘ. 


᾿Αλλὰ δὴ ἔστω ὡς τὸ ΚΑΒ πρὸς τὸ ATA, οὕτως τὸ ΜΖ πρὸς τὸ ΝΘ: λέγω, ὅτι ἐστὶ καὶ ὡς ἣ 
AB πρὸς τὴν TA, οὕτως ἡἣ ΕΖ πρὸς τὴν ΗΘ. εἰ γὰρ wy ἐστιν, ὡς ἣ AB πρὸς τὴν TA, οὕτως ἣ 
ΕΖ πρὸς τὴν ΗΘ, ἔστω ὡς ἡ AB πρὸς τὴν TA, οὕτως ἡ ΕΖ πρὸς τὴν ΠΡ, καὶ ἀναγεγράφϑω 
ἀπὸ τῆς ΠΡ ὁποτέρῳ τῶν ΜΖ, ΝΘ ὅμοιόν τε καὶ ὁμοίως κείμενον εὐθύγραμμον τὸ ΣΡ. 


"Enel οὖν ἐστιν ὡς ἣ ΑΒ πρὸς τὴν ΓΔ, οὕτως ἣ ΕΖ πρὸς τὴν ΠΡ, καὶ ἀναγέγραπται ἀπὸ μὲν 
τῶν AB, TA ὅμοιά τε καὶ ὁμοίως κείμενα τὰ ΚΑΒ, ADA, ἀπὸ δὲ τῶν EZ, ΠΡ ὅμοιά τε καὶ 
ὁμοίως κείμενα τὰ ΜΖ, ΣΡ, ἔστιν ἄρα ὡς τὸ ΚΑΒ πρὸς τὸ ATA, οὕτως τὸ ΜΖ πρὸς τὸ ΣΡ. 
ὑπόχειται δὲ καὶ ὡς τὸ ΚΑΒ πρὸς τὸ ATA, οὕτως τὸ ΜΖ πρὸς τὸ ΝΘ: χαὶ ὡς ἄρα τὸ ΜΖ 
πρὸς τὸ ΣΡ, οὕτως τὸ ΜΖ πρὸς τὸ ΝΘ. τὸ ΜΖ ἄρα πρὸς ἑκάτερον τῶν ΝΘ, ΣΡ τὸν αὐτὸν 
ἔχει λόγον: ἴσον ἄρα ἐστὶ τὸ ΝΘ τῷ ΣΡ. ἔστι δὲ αὐτῷ καὶ ὅμοιον καὶ ὁμοίως κείμενον: ton ἄρα 
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If four straight-lines are proportional, then similar, and similarly described, rectilinear figures 
(drawn) on them will also be proportional. And if similar, and similarly described, rectilinear 
figures (drawn) on them are proportional, then the straight-lines themselves will also be propor- 
tional. 


Let AB, CD, EF, and GH be four proportional straight-lines, (such that) as AB (is) to CD, so 
EF (is) to GH. And let the similar, and similarly laid out, rectilinear figures ΚΑΒ and LCD have 
been described on AB and CD (respectively), and the similar, and similarly laid out, rectilinear 
figures MF and NH on EF and GH (respectively). I say that as K AB is to LCD, so MF (is) to 
ΝΗ. 


For let a third (straight-line) O have been taken (which is) proportional to AB and Ο), and ἃ 
third (straight-line) P proportional to EF and GH [Prop. 6.11]. And since as AB is to C'D, so 
EF (is) to GH, and as (ἢ (is) to O, so GH (is) to P, thus, via equality, as AB is to O, so EF (is) 
to P [Prop. 5.22]. But, as AB (is) to O, so [also] K AB (is) to LCD, and as EF (is) to P, so MF 
(is) to ΝΗ [Prop. 5.19 corr.]. And, thus, as K AB (is) to LCD, so MF (is) to NH. 


And so let K AB be to LCD, as MF (is) to NH. I say also that as AB is to CD, so EF (is) to GH. 
For if as AB is to CD, so EF (is) not to GH, let AB be to CD, as EF (is) to QR [Prop. 6.12]. 
And let the rectilinear figure SR, similar, and similarly laid down, to either of MF or NH, have 
been described on QR [Props. 6.18, 6.21]. 


Therefore, since as AB is to CD, so EF (is) to QR, and the similar, and similarly laid out, (rec- 
tilinear figures) K AB and LCD have been described on AB and CD (respectively), and the 
similar, and similarly laid out, (rectilinear figures) MF and SR on EF and QR (resespectively), 
thus as ΚΑΒ is to LCD, so MF (is) to SR (see above). And it was also assumed that as K AB 
(is) to LCD, so MF (is) to NH. Thus, also, as MF (is) to SR, so MF (is) to NH. Thus, MF has 
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ἣ ΗΘ τῇ ΠΡ. χαὶ ἐπεί ἐστιν ὡς ἣ ΔΒ πρὸς τὴν TA, οὕτως ἣ ΕΖ πρὸς τὴν ΠΡ, ἴση δὲ ἣ ΠΡ 
τῇ HO, ἔστιν ἄρα ὡς ἡ AB πρὸς τὴν TA, οὕτως ἡ ΕΖ πρὸς τὴν ΗΘ. 


"Exy ἄρα τέσσαρες εὐϑεῖαι ἀνάλογον ὦσιν, καὶ τὰ ἀπ᾿ αὐτῶν εὐθύγραμμα ὅμοιά τε καὶ ὁμοίως 


ἀναγεγραμμένα ἀνάλογον ἔσται: κἂν τὰ ἀπ᾿ αὐτῶν εὐθύγραμμα ὅμοιά τε καὶ ὁμοίως ἀναγε- 
γραμμένα ἀνάλογον 7, καὶ αὐτὰι αἱ εὐϑεῖαι ἀνάλογον ἔσονται" ὅπερ ἔδει δεῖξαι. 
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the same ratio to each of NH and SR. Thus, ΝῊ is equal to SR [Prop. 5.9]. And it is also similar, 
and similarly laid out, to it. Thus, GH (is) equal to QR. And since AB is to CD, as EF (is) to 
QR, and QR (is) equal to GH, thus as AB is to CD, so EF (is) toGH. 


Thus, if four straight-lines are proportional, then similar, and similarly described, rectilinear fig- 
ures (drawn) on them will also be proportional. And if similar, and similarly described, rectilinear 
figures (drawn) on them are proportional, then the straight-lines themselves will also be propor- 
tional. (Which is) the very thing it was required to show. 
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Tx ἰσογώνια παραλληλόγραμμα πρὸς ἄλληλα λόγον ἔχει τὸν συγκείμενον Ex τῶν πλευρῶν. 


Ἔστω ἰσογώνια παραλληλόγραμμα τὰ ΑΙ, CZ ἴσην ἔχοντα τὴν ὑπὸ BLA γωνίαν τῇ ὑπὸ 
ΕΤῊ: λέγω, ὅτι τὸ AT παραλληλόγραμμον πρὸς τὸ ΓΖ παραλληλόγραμμον λόγον ἔχει τὸν 
συγχείμενον EX τῶν πλευρῶν. 


Κείσϑω γὰρ ὥστε én’ εὐϑείας εἶναι τὴν ΒΓ τῇ TH: ἐπ᾿ εὐϑεῖας ἄρα ἐστὶ καὶ ἣ ΔΙῚ τῇ ΓΕ. καὶ 
συμπεπληρώσϑω τὸ ΔΗ παραλληλόγραμμον, καὶ ἐκκείσϑω τις εὐϑεῖα ἡ K, καὶ γεγονέτω ὡς 
μὲν ἡ BI πρὸς τὴν ΤῊ, οὕτως ἣ Κ πρὸς τὴν A, ὡς δὲ ἣ ΔΙ πρὸς τὴν ΤῈ, οὕτως ἣ A πρὸς 
τὴν Μ. 


Οἱ ἄρα λόγοι τῆς τε Κ πρὸς τὴν A καὶ τῆς A πρὸς τὴν Μ οἱ αὐτοί εἰσι τοῖς λόγοις τῶν 
πλευρῶν, τῆς te BI. πρὸς τὴν ΤῊ καὶ τῆς AL πρὸς τὴν TE. ἀλλ᾽ ὁ τῆς Κ πρὸς Μ λόγος 
σύγκειται ἔκ τε τοῦ τῆς Κ πρὸς A λόγου καὶ τοῦ τῆς A πρὸς Μ’ ὥστε καὶ ἣ Κ πρὸς τὴν 
Μ λόγον ἔχει τὸν συγκείμενον Ex τῶν πλευρῶν. χαὶ ἐπεί ἐστιν ὡς ἣ BI πρὸς τὴν ΤῊ, οὕτως 
τὸ AT παραλληλόγραμμον πρὸς τὸ TO, ἀλλ᾽ ὡς ἣ BI πρὸς τὴν ΤῊ, οὕτως ἣ Κ πρὸς τὴν 
A, καὶ ὡς ἄρα ἣ Κ πρὸς τὴν A, οὕτως TO AT πρὸς τὸ TO. πάλιν, ἐπεί ἐστιν ὡς ἣ ΔΙ 
πρὸς τὴν ΤῈ, οὕτως τὸ ΓΘ παραλληλόγραμμον πρὸς τὸ TZ, ἀλλ᾽ ὡς ἡ ΔΙ᾽ πρὸς τὴν TE, 
οὕτως ἣ A πρὸς τὴν Μ, καὶ ὡς ἄρα ἣ A πρὸς τὴν Μ, οὕτως τὸ TO παραλληλόγραμμον 
πρὸς τὸ ΓΖ παραλληλόγραμμον. ἐπεὶ οὖν ἐδείχϑη, ὡς μὲν ἣ Κ πρὸς τὴν A, οὕτως τὸ AT 
παραλληλόγραμμον πρὸς τὸ TO παραλληλόγραμμον, ὡς δὲ ἣ A πρὸς τὴν Μ, οὕτως τὸ TO 
παραλληλόγραμμον πρὸς τὸ 12 παραλληλόγραμμον, δι᾽ ἴσου ἄρα ἐστὶν ὡς ἣ Κ πρὸς τὴν M, 
οὕτως τὸ AT πρὸς τὸ 12 παραλληλόγραμμον. ἣ δὲ Κ πρὸς τὴν Μ λόγον ἔχει τὸν συγκείμενον 
éx τῶν πλευρῶν: καὶ TO AT ἄρα πρὸς τὸ TZ λόγον ἔχει τὸν συγκείμενον Ex τῶν πλευρῶν. 


Tx ἄρα ἰσογώνια παραλληλόγραμμα πρὸς ἄλληλα λόγον ἔχει τὸν συγκείμενον Ex τῶν πλευρῶν᾽ 
ὅπερ ἔδει δεῖξαι. 
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Equiangular parallelograms have to one another the ratio compounded !™ out of (the ratios of) 
their sides. 


Let AC and ΟΕ be equiangular parallelograms having angle BCD equal to ECG. I say that par- 
allelogram AC has to parallelogram C'F the ratio compounded out of (the ratios of) their sides. 


Let BC be laid down so as to be straight-on to CG. Thus, DC is also straight-on to CE [Prop. 1.14]. 
And let the parallelogram DG have been completed. And let some straight-line kK have been laid 
down. And let it be that as BC (is) to CG, so K (is) to L, and as DC (is) to CE, so L (is) to M 
[Prop. 6.12]. 


Thus, the ratios of Καὶ to L and of L to Μ are the same as the ratios of the sides, (namely), BC to 
CG and DC to CE (respectively). But, the ratio of Καὶ to M is compounded out of the ratio of Καὶ 
to L and (the ratio) of L to M. Hence, Καὶ also has to M the ratio compounded out of (the ratios 
of) the sides (of the parallelograms). And since as BC is to CG, so parallelogram AC (is) to CH 
[Prop. 6.1], but as BC (is) to CG, so K (is) to L, thus, also, as Καὶ (is) to L, so (parallelogram) 
AC (is) to CH. Again, since as DC (is) to CE, so parallelogram ΟἿ (is) to CF [Prop. 6.1], 
but as DC (is) to CE, so L (is) to M, thus, also, as L (is) to M, so parallelogram CH (is) to 
parallelogram CF’. Therefore, since it was shown that as Καὶ (is) to L, so parallelogram AC (is) 
to parallelogram ΟἿ, and as L (is) to M, so parallelogram CH (is) to parallelogram (ΟΕ, thus, 
via equality, as Καὶ is to M, so (parallelogram) AC (is) to parallelogram CF [Prop. 5.22]. And 
K has to M the ratio compounded out of (the ratios of) the sides (of the parallelograms). Thus, 
(parallelogram) AC also has to (parallelogram) C'F the ratio compounded out of (the ratio of) 
their sides. 


Thus, equiangular parallelograms have to one another the ratio compounded out of (the ratio of) 
their sides. (Which is) the very thing it was required to show. 


104Tn modern notation, if two ratios are “compounded” then they are multiplied together. 
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Παντὸς παραλληλογράμμου τὰ περὶ τὴν διάμετρον παραλληλόγραμμα ὅμοιά ἐστι τῷ τε ὅλῳ 
καὶ ἀλλήλοις. 


Ἔστω παραλληλόγραμμον τὸ ABA, διάμετρος δὲ αὐτοῦ ἡ AT, περὶ δὲ τὴν ALT παραλ- 
ληλόγραμμα ἔστω τὰ EH, ΘΚ: λέγω, ὅτι ἑκάτερον τῶν EH, OK παραλληλογράμμων ὅμοιόν 
ἐστι ὅλῳ τῷ ΑΒΓ Δ χαὶ ἀλλήλοις. 


"Exel γὰρ τριγώνου τοῦ ABT παρὰ μίαν τῶν πλευρῶν τὴν BI ἧκται ἡ ΕΖ, ἀνάλογόν ἐστιν ὡς ἣ 
BE πρὸς τὴν EA, οὕτως ἣ 12 πρὸς τὴν ZA. πάλιν, ἐπεὶ τριγώνου τοῦ ATA παρὰ μίαν τὴν TA 
Ἦκται ἣ ΖΗ, ἀνάλογόν ἐστιν ὡς 4 ΓΖ πρὸς τὴν ZA, οὕτως ἡ ΔΗ πρὸς thy ΗΑ. ἀλλ᾽ ὡς ἡ ΓΖ 
πρὸς τὴν ΖΔ, οὕτως ἐδείχϑη καὶ ἣ ΒΕ πρὸς τὴν ΕΔ’ καὶ ὡς ἄρα ἣ BE πρὸς τὴν EA, οὕτως 
ἣ ΔΗ πρὸς τὴν HA, χαὶ συνϑέντι ἄρα ὡς ἣ ΒΑ πρὸς AE, οὕτως 7 ΔΑ πρὸς AH, χαὶ ἐναλλὰξ 
ὡς ἣ BA πρὸς τὴν ΛΔ, οὕτως ἡἣ EA πρὸς τὴν ΛΗ. τῶν ἄρα ΑΒΙ Δ, ΕΗ παραλληλογράμμων 
ἀνάλογόν εἰσιν αἱ πλευραὶ αἱ περὶ τὴν κοινὴν γωνίαν τὴν ὑπὸ ΒΑΔ χαὶ ἐπεὶ παράλληλός ἐστιν 
ἡ HZ τῇ AT, ἴση ἐστὶν H μὲν ὑπὸ ΑΖΗ γωνία τῇ ὑπὸ ALA: καὶ κοινὴ τῶν δύο τριγώνων τῶν 
AAT, AHZ 7 ὑπὸ AAT γωνία: ἰσογώνιον ἄρα ἐστὶ τὸ AAT τρίγωνον τῷ AHZ τριγώνῳ. διὰ 
τὰ αὐτὰ δὴ καὶ τὸ ΑΙ τρίγωνον ἰσογώνιόν ἐστι τῷ AZE τριγώνῳ, καὶ ὅλον τὸ ABTA παραλ- 
ληλόγραμμον τῷ EH παραλληλογράμμῳ ἰσογώνιόν ἐστιν. ἀνάλογον ἄρα ἐστὶν ὡς ἣ ΛΔ πρὸς 
τὴν AL, οὕτως ἣ AH πρὸς τὴν HZ, ὡς δὲ ἡ AV πρὸς τὴν ΓΔ, οὕτως ἡἣ ΗΖ πρὸς τὴν ZA, ὡς δὲ 
yn AT πρὸς τὴν VB, οὕτως ἡ ΔΖ πρὸς τὴν ΖΕ, καὶ ἔτι ὡς ἡ ΓΒ πρὸς τὴν ΒΑ, οὕτως ἡ ΖΕ πρὸς 
τὴν EA. χαὶ ἐπεὶ ἐδείχϑη ὡς μὲν ἡ ΔΙ᾽ πρὸς τὴν VA, οὕτως ἡἣ ΗΖ πρὸς τὴν ZA, ὡς δὲ ἡ AT 
πρὸς τὴν ΓΒ, οὕτως ἡἣ ΑΖ πρὸς τὴν ZE, δι᾽ ἴσου ἄρα ἐστὶν ὡς ἣ AT πρὸς τὴν ΓΒ, οὕτως ἡἣ ΗΖ 
πρὸς τὴν ΖΕ. τῶν ἄρα ΑΒΙ Δ, EH παραλληλογράμμων ἀνάλογόν εἰσιν αἱ πλευραὶ αἱ περὶ τὰς 
ἴσας γωνίας: ὅμοιον ἄρα ἐστὶ τὸ ABTA παραλληλογράμμον τῷ ΕΗ παραλληλογράμμῳ. διὰ τὰ 
αὐτὰ δὴ τὸ ABLA παραλληλόγραμμον nat τῷ ΚΘ παραλληλογράμμῳ ὅμοιόν ἐστιν’ ἑκάτερον 
ἄρα τῶν EH, ΘΚ παραλληλογράμμων τῷ ΑΒΓΔ [παραλληλογράμμῳ] ὅμοιόν ἐστιν. τὰ δὲ τῷ 
αὐτῷ εὐθυγράμμῳ ὅμοια καὶ ἀλλήλοις ἐστὶν ὅμοια: καὶ τὸ EH ἄρα παραλληλόγραμμον τῷ OK 
παραλληλογράμμῳ ὅμοιόν ἐστιν. 
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For every parallelogram, the parallelograms about the diagonal are similar to the whole, and to 
one another. 


Let ABCD bea parallelogram, and AC its diagonal. And let EG and H K be parallelograms about 
AC. I say that the parallelograms EG and HK are each similar to the whole (parallelogram) 
ABCD, and to one another. 


For since FF’ has been drawn parallel to one of the sides BC of triangle ABC, proportionally, as 
BE is to EA, so CF (is) to ΕΑ [Prop. 6.2]. Again, since F'G has been drawn parallel to one (of 
the sides) CD of triangle ACD, proportionally, as CF is to FA, so DG (is) to GA [Prop. 6.2]. But, 
as ΟΕ (is) to ΓΑ, so it was also shown (is) BE to HA. And thus as BE (is) to EA, so DG (is) to 
GA. And, thus, compounding, as BA (is) to AE, so DA (is) to AG [Prop. 5.18]. And, alternately, 
as BA (is) to AD, so EA (is) to AG [Prop. 5.16]. Thus, for parallelograms ABCD and EG, the 
sides about the common angle BAD are proportional. And since GF is parallel to DC, angle 
AFG is equal to DCA [Prop. 1.29]. And angle DAC (is) common to the two triangles ADC 
and AGF. Thus, triangle ADC is equiangular to triangle AGF [Prop. 1.32]. So, for the same 
(reasons), triangle ACB is equiangular to triangle AF'E, and the whole parallelogram ABC D is 
equiangular to parallelogram EG. Thus, proportionally, as AD (is) to DC, so AG (is) to GF, and 
as DC (is) to CA, so GF (is) to ΓΑ, and as AC (is) to CB, so AF (is) to FE, and, further, as CB 
(is) to BA, so FE (is) to EA [Prop. 6.4]. And since it was shown that as DC is to C/A, so GF (is) 
to ΓΑ, and as AC (is) to CB, so AF (is) to ΓΕ, thus, via equality, as DC is to CB, so GF (is) to 
FE [Prop. 5.22]. Thus, for parallelograms ABC'D and EG, the sides about the equal angles are 
proportional. Thus, parallelogram ABCD is similar to parallelogram EG [Def. 6.1]. So, for the 
same (reasons), parallelogram ABCD is also similar to parallelogram K H. Thus, parallelograms 
EG and HK are each similar to [parallelogram] ABCD. And (rectilinear figures) similar to the 
same rectilinear figure are also similar to one another [Prop. 6.21]. Thus, parallelogram EG is 
also similar to parallelogram HK. 
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Παντὸς ἄρα παραλληλογράμμου τὰ περὶ τὴν διάμετρον παραλληλόγραμμα ὅμοιά ἐστι τῷ τε 
ὅλῳ καὶ ἀλλήλοις" ὅπερ ἔδει δεῖξαι. 
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Thus, for every parallelogram, the parallelograms about the diagonal are similar to the whole and 
to one another. (Which is) the very thing it was required to show. 
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Τῷ δοϑέντι εὐθυγράμμῳ ὅμοιον καὶ ἄλλῳ τῷ δοϑέντι ἴσον τὸ αὐτὸ συστήσασθϑαι. 


Ἔστω τὸ μὲν δοϑὲν εὐθύγραμμον, ᾧ Set ὅμοιον συστήσασϑαι, τὸ ABI, ᾧ δὲ δεῖ ἴσον, τὸ Δ’ 
δεῖ δὴ τῷ μὲν ABI ὅμοιον, τῷ δὲ Δ ἴσον τὸ αὐτὸ συστήσασϑαι. 


Παραβεβλήσϑω γὰρ παρὰ μὲν τὴν BE τῷ ABI τριγώνῳ ἴσον παραλληλόγραμμον τὸ ΒΕ, παρὰ 
δὲ τὴν TE τῷ Δ ἴσον παραλληλόγραμμον τὸ ΤΜ ἐν γωνία τῇ ὑπὸ ΖΙῈ, ἣ ἐστιν ἴση τῇ ὑπὸ 
TBA. ἐπ᾽ εὐϑείας ἄρα ἐστὶν ἣ μὲν BE τῇ ΓΖ, ἡ δὲ AE τῇ ΕΜ. καὶ εἰλήφϑω τῶν BY, ΓΖ μέση 
ἀνάλογον ἣ ΗΘ, καὶ ἀναγεγράφϑω ἀπὸ τῆς ΗΘ τῷ ABI ὅμοιόν τε καὶ ὁμοίως κείμενον τὸ 
ΚΗΘ. 


Καὶ ἐπεί ἐστιν ὡς ἡ BI πρὸς τὴν ΗΘ, οὕτως ἣ ΗΘ πρὸς τὴν UZ, ἐὰν δὲ τρεῖς εὐϑεῖαι 
ἀνάλογον ὦσιν, ἔστιν ὡς ἣ πρώτη πρὸς τὴν τρίτην, οὕτως τὸ ἀπὸ τῆς πρώτης εἶδος πρὸς τὸ ἀπὸ 
τῆς δευτέρας τὸ ὅμοιον καὶ ὁμοίως ἀναγραφόμενον, ἔστιν ἄρα ὡς ἣ BI πρὸς τὴν 12, οὕτως 
τὸ ABI τρίγωνον πρὸς τὸ ΚΗΘ τρίγωνον. ἀλλὰ not ὡς 7 BI πρὸς τὴν 12, οὕτως τὸ BE 
παραλληλόγραμμον πρὸς τὸ ΕΖ παραλληλόγραμμον. nual ὡς ἄρα τὸ ABI τρίγωνον πρὸς τὸ 
KH® τρίγωνον, οὕτως τὸ BE παραλληλόγραμμον πρὸς τὸ ΕΖ παραλληλόγραμμον: ἐναλλὰξ 
ἄρα ὡς τὸ ABI’ τρίγωνον πρὸς τὸ BE παραλληλόγραμμον, οὕτως τὸ ΚΗΘ τρίγωνον πρὸς τὸ 
ΕΖ παραλληλόγραμμον. ἴσον δὲ τὸ ABI τρίγωνον τῷ ΒΕ παραλληλογράμμῳ: ἴσον ἄρα xxl τὸ 
KH® τρίγωνον τῷ ΕΖ παραλληλογράμμῳ. ἀλλὰ τὸ ΕΖ παραλληλόγραμμον τῷ Δ ἐστιν ἴσον" 
nat τὸ ΚΗΘ ἄρα τῷ Δ ἐστιν ἴσον. ἔστι δὲ τὸ ΚΗΘ χαὶ τῷ ABI ὅμοιον. 


Ἰῷ ἄρα δοϑέντι εὐθυγράμμῳ τῷ ABI ὅμοιον καὶ ἄλλῳ τῷ δοϑέντι τῷ Δ ἴσον τὸ αὐτὸ 
συνέσταται τὸ ΚΗΘ’ ὅπερ ἔδει ποιῆσαι. 
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To construct a single (rectilinear figure) similar to a given rectilinear figure and equal to a differ- 
ent given rectilinear figure. 


Let ABC be the given rectilinear figure to which it is required to construct a similar (rectilinear 
figure), and D the (rectilinear figure) to which (the constructed figure) is required (to be) equal. 
So it is required to construct a single (rectilinear figure) similar to ABC and equal to D. 


For let the parallelogram BE, equal to triangle ABC, have been applied to (the straight-line) BC 
[Prop. 1.44], and the parallelogram ΟΜ, equal to D, (have been applied) to (the straight-line) 
CE, in the angle FCE, which is equal to CBL [Prop. 1.45]. Thus, BC is straight-on to CF, 
and LE to EM [Prop. 1.14]. And let the mean proportion G'H have been taken of BC and CF 
[Prop. 6.13]. And let KGH, similar, and similarly laid out, to ABC have been described on GH 
[Prop. 6.18]. 


And since as BC is to GH, so GH (is) to CF, and if three straight-lines are proportional then 
as the first is to the third, so the figure (described) on the first (is) to the similar, and similarly 
described, (figure) on the second [Prop. 6.19 corr.], thus as BC is to CF, so triangle ABC (is) 
to triangle KGH. But, also, as BC (is) to CF, so parallelogram BE (is) to parallelogram EF 
[Prop. 6.1]. And, thus, as triangle ABC (is) to triangle KGH, so parallelogram BE (is) to par- 
allelogram EF. Thus, alternately, as triangle ABC (is) to parallelogram BE, so triangle KGH 
(is) to parallelogram EF [Prop. 5.16]. And triangle ABC (is) equal to parallelogram BE. Thus, 
triangle K GH (is) also equal to parallelogram EF’. But, parallelogram EF is equal to D. Thus, 
KGH is also equal to D. And KGH is also similar to ABC. 


Thus, a single (rectilinear figure) AGH has been constructed (which is) similar to the given recti- 


linear figure ABC and equal to a different given (rectilinear figure) D. (Which is) the very thing 
it was required to do. 
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Ἤν ἀπὸ παραλληλογράμμου παραλληλόγραμμον ἀφαιρεϑῇ ὅμοιόν τε τῷ ὅλῳ καὶ ὁμοίως 
χείμενον κοινὴν γωνίαν ἔχον αὐτῷ, περὶ τὴν αὐτὴν διάμετρόν ἐστι τῷ ὅλῳ. 


᾿Απὸ γὰρ παραλληλογράμμου τοῦ ABLA παραλληλόγραμμον ἀφῃρήσϑω τὸ ΑΖ ὅμοιον τῷ 
ABTA χαὶ ὁμοίως κείμενον κοινὴν γωνίαν ἔχον αὐτῷ τὴν ὑπὸ ΔΑΒ’ λέγω, ὅτι περὶ τὴν αὐτὴν 
διάμετρόν ἐστι τὸ ΑΒΙΔ τῷ ΛΖ. 


Μὴ γάρ, ἀλλ᾽ εἰ δυνατόν, ἔστω [αὐτῶν] διάμετρος ἣ ΑΘΙ;, καὶ ἐκβληϑεῖσα ἡ ΗΖ διήχϑω ἐπὶ τὸ 
Θ, not ἤχϑω διὰ τοῦ © ὁπορέρᾳ τῶν AA, BI" παράλληλος ἡ ΘΚ. 


"Exel οὖν περὶ τὴν αὐτὴν διάμετρόν ἐστι τὸ ΑΒΓΔ τῷ ΚΗ, ἔστιν ἄρα ὡς ἣ ΔΑ πρὸς τὴν ΑΒ, 
οὕτως ἣ HA πρὸς τὴν AK. ἔστι δὲ καὶ διὰ τὴν ὁμοιότητα τῶν ABTA, EH xat ὡς ἣ AA πρὸς 
τὴν AB, οὕτως ἣ ΗΛ πρὸς τὴν ΛΕ; καὶ ὡς ἄρα ἡἣ HA πρὸς τὴν AK, οὕτως ἣ HA πρὸς τὴν 
AE. ἡ HA ἄρα πρὸς ἑκατέραν τῶν AK, AE τὸν αὐτὸν ἔχει λόγον. ἴση ἄρα ἐστὶν ἣ AE τῇ 
AK 7 ἐλάττων τῇ μείζονι: ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα οὔκ ἐστι περὶ τὴν αὐτὴν διάμετρον 
τὸ ΛΒΙΔ τῷ ΛΖ: περὶ τὴν αὐτὴν ἄρα ἐστὶ διάμετρον τὸ ΑΒΙΔ παραλληλόγραμμον τῷ ΑΖ 
παραλληλογράμμῳ. 


᾿ὰν ἄρα ἀπὸ παραλληλογράμμου παραλληλόγραμμον ἀφαιρεϑῇ ὅμοιόν τε τῷ ὅλῳ καὶ ὁμοίως 
χείμενον κοινὴν γωνίαν ἔχον αὐτῷ, περὶ τὴν αὐτὴν διάμετρόν ἐστι τῷ ὅλῳ: ὅπερ ἔδει δεῖξαι. 
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If from a parallelogram a(nother) parallelogram is subtracted (which is) similar, and similarly 
laid out, to the whole, having a common angle with it, then (the subtracted parallelogram) is 
about the same diagonal as the whole. 


For, from parallelogram ABC D, let (parallelogram) AF’ have been subtracted (which is) similar, 
and similarly laid out, to ABCD, having the common angle DAB with it. I say that ABCD is 
about the same diagonal as AF’. 


For (if) not, then, if possible, let AHC’ be [ABC D’s] diagonal. And producing GF, let it have 
been drawn through to (point) H. And let Hk have been drawn through (point) H, parallel to 
either of AD or BC [Prop. 1.31]. 


Therefore, since ABC'D is about the same diagonal as KG, thus as DA is to AB, so GA (is) to 
AK [Prop. 6.24]. And, on account of the similarity of ABCD and EG, also, as DA (is) to AB, 
so GA (is) to ΑΕ. Thus, also, as GA (is) to AK, so GA (is) to AE. Thus, GA has the same ratio 
to each of AK and AE. Thus, AF is equal to AK [Prop. 5.9], the lesser to the greater. The very 
thing is impossible. Thus, ABC D is not not about the same diagonal as AF’. Thus, parallelogram 
ABCD is about the same diagonal as parallelogram AF’. 


Thus, if from a parallelogram a(nother) parallelogram is subtracted (which is) similar, and simi- 


larly laid out, to the whole, having a common angle with it, then (the subtracted parallelogram) 
is about the same diagonal as the whole. (Which is) the very thing it was required to show. 
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Πάντων τῶν παρὰ τὴν αὐτὴν εὐθεῖαν παραβαλλομένων παραλληλογράμμων καὶ ἐλλειπόντων 
εἴδεσι παραλληλογράμμοις ὁμοίοις τε καὶ ὁμοίως χειμένοις τῷ ἀπὸ τῆς ἡμισείας ἀναγρα - 
φομένῳ μέγιστόν ἐστι τὸ ἀπὸ τῆς ἡμισείας παραβαλλόμενον [παραλληλόγραμμον] ὅμοιον ὃν 
τῷ ἐλλείμμαντι. 


Ἔστω εὐϑεῖα ἡ AB καὶ τετμήσϑω δίχα κατὰ τὸ 1, καὶ παραβεβλήσϑω παρὰ τὴν AB εὐϑεῖαν τὸ 
AA παραλληλόγραμμον ἐλλεῖπον εἴδει παραλληλογράμμῳ τῷ ΔΒ ἀναγραφέντι ἀπὸ τῆς ἡμισείας 
τῆς AB, τουτέστι τῆς VB: λέγω, ὅτι πάντων τῶν παρὰ τὴν AB παραβαλλομένων παραλλη- 
λογράμμων uxt ἐλλειπόντων εἴδεσι [παραλληλογράμμοις] ὁμοίοις τε καὶ ὁμοίως κειμένοις τῷ 
ΔΒ μέγιστόν ἐστι τὸ ΑΔ. παραβεβλήσϑω γὰρ παρὰ τὴν AB εὐϑεῖαν τὸ AZ παραλληλόγραμμον 
ἐλλεῖπον εἴδει παραλληλογράμμῳ τῷ ΖΒ ὁμοίῳ τε καὶ ὁμοίως κειμένῳ τῷ ΔΒ’ λέγω, ὅτι μεῖζόν 
ἐστι τὸ ΛΔ τοῦ ΑΖ. 


᾿πεὶ γὰρ ὅμοιόν ἐστι τὸ ΔΒ παραλληλόγραμμον τῷ ΖΒ παραλληλογράμμῳ, περὶ τὴν αὐτήν 
εἰσι διάμετρον. ἤχϑω αὐτῶν διάμετρος 7 AB, καὶ καταγεγράφϑω τὸ σχῆμα. 


Ἐπεὶ οὖν ἴσον ἐστὶ τὸ ΓΖ τῷ ΖΕ, κοινὸν δὲ τὸ ΖΒ, ὅλον ἄρα τὸ ΓΘ ὅλῳ τῷ KE ἐστιν 
ἴσον. ἀλλὰ τὸ TO τῷ ΤῊ ἐστιν ἴσον, ἐπεὶ καὶ ἣ AV τῇ VB. καὶ τὸ HE ἄρα τῷ ΕΚ ἐστιν 
ἴσον. κοινὸν προσχείσϑω τὸ CZ: ὅλον ἄρα τὸ AZ τῷ ΛΜΝ γνώμονί ἐστιν ἴσον: ὥστε τὸ AB 
παραλληλόγραμμον, τουτέστι τὸ AA, τοῦ AZ παραλληλογράμμου μεῖζόν ἐστιν. 


Πάντων ἄρα τῶν παρὰ τὴν αὐτὴν εὐθεῖαν παραβαλλομένων παραλληλογράμμων καὶ ἐλλειπόντων 


εἴδεσι παραλληλογράμμοις ὁμοίοις τε καὶ ὁμοίως κειμένοις τῷ ἀπὸ τῆς ἡμισείας ἀναγραφομένῳ 
μέγιστόν ἐστι τὸ ἀπὸ τῆς ἡμισείας παραβληϑέν᾽ ὅπερ ἔδει δεῖξαι. 
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For all parallelograms applied to the same straight-line, and falling short by a parallelogrammic 
figure similar, and similarly laid out, to the (parallelogram) described on half (the straight-line), 
the greatest is the [parallelogram] applied to half (the straight-line), which (is) similar to (that 
parallelogram) by which it falls short. 


Let AB be the straight-line, and let it have been cut in half at (point) C [Prop. 1.10]. And let 
the parallelogram AD have been applied to the straight-line AB, falling short by the parallelo- 
grammic figure DB, (which is) applied to half of AB—that is to say, CB. I say that of all the 
parallelograms applied to AB, and falling short by a [parallelogrammic] figure similar, and simi- 
larly laid out, to DB, the greatest is AD. For let the parallelogram AF have been applied to the 
straight-line AB, falling short by the parallelogrammic figure ΓΒ, (which is) similar, and simi- 
larly laid out, to DB. I say that AD is greater than AF’. 


For since parallelogram DB is similar to parallelogram ΓΒ, they are about the same diagonal 
[Prop. 6.26]. Let their (common) diagonal DB have been drawn, and let the (rest of the) figure 
have been described. 


Therefore, since (complement) C’F' is equal to (complement) FE [Prop. 1.43], and (parallelo- 
gram) ΓΒ is common, the whole (parallelogram) C'H is thus equal to the whole (parallelogram) 
KE. But, (parallelogram) C'H is equal to CG, since AC (is) also (equal) to CB [Prop. 6.1]. Thus, 
(parallelogram) GC is also equal to EK. Let (parallelogram) C'F have been added to both. Thus, 
the whole (parallelogram) AF is equal to the gnomon LVN. Hence, parallelogram DB—that is 
to say, AD—is greater than parallelogram AF’. 


Thus, for all parallelograms applied to the same straight-line, and falling short by a parallel- 
ogrammic figure similar, and similarly laid out, to the (parallelogram) described on half (the 
straight-line), the greatest is the [parallelogram] applied to half (the straight-line). (Which is) 
the very thing it was required to show. 
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Παρὰ τὴν δοϑεῖσαν εὐϑεῖαν τῷ δοϑέντι εὐθυγράμμῳ ἴσον παραλληλόγραμμον παραβαλεῖν 
ἐλλεῖπον εἴδει παραλληλογράμμῳ ὁμοίῳ τῷ δοϑέντι᾽ δεῖ δὲ τὸ διδόμενον εὐθύγραμμον [ᾧ δεῖ 
ἴσον παραβαλεῖν] μὴ μεῖζον. εἶναι τοῦ ἀπὸ τῆς ἡμισείας ἀναγραφομένου ὁμοίου τῷ ἐλλείμματι 
[τοῦ τε ἀπὸ τῆς ἡμισείας καὶ ᾧ δεῖ ὅμοιον ἐλλείπειν]. 


Ἔστω ἣ μὲν δοϑεῖσα εὐϑεῖα ἣ ΑΒ, τὸ δὲ δοϑὲν εὐθύγραμμον, ᾧ δεῖ ἴσον παρὰ τὴν AB 
παραβαλεῖν, τὸ 1 μὴ μεῖζον [dv] τοῦ ἀπὸ τῆς ἡμισείας τῆς AB ἀναγραφομένου ὁμοίου τῷ 
ἐλλείμματι, ᾧ δὲ δεῖ ὅμοιον ἐλλείπειν, τὸ Δ’ δεῖ δὴ παρὰ τὴν δοϑεῖσαν εὐϑεῖαν τὴν AB 
τῷ δοϑέντι εὐθυγράμμῳ τῷ 1 ἴσον παραλληλόγραμμον παραβαλεῖν ἐλλεῖπον εἴδει παραλλῃ - 
λογράμμῳ ὁμοίῳ ὄντι τῷ Δ. 


Ἰετμήσϑω 7 AB δίχα κατὰ τὸ E σημεῖον, καὶ ἀναγεγράφϑω ἀπὸ τῆς EB τῷ Δ ὅμοιον καὶ 
ὁμοίως κείμενον τὸ ΕΒΖΗ, καὶ συμπεπληρώσϑω τὸ AH παραλληλόγραμμον. 


Εἰ μὲν οὖν ἴσον ἐστὶ τὸ AH τῷ T, γεγονὸς ἂν εἴη τὸ ἐπιταχϑέν: παραβέβληται γὰρ παρὰ 
τὴν δοϑεῖσαν εὐθεῖαν τὴν AB τῷ δοϑέντι εὐϑυγράμμῳ τῷ VF ἴσον παραλληλόγραμμον τὸ AH 
ἐλλεῖπον εἴδει παραλληλογράμμῳ τῷ ΗΒ ὁμοίῳ ὄντι τῷ Δ. εἰ δὲ οὔ, μεῖζόν ἔστω τὸ ΘΕ τοῦ I. 
ἴσον δὲ τὸ ΘΕ τῷ HB: μεῖζον ἄρα καὶ τὸ HB τοῦ Γ΄. ᾧ δὴ μεῖζόν ἐστι τὸ ΗΒ τοῦ T, ταύτῃ τῇ 
ὑπεροχῇ ἴσον, τῷ δὲ Δ ὅμοιον καὶ ὁμοίως κείμενον τὸ αὐτὸ συνεστάτω τὸ ΚΛΜΝ. ἀλλὰ τὸ Δ 
τῷ ΗΒ [ἐστιν] ὅμοιον: καὶ τὸ ΚΜ ἄρα τῷ ΗΒ ἐστιν ὅμοιον. ἔστω οὖν ὁμόλογος ἣ μὲν ΚΛ τὴ 
HE, 7 δὲ AM τῇ ΗΖ. καὶ ἐπεὶ ἴσον ἐστὶ τὸ HB τοῖς 1), KM, μεῖζον ἄρα ἐστὶ τὸ ΗΒ τοῦ ΚΜ’ 
μείζων ἄρα ἐστὶ καὶ ἣ μὲν HE τῆς ΚΛ, ἡ δὲ ΗΖ τῆς ΛΜ. κείσϑω τῇ μὲν KA ἴση ἣ ΗΞ, τῇ 
δὲ ΛΜ ἴση ἡ ΗΟ, καὶ συμπεπληρώσϑω τὸ ΞΗΟΠ παραλληλόγραμμον: ἴσον ἄρα καὶ ὅμοιον 
ἐστι [τὸ HIT] τῷ ΚΜ [ἀλλὰ τὸ KM τῷ ΗΒ ὅμοιόν ἐστιν]. καὶ τὸ HII ἄρα τῷ ΗΒ ὅμοιόν ἐστιν’ 
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To apply a parallelogram, equal to a given rectilinear figure, to a given straight-line, (the applied 
parallelogram) falling short by a parallelogrammic figure similar to a given (parallelogram). It 
is necessary for the given rectilinear figure [to which it is required to apply an equal (parallelo- 
gram)] not to be greater than the (parallelogram) described on half (of the straight-line, which 
is) similar to the deficit. 


Let AB be the given straight-line, and C the given rectilinear figure to which the (parallelogram) 
applied to AB is required (to be) equal, [being] not greater than the (parallelogram) described 
on half of AB (which is) similar to the deficit, and D the (parallelogram) to which the deficit is 
required (to be) similar. So it is required to apply a parallelogram, equal to the given rectilinear 
figure (Οἱ, to the straight-line AB, falling short by a parallelogrammic figure which is similar to D. 


Let AB have been cut in half at point Εἰ [Prop. 1.10], and let (parallelogram) EX BF‘G, (which is) 
similar, and similarly laid out, to (parallelogram) D, have been applied to EB [Prop. 6.18]. And 
let parallelogram AG have been completed. 


Therefore, if AG is equal to C then the thing prescribed has happened. For a parallelogram AG, 
equal to the given rectilinear figure C’, has been applied to the given straight-line AB, falling short 
by a parallelogrammic figure GB which is similar to D. And if not, let HE be greater than C. 
And HE (is) equal to GB [Prop. 6.1]. Thus, GB (is) also greater than C’. So, let (parallelogram) 
KLMN have been constructed (so as to be) both similar, and similarly laid out, to D, and equal 


105This proposition is a geometric solution of the quadratic equation x? — ax + 3 = 0. Here, x is the ratio of a side 
of the deficit to the corresponding side of figure D, a is the ratio of the length of AB to the length of that side of 
figure D which corresponds to the side of the deficit running along AB, and {@ is the ratio of the areas of figures C 
and D. The constraint corresponds to the condition 3 < a?/4 for the equation to have real roots. Only the smaller 
root of the equation is found. The larger root can be found by a similar method. 
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περὶ τὴν αὐτὴν ἄρα διάμετρόν ἐστι τὸ ΗΠ] τῷ ΗΒ. ἔστω αὐτῶν διάμετρος 7 HIIB, χαὶ κατα - 
γεγράφϑω τὸ σχῆμα. 


"Exel οὖν ἴσον ἐστὶ τὸ ΒΗ τοῖς A, ΚΜ, ὧν τὸ ΗΠ τῷ ΚΜ ἐστιν ἴσον, λοιπὸς ἄρα 6 ΥΧΦ 

΄ ~ ee 2 2 ΄ὔ ἢ 2 Nw 2 \ X ~ perl \ ΄ὔ Ν 
γνόμων λοιπῷ τῷ I ἴσος ἐστίν. καὶ ἐπεὶ ἴσον ἐστὶ τὸ OP τῷ ἘΣ, κοινὸν προσκείσϑω τὸ IIB: 
ὅλον ἄρα τὸ OB ὅλῳ τῷ EB ἴσον ἐστίν. ἀλλὰ τὸ EB τῷ TE ἐστιν ἴσον, ἐπεὶ καὶ πλευρὰ ἡἣ AE 
πλευρᾷ τῇ ΕΒ ἐστιν ἴση: καὶ τὸ TE ἄρα τῷ OB ἐστιν ἴσον. κοινὸν προσχείσϑω τὸ ἘΣ; ὅλον 
ἄρα τὸ TX ὅλῳ τῷ ΦΧΥ γνώμονί ἐστιν ἴσον. ἀλλ᾽ ὁ ΦΧΥ γνώμων τῷ Τ᾿ ἐδείχϑη ἴσος" καὶ τὸ 
TX ἄρα τῷ 1" ἐστιν ἴσον. 


Παρὰ τὴν δοϑεῖσαν ἄρα εὐϑεῖαν τὴν AB τῷ δοϑέντι εὐθυγράμμῳ τῷ 1 ἴσον παραλληλόγραμμον 


παραβέβληται TO UT ἐλλεῖπον εἴδει παραλληλογράμμῳ τῷ ΠΕ ὁμοίῳ ὄντι τῷ Δ [ἐπειδήπερ τὸ 
ΠΕ τῷ ΗΠ ὅμοιόν ἐστιν] ὅπερ ἔδει ποιῆσαι. 
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to the excess by which GB is greater than C [Prop. 6.25]. But, GB [is] similar to D. Thus, ΚΜ 
is also similar to GB [Prop. 6.21]. Therefore, let KL correspond to GE, and LM to GF. And 
since (parallelogram) GB is equal to (figure) C and (parallelogram) KM, GB is thus greater 
than KM. Thus, GE is also greater than AL, and GF than LM. Let GO be made equal to 
KL, and GP to LM [Prop. 1.3]. And let the parallelogram OGPQ have been completed. Thus, 
[GQ] is equal and similar to KM [but, KM is similar to GB]. Thus, GQ is also similar to GB 
[Prop. 6.21]. Thus, GQ and GB are about the same diagonal [Prop. 6.26]. Let GQB be their 
(common) diagonal, and let the (remainder of the) figure have been described. 


Therefore, since BG is equal to C and ΚΗ, of which GQ is equal to kK M, the remaining gnomon 
UXV is thus equal to the remainder C’. And since (the complement) PR is equal to (the com- 
plement) OS' [Prop. 1.43], let (parallelogram) QB have been added to both. Thus, the whole 
(parallelogram) PB is equal to the whole (parallelogram) OB. But, OB is equal to TE, since 
side AE is equal to side EB [Prop. 6.1]. Thus, ΤῈ is also equal to PB. Let (parallelogram) OS 
have been added to both. Thus, the whole (parallelogram) T'S is equal to the gnomon UXV. 
But, gnomon U XV was shown (to be) equal to (΄. Therefore, (parallelogram) Τ᾽ δ΄ is also equal to 
(figure) C. 


Thus, the parallelogram ST, equal to the given rectilinear figure C’, has been applied to the given 


straight-line AB, falling short by the parallelogrammic figure QB, which is similar to D [inasmuch 
as QB is similar to GQ [Prop. 6.24] ]. (Which is) the very thing it was required to do. 
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ΣΤΟΙΧΕΊΩΝ ς΄ 


Παρὰ τὴν δοϑεῖσαν εὐϑεῖαν τῷ δοϑέντι εὐθυγράμμῳ ἴσον παραλληλόγραμμον παραβαλεῖν 
ὑπερβάλλον εἴδει παραλληλογράμμῳ ὁμοίῳ τῷ δοϑέντι. 


Ἔστω ἣ μὲν δοϑεῖσα εὐϑεῖα ἣ ΑΒ, τὸ δὲ δοϑὲν εὐθύγραμμον, ᾧ δεῖ ἴσον παρὰ τὴν AB 
παραβαλεῖν, τὸ Γ΄, ᾧ δὲ δεῖ ὅμοιον ὑπερβάλλειν, τὸ Δ’ δεῖ δὴ παρὰ τὴν AB εὐϑεῖαν τῷ Γ 
εὐθυγράμμῳ ἴσον παραλληλόγραμμον παραβαλεῖν ὑπερβάλλον εἴδει παραλληλογράμμῳ ὁμοίῳ 
τῷ Δ. 


Ἰετμήσϑω 7 AB δίχα κατὰ τὸ E, καὶ ἀναγεγράϑω ἀπὸ τὴς EB τῷ Δ ὅμοιον ual ὁμοίως 
χείμενον παραλληλόγραμμον τὸ ΒΖ, καὶ συναμφοτέροις μὲν τοῖς ΒΖ, I ἴσον, τῷ δὲ Δ ὅμοιον 
NOL ὁμοίως κείμενον τὸ αὐτὸ συνεστάτω τὸ ΗΘ. ὁμόλογος δὲ ἔστω H μὲν ΚΘ τῇ ZA, ἣ δὲ 
KH τῇ ΖΗ. καὶ ἐπεὶ μεῖζόν ἐστι τὸ ΗΘ τοῦ ZB, μείζων ἄρα ἐστὶ καὶ ἣ μὲν ΚΘ τῆς ZA, ἣ δὲ 
KH τῇ ΖΗ. ἐκβεβλήσϑωσαν αἱ ZA, ΖΕ, καὶ τῇ μὲν ΚΘ ἴση ἔστω ἡ ZAM, τῇ δὲ ΚΗ ἴση 7 
ZEN, uot συμπεπληρώσϑω τὸ MN: τὸ ΜΝ ἄρα τῷ ΗΘ ἴσον τέ ἐστι καὶ ὅμοιον. ἀλλὰ τὸ HO 
τῷ ΕΛ ἐστιν ὅμοιον: καὶ τὸ ΜΝ ἄρα τῷ EA ὅμοιόν ἐστιν’ περὶ τὴν αὐτὴν ἄρα διάμετρόν ἐστι 
τὸ EA τῷ ΜΝ. ἤχϑω αὐτῶν διάμετρος ἣ ZH, καὶ καταγεγράφϑω τὸ σχῆμα. 


Ἐπεὶ ἴσον ἐστὶ τὸ ΗΘ τοῖς ΕΛ, 1, ἀλλὰ τὸ ΗΘ τῷ ΜΝ ἴσον ἐστίν, καὶ τὸ ΜΝ ἄρα τοῖς EA, 
Τ᾽ ἴσον ἐστίν. κοινὸν ἀφηρήσϑω τὸ ΕΛ’ λοιπὸς ἄρα ὁ ΨΨΧΦ γνώμων τῷ 1" ἐστιν ἴσος. καὶ ἐπεὶ 
ἴση ἐστὶν ἣ AE τῇ EB, ἴσον ἐστὶ καὶ τὸ AN τῷ NB, τουτέστι τῷ ΛΟ. κοινὸν προσχκείσϑω τὸ 
E&: ὅλον ἄρα τὸ AE ἴσον ἐστὶ τῷ ΦΙΧΨ γνώμονι. ἀλλὰ 6 ΦΧΨ γνώμων τῷ 1" ἴσος ἐστίν" καὶ 
τὸ AS ἄρα τῷ I ἴσον ἐστίν. 

Παρὰ τὴν δοϑεῖσαν ἄρα εὐϑεῖαν τὴν AB τῷ δοϑέντι εὐθυγράμμῳ τῷ 1 ἴσον παραλληλόγραμμον 


παραβέβληται TO AE ὑπερβάλλον εἴδει παραλληλογράμμῳ τῷ ΠΟ ὁμοίῳ ὄντι τῷ Δ, ἐπεὶ καὶ 
τῷ ΕΛ ἐστιν ὅμοιον τὸ ΟΠ!’ ὅπερ ἔδει ποιῆσαι. 
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Proposition 29 106 


N QO ἃ 


To apply a parallelogram, equal to a given rectilinear figure, to a given straight-line, (the applied 
parallelogram) overshooting by a parallelogrammic figure similar to a given (parallelogram). 


Let AB be the given straight-line, and C the given rectilinear figure to which the (parallelogram) 
applied to AB is required (to be) equal, and D the (parallelogram) to which the excess is required 
(to be) similar. So it is required to apply a parallelogram, equal to the given rectilinear figure C, 
to the given straight-line AB, overshooting by a parallelogrammic figure similar to D. 


Let AB have been cut in half at (point) & [Prop. 1.10], and let the parallelogram BF’, (which 
is) similar, and similarly laid out, to D, have been applied to EB [Prop. 6.18]. And let (parallel- 
ogram) GH have been constructed (so as to be) both similar, and similarly laid out, to D, and 
equal to the sum of BF and C [Prop. 6.25]. And let kK H correspond to F'L, and KG to FE. And 
since (parallelogram) GH is greater than (parallelogram) ΕΒ, KH is thus also greater than FL, 
and KG than FE. Let FL and FE have been produced, and let LM be (made) equal to KH, 
and FEN to KG [Prop. 1.3]. And let (parallelogram) IN have been completed. Thus, ΜΝ is 
equal and similar to GH. But, GH is similar to EL. Thus, ΜΝ is also similar to EL [Prop. 6.21]. 
EL is thus about the same diagonal as MN [Prop. 6.26]. Let their (common) diagonal F'O have 
been drawn, and let the (remainder of the) figure have been described. 


106This proposition is a geometric solution of the quadratic equation x? + ax — 3 = 0. Here, z is the ratio of a side 
of the excess to the corresponding side of figure D, a is the ratio of the length of AB to the length of that side of 
figure D which corresponds to the side of the excess running along AB, and (3 is the ratio of the areas of figures C’ 
and D. Only the positive root of the equation is found. 
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ΣΤΟΙΧΕΊΩΝ ς΄ 


ny 
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And since (parallelogram) GH is equal to (parallelogram) EL and (figure) C, but GH is equal 
to (parallelogram) MN, MN is thus also equal to EL and C.. Let EL have been subtracted from 
both. Thus, the remaining gnomon U XV is equal to (figure) C. And since AF is equal to EB, 
(parallelogram) AN is also equal to (parallelogram) NB [Prop. 6.1], that is to say, (parallelo- 
gram) LP [Prop. 1.43]. Let (parallelogram) EO have been added to both. Thus, the whole 
(parallelogram) AO is equal to the gnomon UXV. But, the gnomon U XV is equal to (figure) C. 
Thus, (parallelogram) AO is also equal to (figure) C. 


Thus, the parallelogram AO, equal to the given rectilinear figure C’, has been applied to the given 


straight-line AB, overshooting by the parallelogrammic figure @P which is similar to D, since 
EL is also similar to PQ [Prop. 6.24]. (Which is) the very thing it was required to do. 
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χ' 


1 Ζ Θ 


Δ 


Thy δοϑεῖσαν εὐθεῖαν πεπερασμένην ἄκρον χαὶ μέσον λόγον τεμεῖν. 


Ἔστω ἣ δοϑεῖσα εὐϑεῖα πεπερασμένη 7 ΑΒ’ δεῖ δὴ τὴν ΑΒ εὐϑεῖαν ἄκρον καὶ μέσον λόγον 
τεμεῖν. 


᾿Αναγεγράφϑω ἀπὸ τῆς ΑΒ τετράγωνον τὸ BI, καὶ παραβεβλήσϑω παρὰ τὴν AV τῷ BI ἴσον 
παραλληλόγραμμον τὸ TA ὑπερβάλλον εἴδει τῷ AA ὁμοίῳ τῷ BI. 


Ἰετράγωνον δέ ἐστι τὸ BI” τετράγωνον ἄρα ἐστι καὶ τὸ AA. καὶ ἐπεὶ ἴσον ἐστὶ τὸ BI τῷ 
TA, κοινὸν ἀφῃρήσϑω τὸ TE: λοιπὸν ἄρα τὸ ΒΖ λοιπῷ τῷ ΛΔ ἐστιν ἴσον. ἔστι δὲ αὐτῷ καὶ 
ἰσογώνιον: τῶν ΒΖ, AA ἄρα ἀντιπεπόνϑασιν αἱ πλευραὶ αἱ περὶ τὰς ἴσας γωνίας" ἔστιν ἄρα ὡς ἣ 
ΖΕ, πρὸς τὴν EA, οὕτως ἡ AE πρὸς τὴν EB. ἴση δὲ ἡ μὲν ΖΕ τῇ ΛΒ, ἡ δὲ ΕΔ τῇ AE. ἔστιν 
ἄρα ὡς ἣ BA πρὸς τὴν ΛΕ, οὕτως 7 AE πρὸς τὴν ΕΒ. μείζων δὲ ἡ AB τῆς ΛΗ’ μείζων ἄρα 
not ἣ AE τῆς ΕΒ. 


Ἡ ἄρα ΑΒ εὐϑεῖα ἄκρον καὶ μέσον λόγον τέτμηται κατὰ τὸ E, καὶ τὸ μεῖζον αὐτῆς τμῆμά ἐστι 
τὸ AE: ὅπερ ἔδει ποιῆσαι. 
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Proposition 30 107 


C FH 
A ε Β 
Ρ 


To cut a given finite straight-line in extreme and mean ratio. 


Let AB be the given finite straight-line. So it is required to cut the straight-line AB in extreme 
and mean ratio. 


Let the square BC have been described on AB [Prop. 1.46], and let the parallelogram C'D, 
equal to BC, have been applied to AC, overshooting by the figure AD (which is) similar to 
BC [Prop. 6.29]. 


And BC is a square. Thus, AD is also a square. And since BC is equal to CD, let (rectangle) CE 
have been subtracted from both. Thus, the remaining (rectangle) BF is equal to the remaining 
(square) AD. And it is also equiangular to it. Thus, the sides of BF and AD about the equal 
angles are reciprocally proportional [Prop. 6.14]. Thus, as FE is to ED, so AE (is) to EB. And 
FE (is) equal to AB, and ED to AE. Thus, as BA is to AE, so AE (is) to EB. And AB (is) 
larger than AF. Thus, AF (is) also larger than ΕΒ [Prop. 5.14]. 


Thus, the straight-line AB has been cut in extreme and mean ratio at FE, and AF is its larger 
piece. (Which is) the very thing it was required to do. 


107This method of cutting a straight-line is sometimes called the “Golden Section”—see Prop. 2.11. 
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λα΄ 


"Ey τοῖς ὀρϑογωνίοις τριγώνοις τὸ ἀπὸ τῆς Thy ὀρϑὴν γωνίαν ὑποτεινούσης πλευρᾶς εἶδος ἴσον 
ἐστὶ τοῖς ἀπὸ τῶν τὴν ὀρϑὴν γωνίαν περιεχουσῶν πλευρῶν εἴδεσι τοῖς ὁμοίοις τε καὶ ὁμοίως 
ἀναγραφομένοις. 


Ἔστω τρίγωνον ὀρϑογώνιον τὸ ABI’ ὀρϑὴν ἔχον τὴν ὑπὸ BAT γωνίαν: λέγω, ὅτι τὸ ἀπὸ τῆς 
BI εἶδος ἴσον ἐστὶ τοῖς ἀπὸ τῶν BA, AT εἴδεσι τοῖς ὁμοίοις τε καὶ ὁμοίως ἀναγραφομένοις. 


ἜἬχϑω χκάϑετος ἣ ΛΔ. 


Ἐπεὶ οὖν ἐν ὀρθογωνίῳ τριγώνῳ τῷ ABI ἀπὸ τῆς πρὸς τῷ A ὀρϑῆς γωνίας ἐπὶ τὴν ΒΓ βάσιν 
κάϑετος Huta ἣ ΑΔ, τὰ ΑΒΔ, AAT πρὸς τῇ καϑέτῳ τρίγωνα ὅμοιά ἐστι τῷ te ὅχῳ τῷ ΑΒΓ καὶ 
ἀλλήλοις. καὶ ἐπεὶ ὅμοιόν ἐστι τὸ ABI’ τῷ ABA, ἔστιν ἄρα ὡς ἣ ΓΒ πρὸς τὴν BA, οὕτως ἡ AB 
πρὸς τὴν ΒΔ. χαὶ ἐπεὶ τρεῖς εὐϑεῖαι ἀνάλογόν εἰσιν, ἔστιν ὡς ἣ πρώτη πρὸς τὴν τρίτην, οὕτως 
τὸ ἀπὸ τῆς πρώτης εἶδος πρὸς τὸ ἀπὸ τῆς δευτέρας τὸ ὅμοιον καὶ ὁμοίως ἀναγραφόμενον. ὡς 
ἄρα ἣ ΓΒ πρὸς τὴν ΒΔ, οὕτως τὸ ἀπὸ τῆς ΓΒ εἶδος πρὸς τὸ ἀπὸ τῆς BA τὸ ὅμοιον καὶ ὁμοίως 
ἀναγραφόμενον. διὰ τὰ αὐτὰ δὴ καὶ ὡς ἡ BE πρὸς τὴν ΓΔ, οὕτως τὸ ἀπὸ τῆς BI εἶδος πρὸς 
τὸ ἀπὸ τῆς ΓΑ. ὥστε καὶ ὡς ἡ BI πρὸς τὰς ΒΔ, AT, οὕτως τὸ ἀπὸ τῆς BI εἶδος πρὸς τὰ ἀπὸ 
τῶν BA, AD τὰ ὅμοια καὶ ὁμοίως ἀναγραφόμενα. ton δὲ ἡ BI ταῖς ΒΔ, ΔΙ᾽ ἴσον ἄρα καὶ τὸ 
ἄπὸ τῆς ΒΓ εἶδος τοῖς ἀπὸ τῶν BA, AT εἴδεσι τοῖς ὁμοίοις te καὶ ὁμοίως ἀναγραφομένοις, 


Ἔν ἄρα τοῖς ὀρϑογωνίοις τριγώνοις τὸ ἀπὸ τῆς τὴν ὀρϑὴν γωνίαν ὑποτεινούσης πλευρᾶς εἶδος 


ἴσον ἐστὶ τοῖς ἀπὸ τῶν τὴν ὀρϑὴν γωνίαν περιεχουσῶν πλευρῶν εἴδεσι τοῖς ὁμοίοις τε καὶ ὁμοίως 
ἀναγραφομένοις: ὅπερ ἔδει δεῖξαι. 
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In right-angled triangles, the figure (drawn) on the side subtending the right-angle is equal to the 
(sum of the) similar, and similarly described, figures on the sides surrounding the right-angle. 


Let ABC be a right-angled triangle having the angle BAC a right-angle. I say that the figure 
(drawn) on BC is equal to the (sum of the) similar, and similarly described, figures on BA and 
AC. 


Let the perpendicular AD have been drawn [Prop. 1.12]. 


Therefore, since, in the right-angled triangle ABC, the (straight-line) AD has been drawn from 
the right-angle at A perpendicular to the base BC, the triangles ABD and ADC about the per- 
pendicular are similar to the whole (triangle) ABC, and to one another [Prop. 6.8]. And since 
ABC is similar to ABD, thus as BC is to BA, so AB (is) to BD [Def. 6.1]. And since three 
straight-lines are proportional, as the first is to the third, so the figure (drawn) on the first is to 
the similar, and similarly described, (figure) on the second [Prop. 6.19 corr.]. Thus, as C’'B (is) to 
BD, so the figure (drawn) on C’B (is) to the similar, and similarly described, (figure) on BA. And 
so, for the same (reasons), as BC (is) to CD, so the figure (drawn) on BC (is) to the (figure) on 
CA. Hence, also, as BC (is) to BD and DC, so the figure (drawn) on BC (is) to the (sum of the) 
similar, and similarly described, (figures) on BA and AC [Prop. 5.24]. And BC is equal to BD 
and DC. Thus, the figure (drawn) on BC (is) also equal to the (sum of the) similar, and similarly 
described, figures on BA and AC [Prop. 5.9]. 


Thus, in right-angled triangles, the figure (drawn) on the side subtending the right-angle is equal 


to the (sum of the) similar, and similarly described, figures on the sides surrounding the right- 
angle. (Which is) the very thing it was required to show. 
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λβ΄ 


B ᾿ 8 Η 


Ἐὰν δύο τρίγωνα συντεϑῇ κατὰ μίαν γωνίαν τὰς δύο πλευρὰς ταῖς δυσὶ πλευραῖς ἀνάλογον 
ἔχοντα ὥστε τὰς ὁμολόγους αὐτῶν πλευρὰς καὶ παραλλήλους εἶναι, αἱ λοιπαὶ τῶν τριγώνων 
πλευραὶ ἐπ᾽ εὐϑείας ἔσονται. 


Ἔστω δύο τρίγωνα τὰ ABI, ATE τὰς δύο πλευρὰς τὰς BA, AT ταῖς δυσὶ πλευραῖς ταῖς AT, 
AE ἀνάλογον ἔχοντα, ὡς μὲν τὴν AB πρὸς τὴν AT, οὕτως τὴν AT πρὸς τὴν AE, παράλληλον 
δὲ τὴν μὲν ΑΒ τῇ AT, τὴν δὲ AT τῇ ΔΕ: λέγω, ὅτι ἐπ᾽ εὐϑείας ἐστὶν ἡ BI τῇ ΓΗ. 


"Enel γὰρ παράλληλός ἐστιν ἣ ΑΒ τῇ AT, καὶ εἰς αὐτὰς ἐμπέπτωκεν εὐϑεῖα ἣ AT, αἱ ἐναλλὰξ 
γωνίαι αἱ ὑπὸ BAT, ATA ἴσαι ἀλλήλαις εἰσίν. διὰ τὰ αὐτὰ δὴ καὶ ἣ ὑπὸ TAE τῇ ὑπὸ ATA ἴση 
ἐστίν. ὥστε καὶ ἣ ὑπὸ BAT τῇ ὑπὸ ΓΔΕ ἐστιν ἴση. καὶ ἐπεὶ δύο τρίγωνά ἐστι τὰ ABT, ATE 
μίαν γωνίαν τὴν πρὸς τῷ A μιᾷ γωνίᾳ τῇ πρὸς τῷ Δ ἴσην ἔχοντα, περὶ δὲ τὰς ἴσας γωνίας τὰς 
πλευρὰς ἀνάλογον, ὡς τὴν ΒΑ πρὸς τὴν AT, οὕτως τὴν ΓΔ πρὸς τὴν AE, ἰσογώνιον ἄρα ἐστὶ 
τὸ ABI τρίγωνον τῷ ATE τριγώνῳ: ἴση ἄρα ἡ ὑπὸ ABI γωνία τῇ ὑπὸ ATE. ἐδείχϑη δὲ καὶ 
nH ὑπὸ ATA τῇ ὑπὸ BAT ἴση: ὅλη ἄρα H ὑπὸ ATE δυσὶ ταῖς ὑπὸ ABI, BAT ἴση ἐστίν. κοινὴ 
προσχείσϑω ἣ ὑπὸ ATVB: αἱ ἄρα ὑπὸ ATE, ATB ταῖς ὑπὸ BAT, ΑΓΒ, ΓΒΑ ἴσαι εἰσίν. ἀλλ᾽ αἱ 
ὑπὸ BAT, ABI, ΑΓΒ δυσὶν ὀρϑαῖς ἴσαι εἰσίν: καὶ αἱ ὑπὸ ATE, ATVB ἄρα δυσὶν ὀρϑαῖς ἴσαι 
εἰσίν. πρὸς δή τινι εὐϑείᾳ τῇ AT καὶ τῷ πρὸς αὐτῇ σημείῳ τῷ 1 δύο εὐϑεῖαι αἱ BY, ΤῈ μὴ ἐπὶ 
τὰ αὐτὰ μέρη κείμεναι τὰς ἐφεξῆς γωνάις τὰς ὑπὸ ATE, ATB δυσὶν ὀρϑαῖς ἴσας ποιοῦσιν" ἐπ᾽ 
εὐϑείας ἄρα ἐστὶν 4 BI τῇ VE. 

᾿Ἐὰν ἄρα δύο τρίγωνα συντεϑῇ κατὰ μίαν γωνίαν τὰς δύο πλευρὰς ταῖς δυσὶ πλευραῖς ἀνάλογον 


ἔχοντα ὥστε τὰς ὁμολόγους αὐτῶν πλευρὰς καὶ παραλλήλους εἶναι, αἱ λοιπαὶ τῶν τριγώνων 
πλευραὶ ἐπ᾽ εὐϑείας ἔσονται: ὅπερ ἔδει δεῖξαι. 
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B C E 


If two triangles, having two sides proportional to two sides, are placed together at a single angle 
such that the corresponding sides are also parallel, then the remaining sides of the triangles will 
be straight-on (with respect to one another). 


Let ABC and DCE be two triangles having the two sides BA and AC proportional to the two 
sides DC and DE—so that as AB (is) to AC, so DC (is) to DE—and (having side) AB parallel 
to DC, and AC to DE. I say that (side) BC is straight-on to CE. 


For since AB is parallel to DC, and the straight-line AC has fallen across them, the alternate 
angles BAC and ACD are equal to one another [Prop. 1.29]. So, for the same (reasons), CDE 
is also equal to ACD. And, hence, BAC is equal to CDE. And since ABC and DCE are 
two triangles having the one angle at A equal to the one angle at D, and the sides about the 
equal angles proportional, (so that) as BA (is) to AC, so CD (is) to DE, triangle ABC is thus 
equiangular to triangle DCE [Prop. 6.6]. Thus, angle ABC is equal to DCE. And (angle) ACD 
was also shown (to be) equal to BAC. Thus, the whole (angle) AC E is equal to the two (angles) 
ABC and BAC. Let ACB have been added to both. Thus, ACE and ACB are equal to BAC, 
ACB, and CBA. But, BAC, ABC, and ACB are equal to two right-angles [Prop. 1.32]. Thus, 
ACE and ACB are also equal to two right-angles. Thus, the two straight-lines BC and ΟΕ, not 
lying in the same direction, make the adjacent angles ACE and ACB equal to two right-angles 
at the point C' on some straight-line AC’. Thus, BC is straight-on to CE [Prop. 1.14]. 


Thus, if two triangles, having two sides proportional to two sides, are placed together at a single 
angle such that the corresponding sides are also parallel, then the remaining sides of the triangles 
will be straight-on (with respect to one another). (Which is) the very thing it was required to 
show. 
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Κ 


"Ey τοῖς ἴσοις κύκλοις αἱ γωνίαι τὸν αὐτὸν ἔχουσι λόγον ταῖς περιφερείαις, ἐφ᾽ ὧν βεβήκασιν, 
ἐάν τε πρὸς τοῖς κέντροις ἐάν τε πρὸς ταῖς περιφερείαις Wor βεβηκυῖαι. 


Ἔστωσαν ἴσοι κύκλοι οἱ ΑΒ], AEZ, καὶ πρὸς μὲν τοῖς κέντροις αὐτῶν τοῖς H, © γωνίαι 
ἔστωσαν αἱ ὑπὸ BHI’, ΕΘΖ, πρὸς δὲ ταῖς περιφερείαις αἱ ὑπὸ BAT, EAZ: λέγω, ὅτι ἐστὶν ὡς ἣ 
BI περιφέρεια πρὸς τὴν EZ περιφέρειαν, οὕτως H τε ὑπὸ BHT γωνία πρὸς τὴν ὑπὸ ΕΘΖ καὶ 
ἣ ὑπὸ BAT πρὸς τὴν ὑπὸ ΕΔΖ. 


KetoSwouv γὰρ τῇ μὲν BI περιφερείᾳ ἴσαι κατὰ τὸ ἑξῆς ὁσαιδηποτοῦν αἱ ΓΚ, ΚΛ, τῇ δὲ ΕΖ 
περιφερείᾳ ἴσαι ὁσαιδηποτοῦν αἱ ΖΜ, ΜΝ, καὶ ἐπεζεύχϑωσαν αἱ ΗΚ, HA, ΘΜ, ΘΝ. 


Ἐπεὶ οὖν ἴσαι εἰσὶν αἱ BI, ΓΚ, KA περιφέρειαι ἀλλήλαις, ἴσαι εἰσὶ καὶ αἱ ὑπὸ BHI, CHK, 
KHA γωνίαι ἀλλήλαις: ὁσαπλασίων ἄρα ἐστὶν ἣ BA περιφέρεια τῆς BI, τοσαυταπλασίων ἐστὶ 
nat ἣ ὑπὸ ΒΗΛ γωνία τῆς ὑπὸ BHI. διὰ τὰ αὐτὰ δὴ καὶ ὁσαπλασίων ἐστὶν ἣ NE περιφέρεια 
τῆς EZ, τοσαυταπλασίων ἐστὶ καὶ ἣ ὑπὸ NOE γωνία τῆς ὑπὸ ΕΘΖ. εἰ ἄρα ἴση ἐστὶν ἣ BA 
περιφέρεια τῇ ΕΝ περιφερείᾳ, ἴση ἐστὶ καὶ γωνία ἣ ὑπὸ ΒΗΛ τῇ ὑπὸ EON, καὶ εἰ μείζων ἐστὶν 
i ΒΛ περιφέρεια τῆς ΕΝ περιφερείας, μείζων ἐστὶ καὶ ἣ ὑπὸ ΒΗΛ γωνία τῆς ὑπὸ ΕΘΝ, καὶ 
εἰ ἐλάσσων, ἐλάσσων. τεσσάρων δὴ ὄντων μεγεϑῶν, δύο μὲν περιφερειῶν τῶν BI’, ΕΖ, δύο δὲ 
γωνιῶν τῶν ὑπὸ BHT, ΕΘΖ, εἴληπται τῆς μὲν BI περιφερείας καὶ τῆς ὑπὸ BHT γωνίας ἰσάκις 
πολλαπλασίων 7 τε BA περιφέρεια καὶ ἣ ὑπὸ ΒΗΛ γωνία, τῆς δὲ ΕΖ περιφερείας καὶ τῆς ὑπὸ 
ΕΘΖ γωνίας ἥ τε EN περιφέρια καὶ ἣ ὑπὸ ΕΘΝ γωνία. καὶ δέδεικται, ὅτι εἰ ὑπερέχει ἣ BA 
περιφέρεια τῆς ΕΝ περιφερείας, ὑπερέχει καὶ ἣ ὑπὸ ΒΗΛ γωνία τῆς ὑπο ΕΘΝ γωνίας, καὶ εἰ 
ton, ἴση, καὶ εἰ ἐλάσσων, ἐλάσσων. ἔστιν ἄρα, ὡς ἣ BI περιφέρεια πρὸς τὴν ΕΖ, οὕτως ἣ ὑπὸ 
BHT γωνία πρὸς τὴν ὑπὸ EOZ. ἀλλ᾽ ὡς ἣ ὑπὸ BHT γωνία πρὸς τὴν ὑπὸ ΕΘΖ, οὕτως ἣ ὑπὸ 
BAT πρὸς τὴν ὑπὸ ΕΔΖ. διπλασία γὰρ ἑκατέρα ἑκατέρας. καὶ ὡς ἄρα ἣ BI περιφέρεια πρὸς 
τὴν ΕΖ περιφέρειαν, οὕτως H τε ὑπὸ BHT γωνία πρὸς τὴν ὑπὸ EOZ χαὶ ἡ ὑπὸ BAT πρὸς τὴν 
ὑπὸ ΕΔΖ. 
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Proposition 33 


C Ε Ν 


Μ 


In equal circles, angles have the same ratio as the (ratio of the) circumferences on which they 
stand, whether they are standing at the centers (of the circles) or at the circumferences. 


Let ABC and DEF be equal circles, and let BGC and EH F be angles at their centers, G and H 
(respectively), and BAC and EDF (angles) at their circumferences. I say that as circumference 
BC is to circumference EF’, so angle BGC (is) to EHF, and (angle) BAC to EDF. 


For let any number whatsoever of consecutive (circumferences), CK and KL, be made equal to 
circumference BC, and any number whatsoever, ΕΜ and MN, to circumference EF’. And let 
GK, GL, HM, and HN have been joined. 


Therefore, since circumferences BC, CK, and KL are equal to one another, angles BGC, CGK, 
and KGL are also equal to one another [Prop. 3.27]. Thus, as many times as circumference BL 
is (divisible) by BC, so many times is angle BGL also (divisible) by BGC. And so, for the same 
(reasons), as many times as circumference ΝῈ is (divisible) by EF’, so many times is angle NH E 
also (divisible) by EHF. Thus, if circumference BL is equal to circumference ΕΝ then angle 
BGL is also equal to EH N [Prop. 3.27], and if circumference BL is greater than circumference 
EN then angle BGL is also greater than EH N,'°° and if (BL is) less (than EN then BGL is 
also) less (than EH N). So there are four magnitudes, two circumferences BC and EF, and two 
angles BGC and EHF. And equal multiples have been taken of circumference BC and angle 
BGC, (namely) circumference BL and angle BGL, and of circumference FF and angle EHF, 
(namely) circumference EN and angle EH N. And it has been shown that if circumference BL 
exceeds circumference EN then angle BGL also exceeds angle EHN, and if (BL is) equal (to 
EN then BGL is also) equal (to EH N), and if (BL is) less (than EN then BGL is also) less (than 
EHN). Thus, as circumference BC (is) to EF’, so angle BGC (is) to EHF [Def. 5.5]. But as 
angle BGC (is) to EHF, so (angle) BAC (is) to EDF [Prop. 5.15]. For the former (are) double 
the latter (respectively) [Prop. 3.20]. Thus, also, as circumference BC (is) to circumference EF, 
so angle BGC (is) to EHF, and BAC to EDF. 


108This is a straight-forward generalization of Prop. 3.27, 
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ΣΤΟΙΧΕΊΩΝ ς΄ 
λβ΄ 


Ἔν ἄρα τοῖς ἴσοις κύκλοις αἱ γωνίαι τὸν αὐτὸν ἔχουσι λόγον ταῖς περιφερείαις, ἐφ᾽ ὧν βεβήκασιν, 
ἐάν τε πρὸς τοῖς κέντροις ἐάν τε πρὸς ταῖς περιφερείαις ὦσι βεβηκυῖαι: ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 6 
Proposition 33 


Thus, in equal circles, angles have the same ratio as the (ratio of the) circumferences on which 
they stand, whether they are standing at the centers (of the circles) or at the circumferences. 
(Which is) the very thing it was required to show. 
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ΣΤΟΙΧΕΊΩΝ ζ 


ELEMENTS BOOK 7 


Elementary number theory ν» 


10°The propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 


α΄ 
β΄ 
γ 
δ΄ 


XTOIXEION ζ΄ 
Ὅροι 


Μονάς ἐστιν, καϑ᾽ ἣν ἕκαστον τῶν ὄντων ἕν λέγεται. 

᾿Αριϑμὸς δὲ τὸ éx μονάδων συγκείμενον πλῆϑος. 

Μέρος ἐστὶν ἀριϑμὸς ἀριϑμοῦ ὁ ἐλάσσων τοῦ μείζονος, ὅταν καταμετρῇ τὸν μείζονα. 
Μέρη δέ, ὅταν μὴ καταμετρῇ. 

Πολλαπλάσιος δὲ ὁ μείζων τοῦ ἐλάσσονος, ὅταν καταμετρῆται ὑπὸ τοῦ ἐλάσσονος. 
“Aettosg ἀριϑμός ἐστιν ὁ δίχα διαιρούμενος. 

Περισσὸς δὲ ὁ μὴ διαιρούμενος δίχα ἢ [ὁ] μονάδι διαφέρων ἀρτίου ἀριϑμοῦ. 


΄, 2 


᾿Αρτιάκις ἄρτιος ἀριϑμός ἐστιν ὁ ὑπὸ ἀρτίου ἀριϑμοῦ μετρούμενος κατὰ ἄρτιον ἀριϑμόν. 


© ν 2 ,ὕ 


"Αρτιάχις δὲ περισσός ἐστιν ὁ ὑπὸ ἀρτίου ἀριϑμοῦ μετρούμενος κατὰ περισσὸν ἀριϑμόν. 
Περισσάκις δὲ περισσὸς ἀριϑμός ἐστιν ὁ ὑπὸ περισσοῦ ἀριϑμοῦ μετρούμενος κατὰ πε- 
ρισσὸν ἀριϑμόν. 


΄ Πρῶτος ἀριϑμός ἐστιν ὁ μονάδι μόνῃ μετρούμενος. 


Πρῶτοι πρὸς ἀλλήλους ἀριϑμοί εἰσιν οἱ μονάδι μόνῃ μετρούμενοι κοινῷ μέτρῳ. 


΄ Σύνϑετος ἀριϑμός ἐστιν ὁ ἀριϑμῷ τινι μετρούμενος. 


Σύνϑετοι δὲ πρὸς ἀλλήλους ἀριϑμοί εἰσιν οἱ ἀριϑμῷ τινι μετρούμενοι κοινῷ μέτρῳ. 


΄ ᾿Αριϑμὸς ἀριϑμὸν πολλαπλασιάζειν λέγεται, ὅταν, ὅσαι εἰσὶν ἐν αὐτῷ μονάδες, τοσαυτάκις 


συντεϑῇ ὁ πολλαπλασιαζόμενος, καὶ γένηταί τις. 


442 


ELEMENTS BOOK 7 
Definitions 


1 A unit is (that) according to which each existing (thing) is said (to be) one. 
2 And a number (is) a multitude composed of units.'!° 


3 A number is part of a(nother) number, the lesser of the greater, when it measures the 
greater!!! 


But (the lesser is) parts (of the greater) when it does not measure it.!!? 
And the greater (number is) a multiple of the lesser when it is measured by the lesser. 


An even number is one (which can be) divided in half. 


N DO wow f 


And an odd number is one (which can)not (be) divided in half, or which differs from an 
even number by a unit. 


8 An even-times-even number is one (which is) measured by an even number according to an 
even number.!!° 


9 And an even-times-odd number is one (which is) measured by an even number according 
to an odd number.'** 


10 And an odd-times-odd number is one (which is) measured by an odd number according to 
an odd number.'!® 


11 A prime 115 number is one (which is) measured by a unit alone. 


12 Numbers prime to one another are those (which are) measured by a unit alone as a common 
measure. 


13 A composite number is one (which is) measured by some number. 


14 And numbers composite to one another are those (which are) measured by some number 
as a common measure. 


15 A number is said to multiply a(nother) number when the (number being) multiplied is 
added (to itself) as many times as there are units in the former (number), and (thereby) 
some (other number) is produced. 


110Tn other words, a number is a positive integer greater than unity. 

111Tp other words, a number a is part of another number ὦ if their exists some number n such that na = ὁ. 

1121p other words, a number a is parts of another number b (where a < 6) if their exist distinct numbers, m and n, 
such that na = mb. 

1131 other words. an even-times-even number is the product of two even numbers. 

114Tn other words, an even-times-odd number is the product of an even and an odd number. 

115Tn other words, an odd-times-odd number is the product of two odd numbers. 

61 iterally, “first”. 
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ΣΤΟΙΧΗΙΩΝ ζ΄ 


iG Ὅταν δὲ δύο ἀριϑμοὶ πολλαπλασιάσαντες ἀλλήλους ποιῶσί τινα, ὁ γενόμενος ἐπίπεδος 
γχαλεῖται, πλευραὶ δὲ αὐτοῦ οἱ πολλαπλασιάσαντες ἀλλήλους ἀριϑμοί. 


ιζ΄ Ὅταν δὲ τρεῖς ἀριϑμοὶ πολλαπλασιάσαντες ἀλλήλους ποιῶσί τινα, ὁ γενόμενος στερεός 
ἐστιν, πλευραὶ δὲ αὐτοῦ οἱ πολλαπλασιάσαντες ἀλλήλους ἀριϑμοί. 

iy Ἰετράγωνος ἀριϑμός ἐστιν ὁ ἰσάκις ἴσος ἢ [ὁ] ὑπὸ δύο ἴσων ἀριϑμῶν περιεχόμενος. 

ιϑ΄ Κύβος δὲ ὁ ἰσάκις ἴσος ἰσάκις } [ὁ] ὑπὸ τριῶν ἴσων ἀριϑμῶν περιεχόμενος. 


x ᾿Αριϑμοὶ ἀνάλογόν εἰσιν, ὅταν ὁ πρῶτος τοῦ δευτέρου καὶ ὁ τρίτος τοῦ τετάρτου ἰσάκις ἢ 
πολλαπλάσιος ἢ τὸ αὐτὸ μέρος ἢ τὰ αὐτὰ μέρη ὦσιν. 


κα΄ Ὅμοιοι ἐπίπεδοι καὶ στερεοὶ ἀριϑμοί εἰσιν οἱ ἀνάλογον ἔχοντες τὰς πλευράς. 


’ / 2 ra 2 ς ~ ς ~ / wv "7 
uB ΤἸέλειος ἀριϑμός ἐστιν ὁ τοῖς ἑαυτοῦ μέρεσιν ἴσος ὦν. 
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16 And when two numbers multiplying one another make some (other number) then the (num- 
ber so) created is called plane, and its sides (are) the numbers which multiply one another. 


17 And when three numbers multiplying one another make some (other number) then the 
(number so) created is (called) solid, and its sides (are) the numbers which multiply one 
another. 


18 A square number is an equal times an equal, or (a plane number) contained by two equal 
numbers. 


19 And a cube (number) is an equal times an equal times an equal, or (a solid number) con- 
tained by three equal numbers. 


20 Numbers are proportional when the first is the same multiple, or the same part, or the same 
parts, of the second that the third (is) of the fourth. 
21 Similar plane and solid numbers are those having proportional sides. 


22 A perfect number is that which is equal to its own parts.'!” 


117Tp other words, a perfect number is equal to the sum of its own factors. 
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ΣΤΟΙΧΗΙΩΝ ζ΄ 


Ε 
B A 


Abo ἀριϑμῶν ἀνίσων ἐκκειμένων, ἀνθυφαιρουμένου δὲ ἀεὶ TOD ἐλάσσονος ἀπὸ TOD μείζονος, ἐὰν 
ὁ λειπόμενος μηδέποτε καταμετρῇ τὸν πρὸ ἑαυτοῦ, ἕως οὗ λειφϑῇ μονάς, οἱ ἐξ ἀρχῆς ἀριϑμοὶ 
πρῶτοι πρὸς ἀλλῆλους ἔσονται. 


Δύο γὰρ [ἀνίσων] ἀριϑμῶν τῶν AB, TA ἀνθυφαιρουμένου ἀεὶ τοῦ ἐλάσσονος ἀπὸ τοῦ μείζονος 
ὁ λειπόμενος μηδέποτε καταμετρείτω τὸν πρὸ ἑαυτοῦ, ἕως οὗ λειφϑῇ μονάς: λέγω, ὅτι οἱ AB, 
TA πρῶτοι πρὸς ἀλλήλους εἰσίν, τουτέστιν ὅτι τοὺς ΑΒ, ΓΔ μονὰς μόνη μετρεῖ. 


Εἰ γὰρ μή εἰσιν οἱ AB, TA πρῶτοι πρὸς ἀλλήλους, μετρήσει τις αὐτοὺς ἀριϑμός. μετρείτω, καὶ 
ἔστω ὁ E καὶ ὁ μὲν PA τὸν ΒΖ μετρῶν λειπέτω ἑαυτοῦ ἐλάσσονα τὸν ZA, ὁ δὲ AZ τὸν ΔΗ 
μετρῶν λειπέτω ἑαυτοῦ ἐλάσσονα τὸν HI’, ὁ δὲ HI τὸν ΖΘ μετρῶν deinétw μονάδα τὴν ΘΑ. 


Ἐπεὶ οὖν ὁ E τὸν ΓΔ μετρεῖ, ὁ δὲ ΓΔ τὸν ΒΖ μετρεῖ, καὶ ὁ Ε ἄρα τὸν ΒΖ μετρεῖ’ μετρεῖ δὲ 
nat ὅλον τὸν ΒΔ’ χαὶ λοιπὸν ἄρα τὸν AZ μετρήσει. ὁ δὲ AZ τὸν ΔΗ μετρεῖ: καὶ ὁ Ε ἄρα 
τὸν ΔΗ μετρεῖ’ μετρεῖ δὲ καὶ ὅλον τὸν ΔΙ καὶ λοιπὸν ἄρα τὸν ΤῊ μετρήσει. ὁ δὲ ΓῊ τὸν 
ΖΘ μετρεῖ: καὶ ὁ E ἄρα τὸν ΖΘ μετρεῖ’ μετρεῖ δὲ καὶ ὅλον τὸν ΖΛ’ καὶ λοιπὴν ἄρα τὴν ΛΘ 
μονάδα μετρήσει ἀριϑμὸς Hv’ ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα τοὺς ΑΒ, TA ἀριϑμοὺς μετρήσει 
τις ἀριϑμός: οἱ AB, ΓΔ ἄρα πρῶτοι πρὸς ἀλλήλους εἰσίν’ ὅπερ ἔδει δεῖξαι. 
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Proposition 1 


A 
H 
F C 
G 
E 
B D 


Two unequal numbers (being) laid down, and the lesser being continually subtracted, in turn, 
from the greater, if the remainder never measures the (number) preceding it, until a unit remains, 
then the original numbers will be prime to one another. 


For two [unequal] numbers, AB and CD, the lesser being continually subtracted, in turn, from 
the greater, let the remainder never measure the (number) preceding it, until a unit remains. I 
say that AB and CD are prime to one another—that is to say, that a unit alone measures (both) 
AB and CD. 


For if AB and C'D are not prime to one another then some number will measure them. Let (some 
number) measure them, and let it be Ε'. And let CD measuring BF leave ΕΑ less than itself, and 
let AF measuring DG leave GC less than itself, and let GC measuring ΓΗ leave a unit, HA. 


In fact, since E measures CD, and CD measures BF, Ε thus also measures BF’.''® And (ΕἸ also 
measures the whole of BA. Thus, (£) will also measure the remainder AF.'!? And AF measures 
DG. Thus, Εἰ also measures DG. And (ΕἸ also measures the whole of DC. Thus, (£) will also 
measure the remainder CG. And CG measures FH. Thus, & also measures ΓΗ. And (£) also 
measures the whole of ΓΑ. Thus, (/) will also measure the remaining unit AH, (despite) being a 
number. The very thing is impossible. Thus, some number does not measure (both) the numbers 
AB and CD. Thus, AB and CD are prime to one another. (Which is) the very thing it was 
required to show. 


118Here, use is made of the unstated common notion that if a measures b, and ὃ measures c, then a also measures 
c, where all symbols denote numbers. 

119Here, use is made of the unstated common notion that if a measures b, and a measures part of b, then a also 
measures the remainder of b, where all symbols denote numbers. 
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ΣΤΟΙΧΗΙΩΝ ζ΄ 


a’ 


H 


Abo ἀριϑμῶν δοϑέντων μὴ πρώτων πρὸς ἀλλήλους TO μέγιστον αὐτῶν κοινὸν μέτρον εὑρεῖν. 


Ἔστωσαν οἱ δοϑέντες δύο ἀριϑμοὶ μὴ πρῶτοι πρὸς ἀλλήλους οἱ AB, TA. δεῖ δὴ τῶν AB, TA 
τὸ μέγιστον κοινὸν μέτρον εὑρεῖν. 


Εἰ μὲν οὖν ὁ ΓΔ τὸν ΑΒ μετρεῖ, μετρεῖ δὲ καὶ ἑαυτόν, ὁ ΓΔ ἄρα τῶν ΓΔ, ΑΒ χοινὸν μέτρον 
ἐστίν. καὶ φανερόν, ὅτι καὶ μέγιστον: οὐδεὶς γὰρ μείζων τοῦ TA τὸν TA μετρήσει. 


Εἰ δὲ οὐ μετρεῖ ὁ TA τὸν ΑΒ, τῶν AB, TA ἀνθυφαιρουμένου ἀεὶ τοῦ ἐλάσσονος ἀπὸ τοῦ 
μείζονος λειφϑήσεταί τις ἀριϑμός, ὃς μετρήσει τὸν πρὸ ἑαυτοῦ. μονὰς μὲν γὰρ οὐ λειφϑήσεται: 
εἰ δὲ μή, ἔσονται οἱ ΑΒ, TA πρῶτοι πρὸς ἀλλήλους: ὅπερ οὐχ ὑπόκειται. λειφήσεταί τις ἄρα 
ἀριϑμὸς, ὃς μετρήσει τὸν πρὸ ἑαυτοῦ. καὶ ὁ μὲν ΓΔ τὸν BE μετρῶν λειπέτω ἑαυτοῦ ἐλάσσονα 
τὸν BA, ὁ δὲ EA τὸν ΔΖ μετρῶν λειπέτω ἑαυτοῦ ἐλάσσονα τὸν ZI, ὁ δὲ VZ τὸν ΛΕ μετρείτω. 
ἐπεὶ οὖν ὁ ΓΖ τὸν AE μετρεῖ, ὁ δὲ AE τὸν ΔΖ μετρεῖ, καὶ ὁ ΓΖ ἄρα τὸν ΔΖ μετρήσει. μετρεῖ 
δὲ καὶ ἑαυτόν" καὶ ὅλον ἄρα τὸν TA μετρήσει. ὁ δὲ ΓΔ τὸν ΒΕ μετρεῖ’ καὶ ὁ TZ ἄρα τὸν BE 
μετρεῖ’ μετρεῖ δὲ καὶ τὸν ΕΛ’ καὶ ὅλον ἄρα τὸν ΒΑ μετρήσει μετρεῖ δὲ καὶ τὸν VA’ ὁ ΓΖ ἄρα 
τοὺς AB, TA μετρεῖ. ὁ TZ ἄρα τῶν AB, TA κοινὸν μέτρον ἐστίν. λέγω δή, ὅτι καὶ μέγιστον. εἰ 
γὰρ μή ἐστιν ὁ ΓΖ τῶν AB, TA μέγιστον κοινὸν μέτρον, μετρήσει τις τοὺς AB, TA ἀριϑμοὺς 
ἀριϑμὸς μείζων Ov tod UZ. μετρείτω, καὶ ἔστω ὁ H. καὶ ἐπεὶ ὁ Η τὸν VA μετρεῖ, ὁ δὲ ΓΔ τὸν 
BE μετρεῖ, καὶ ὁ Η ἄρα τὸν ΒΕ μετρεῖ’ μετρεῖ δὲ καὶ ὅλον τὸν ΒΛ’ καὶ λοιπὸν ἄρα τὸν AE 
μετρήσει. ὁ δὲ AE τὸν ΔΖ μετρεῖ: καὶ ὁ Η ἄρα τὸν ΔΖ μετρήσει: μετρεῖ δὲ καὶ ὅλον τὸν ΔΙ" 
nat λοιπὸν ἄρα τὸν TZ μετρήσει ὁ μείζων τὸν ἐλάσσονα ὅπερ ἐστὶν ἀδύνατον: οὐκ ἄρα τοὺς 
AB, TA ἀριϑμοὺς ἀριϑμός τις μετρήσει μείζων ὼν tod 1Ζ: ὁ 12 ἄρα τῶν AB, VA μέγιστόν 
ἐστι κοινὸν μέτρον. [ὅπερ ἔδει δεῖξαι]. 


Πόρισμα 


"Ex δὴ τούτου φανερόν, ὅτι ἐὰν ἀριϑμὸς δύο ἀριϑμοὺς μετρῇ, καὶ τὸ μέγιστον αὐτῶν κοινὸν 
μέτρον μετρήσει: ὅπερ ἔδει δεῖξαι. 
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Proposition 2 


Ar 
E C 
ΤΕ 
G 
B D 


To find the greatest common measure of two given numbers (which are) not prime to one another. 


Let AB and CD be the two given numbers (which are) not prime to one another. So it is required 
to find the greatest common measure of AB and CD. 


In fact, if CD measures AB, CD is thus a common measure of CD and AB, (since C'D) also 
measures itself. And (it is) manifest that (it is) also the greatest (common measure). For nothing 
greater than C'D can measure CD. 


But if CD does not measure AB then some number will remain from AB and CD, the lesser being 
continually subtracted, in turn, from the greater, which will measure the (number) preceding it. 
For a unit will not be left. But if not, AB and CD will be prime to one another [Prop. 7.1]. 
The very opposite thing was assumed. Thus, some number will remain which will measure the 
(number) preceding it. And let CD measuring BE leave EA less than itself, and let ΕΑ measuring 
DF leave FC less than itself, and let CF measure AE. Therefore, since CF’ measures ΑΕ, and 
AE measures DF’, CF will thus also measure DF’. And it also measures itself. Thus, it will also 
measure the whole of CD. And CD measures BE. Thus, CF also measures BE. And it also 
measures ΕΑ. Thus, it will also measure the whole of BA. And it also measures CD. Thus, CF 
measures (both) AB and CD. Thus, CF’ is a common measure of AB and CD. So I say that (it 
is) also the greatest (Common measure). For if ΟἿ᾽ is not the greatest common measure of AB 
and ΟἿ) then some number which is greater than Ο Ε΄ will measure the numbers AB and CD. Let 
it (so) measure (AB and CD), and let it be G. And since G measures C'D, and CD measures BE, 
G thus also measures BE. And it also measures the whole of BA. Thus, it will also measure the 
remainder AE. And AF measures DF. Thus, G will also measure DF’. And it also measures the 
whole of DC’. Thus, it will also measure the remainder CF’, the greater (measuring) the lesser. 
The very thing is impossible. Thus, some number which is greater than CF’ cannot measure the 
numbers AB and CD. Thus, ΟΕ is the greatest common measure of AB and C'D. [(Which is) 
the very thing it was required to show]. 


Corollary 


So it is manifest, from this, that if a number measures two numbers then it will also measure their 
greatest common measure. (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩΝ ζ΄ 


A B T A E Z 
Τριῶν ἀριϑμῶν δοϑέντων μὴ πρώτων πρὸς ἀλλήλους TO μέγιστον αὐτῶν κοινὸν μέτρον εὑρεῖν. 


Ἔστωσαν οἱ δοϑέντες τρεῖς ἀριϑμοὶ μὴ πρῶτοι πρὸς ἀλλήλους οἱ A, Β, T° δεῖ δὴ τῶν A, Β, 1 
τὸ μέγιστον κοινὸν μέτρον εὑρεῖν. 


Εἰλήφϑω γὰρ δύο τῶν A, Β τὸ μέγιστον κοινὸν μέτρον ὁ Δ’ ὁ δὴ Δ τὸν I ἤτοι μετρεῖ ἢ οὐ 
μετρεῖ. μετρείτω πρότερον: μετρεῖ δέ uxt τοὺς A, Β’ ὁ Δ ἄρα τοὺς A, B, Τ᾽ μετρεῖ’ ὁ Δ ἄρα 
τῶν A, B, Τ᾽ κοινὸν μέτρον ἐστίν. λέγω δή, ὅτι καὶ μέγιστον. εἰ γὰρ μή ἐστιν ὁ A τῶν A, 
B, 1 μέγιστον κοινὸν μέτρον, μετρήσει τις τοὺς A, Β, Τ᾽ ἀριϑμοὺς ἀριϑμὸς μείζων ὧν τοῦ Δ. 
μετρείτω, καὶ ἔστω ὁ EH. ἐπεὶ οὖν ὁ Ε τοὺς A, B, Τ' μετρεῖ, καὶ τοὺς A, Β ἄρα μετρήσει" καὶ τὸ 
τῶν A, Β ἄρα μέγιστον κοινὸν μέτρον μετρήσει. τὸ δὲ τῶν A, Β μέγιστον κοινὸν μέτρον ἐστὶν 
ὁ A: ὁ E ἄρα τὸν Δ μετρεῖ ὁ μείζων τὸν ἐλάσσονα: ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα τοὺς A, B, 
Τ᾽ ἀριϑμοὺς ἀριϑμός τις μετρήσει μείζων ὧν τοῦ A: ὁ Δ ἄρα τῶν A, B, T° μέγιστόν ἐστι κοινὸν 
μέτρον. 


Μὴ μετρείτω δὴ ὁ Δ τὸν Τ᾿ λέγω πρῶτον, ὅτι οἱ T, Δ οὔκ εἰσι πρῶτοι πρὸς ἀλλήλους. ἐπεὶ 
γὰρ ot A, B, Τ' οὔκ εἰσι πρῶτοι πρὸς ἀλλήλους, μετρήσει τις αὐτοὺς ἀριϑμός. ὁ δὴ τοὺς A, B, 
Τ᾽ μετρῶν χαὶ τοὺς A, Β μετρήσει, καὶ τὸ τῶν A, Β μέγιστον κοινὸν μέτρον τὸν Δ μετρήσει' 
μετρεῖ δὲ καὶ τὸν 1" τοὺς Δ, Τ᾽ ἄρα ἀριϑμοὺς ἀριϑμός τις μετρήσει: οἱ A, Τ᾽ ἄρα οὔκ εἰσι 
πρῶτοι πρὸς ἀλλήλους. εἰλήφϑω οὖν αὐτῶν τὸ μέγιστον κοινὸν μέτρον ὁ E. καὶ ἐπεὶ ὁ E τὸν Δ 
μετρεῖ, ὁ δὲ Δ τοὺς A, Β μετρεῖ, καὶ ὁ E ἄρα τοὺς A, Β μετρεῖ’ μετρεῖ δὲ καὶ τὸν I ὁ E ἄρα 
τοὺς A, B, I μετρεῖ. ὁ E ἄρα τῶν A, B, 1 κοινόν ἐστι μέτρον. λέγω SH, ὅτι καὶ μέγιστον. εἰ 
γὰρ py ἐστιν ὁ E τῶν A, Β, Τ᾽ τὸ μέγιστον κοινὸν μέτρον, μετρήσει τις τοὺς A, B, TF ἀριϑμοὺς 
ἀριϑμὸς μείζων ὧν τοῦ E. μετρείτω, καὶ ἔστω ὁ Ζ. καὶ ἐπεὶ ὁ Ζ τοὺς A, B, Τ᾽ μετρεῖ, καὶ τοὺς 
A, B μετρεῖ’ καὶ τὸ τῶν A, Β ἄρα μέγιστον κοινὸν μέτρον μετρήσει. τὸ δὲ τῶν A, Β μέγιστον 
κοινὸν μέτρον ἐστὶν ὁ Δ’ ὁ Z ἄρα τὸν A μετρεῖ’ μετρεῖ δὲ καὶ τὸν 1" ὁ Z ἄρα τοὺς Δ, T° μετρεῖ’ 
nat τὸ τῶν Δ, Τ᾽ ἄρα μέγιστον κοινὸν μέτρον μετρήσει. τὸ δὲ τῶν Δ, TI μέγιστον κοινὸν μέτρον 
ἐστὶν ὁ Ἐ" ὁ Ζ ἄρα tov E μετρεῖ ὁ μείζων τὸν ἐλάσσονα: ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα τοὺς 
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ELEMENTS BOOK 7 


Proposition 3 


A B Cc D E F 


To find the greatest common measure of three given numbers (which are) not prime to one an- 
other. 


Let A, B, and C be the three given numbers (which are) not prime to one another. So it is re- 
quired to find the greatest common measure of A, B, and C. 


For let the greatest common measure, D, of the two (numbers) A and B have been taken 
[Prop. 7.2]. So D either measures, or does not measure, C’. First of all, let it measure (C). 
And it also measures A and B. Thus, D measures A, B, and Οὐ. Thus, D is a common measure 
of A, B, and C. So I say that (it is) also the greatest (common measure). For if D is not the 
greatest common measure of A, B, and (Οἱ then some number greater than D will measure the 
numbers A, B, and C. Let it (so) measure (A, B, and C), and let it be E. Therefore, since E 
measures A, B, and C, it will thus also measure A and B. Thus, it will also measure the greatest 
common measure of A and B [Prop. 7.2 corr.]. And D is the greatest common measure of A and 
B. Thus, Εἰ measures D, the greater (measuring) the lesser. The very thing is impossible. Thus, 
some number which is greater than D cannot measure the numbers A, B, and C’. Thus, D is the 
greatest common measure of A, B, and C. 


So let D not measure (Οὐ. I say, first of all, that C and D are not prime to one another. For since A, 
B, C are not prime to one another, some number will measure them. So the (number) measuring 
A, B, and C will also measure A and B, and it will also measure the greatest common measure, 
D, of A and B [Prop. 7.2 corr.]. And it also measures C’. Thus, some number will measure the 
numbers D and C. Thus, D and C are not prime to one another. Therefore, let their greatest 
common measure, Εἰ, have been taken [Prop. 7.2]. And since E measures D, and D measures A 
and B, Εἰ thus also measures A and B. And it also measures C’. Thus, # measures A, B, and C. 
Thus, Εἰ is acommon measure of A, B, and C. So I say that (it is) also the greatest (common 
measure). For if Εἰ is not the greatest common measure of A, B, and C then some number greater 
than F will measure the numbers A, B, and Οὐ. Let it (so) measure (A, B, and ΟἽ, and let it be 
Ε. And since F measures A, B, and C, it also measures A and B. Thus, it will also measure the 
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΄ 


Y 


A, B, T’ ἀριϑμοὺς ἀριϑμός τις μετρήσει μείζων Ov tod E: ὁ E ἄρα τῶν A, B, Τ᾽ μέγιστόν ἐστι 
κοινὸν μέτρον: ὅπερ ἔδει δεῖξαι. 


452 


ELEMENTS BOOK 7 
Proposition 3 


greatest common measure of A and B [Prop. 7.2 corr.]. And D is the greatest common measure 
of A and B. Thus, Ε΄ measures D. And it also measures C. Thus, Ε΄ measures D and Οὐ. Thus, 
it will also measure the greatest common measure of D and C [Prop. 7.2 corr.]. And EF is the 
greatest common measure of D and (΄. Thus, Ε΄ measures EF, the greater (measuring) the lesser. 
The very thing is impossible. Thus, some number which is greater than Εἰ does not measure the 
numbers A, B, and Οὐ. Thus, EF is the greatest common measure of A, B, and C. (Which is) the 
very thing it was required to show. 
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XTOLXEIQN ζ΄ 


ΕΝ 


“Aras ἀριϑμὸς παντὸς ἀριϑμοῦ ὁ ἐλάσσων τοῦ μείζονος ἤτοι μέρος ἐστὶν ἢ μέρη. 


Ἔστωσαν δύο ἀριϑμοὶ οἱ A, BI, καὶ ἔστω ἐλάσσων ὁ BI™ λέγω, ὅτι ὁ BI tod A ἤτοι μέρος 
ἐστὶν ἢ μέρη. 


Οἱ A, BI γὰρ ἤτοι πρῶτοι πρὸς ἀλλήλους εἰσὶν ἢ οὔ. ἔστωσαν πρότερον οἱ A, BI πρῶτοι 
πρὸς ἀλλήλους. διαρεϑέντος δὴ τοῦ BI εἰς τὰς ἐν αὐτῷ μονάδας ἔσται ἑκάστη μονὰς τῶν ἐν τῷ 
BI μέρος τι τοῦ Δ΄ ὥστε μέρη ἐστὶν ὁ BI τοῦ A. 


Μὴ ἔστωσαν δὴ οἱ A, BI’ πρῶτοι πρὸς ἀλλήλους: ὁ δὴ BI τὸν A ἤτοι μετρεῖ ἢ οὐ μετρεῖ. εἰ 
μὲν οὖν ὁ ΒΓ tov A μετρεῖ, μέρος ἐστὶν ὁ ΒΓ τοῦ A. εἰ δὲ οὔ, εἰλήφϑω τῶν A, BI μέγιστον 
κοινὸν μέτρον ὁ Δ, καὶ διῃρήσϑω ὁ BI εἰς τοὺς τῷ Δ ἴσους τοὺς BE, EZ, ZT. καὶ ἐπεὶ ὁ Δ 
τὸν A μετρεῖ, μέρος ἐστὶν ὁ Δ tod A: ἴσος δὲ ὁ Δ ἑκάστῳ τῶν BE, EZ, ZI καὶ ἕκαστος ἄρα 
τῶν BE, EZ, ZV τοῦ A μέρος ἐστίν: ὥστε μέρη ἐστὶν ὁ BI τοῦ A. 


“Aras ἄρα ἀριϑμὸς παντὸς ἀριϑμοῦ ὁ ἐλάσσων τοῦ μείζονος ἤτοι μέρος ἐστὶν ἢ μέρη ὅπερ 
ἔδει δεῖξαι. 
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Proposition 4 


Br 

E+ 

1 | 
Af »p 


Any number is either part or parts of any (other) number, the lesser of the greater. 


Let A and BC be two numbers, and let BC be the lesser. I say that BC is either part or parts of 
A. 


For A and BC are either prime to one another, or not. Let A and BC, first of all, be prime to one 
another. So separating BC into its constituent units, each of the units in BC will be some part of 
A. Hence, BC is parts of A. 


So let A and BC be not prime to one another. So BC either measures, or does not measure, A. 
Therefore, if ΒΟ measures A then BC is part of A. And if not, let the greatest common measure, 
D, of A and BC have been taken [Prop. 7.2], and let BC’ have been divided into BE, EF’, and 
FC, equal to D. And since D measures A, D is a part of A. And D is equal to each of BE, EF, 
and FC. Thus, BE, EF, and FC are also each part of A. Hence, BC is parts of A. 


Thus, any number is either part or parts of any (other) number, the lesser of the greater. (Which 
is) the very thing it was required to show. 
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1 Ζ 
A A 


"Ey ἀριϑμὸς ἀριϑμοῦ μέρος ἢ, καὶ ἕτερος ἑτέρου τὸ αὐτὸ μέρος ἢ, καὶ συναμφότερος συναμ - 
φοτέρου τὸ αὐτὸ μέρος ἔσται, ὅπερ ὁ εἷς τοῦ ἑνός. 


᾿Αριϑμὸς γὰρ ὁ A [ἀριϑμοῦ] tod BI’ μέρος ἔστω, καὶ ἕτερος ὁ Δ ἑτέρου τοῦ ΕΖ τὸ αὐτὸ 
μέρος, ὅπερ ὁ A tod BI™ λέγω, ὅτι καὶ συναμφότερος ὁ A, Δ συναμφοτέρου tod BI’, ΕΖ τὸ 
αὐτὸ μέρος ἐστίν, ὅπερ ὁ A τοῦ BI. 


Ἐπεὶ γάρ, ὃ μέρος ἐστὶν 6 A tod BI, τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ Δ tod ΕΖ, ὅσοι ἄρα εἰσὶν 
ἐν τῷ BI ἀριϑμοὶ ἴσοι τῷ A, τοσοῦτοί εἰσι καὶ ἐν τῷ ΕΖ ἀριϑμοὶ ἴσοι τῷ Δ. διἠρήσϑω ὁ μὲν 
BI εἰς τοὺς τῷ A ἴσους τοὺς BH, HI, ὁ δὲ EZ εἰς τοὺς τῷ Δ ἴσους τοὺς EO, ΘΖ: ἔσται δὴ 
ἴσον τὸ πλῆϑος τῶν BH, HI τῷ πλήϑει τῶν ΕΘ, ΘΖ. καὶ ἐπεὶ ἴσος ἐστὶν ὁ μὲν BH τῷ A, ὁ 
δὲ ΕΘ τῷ A, χαὶ οἱ ΒΗ, ἘΘ ἄρα τοῖς A, A ἴσοι. διὰ τὰ αὐτὰ δὴ καὶ οἱ HT, ΘΖ τοῖς A, 
Δ. ὅσοι ἄρα [εἰσὶν] ἐν τῷ BI ἀριϑμοὶ ἴσοι τῷ A, τοσοῦτοί εἰσι καὶ ἐν τοῖς BI’, ΕΖ ἴσοι τοῖς 
A, A. ὁσαπλασίων ἄρα ἐστὶν ὁ BI’ tod A, τοσαυταπλασίων ἐστὶ καὶ συναμφότερος ὁ BI, EZ 
συναμφοτέρου τοῦ A, A. ὃ ἄρα μέρος ἐστὶν ὁ A tod BI’, τὸ αὐτὸ μέρος ἐστὶ καὶ συναμφότερος 
ὁ A, Δ συναμφοτέρου tod BI, EZ: ὅπερ ἔδει δεῖξαι. 
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Proposition 5 17° 


B 
E 

G 
H 
A ©&p F 


If a number is part of a number, and another (number) is the same part of another, then the sum 
(of the leading numbers) will also be the same part of the sum (of the following numbers) that 
one (number) is of another. 


For let a number A be part of a [number] BC, and another (number) D (be) the same part of 
another (number) FF that A (is) of BC. I say that the sum A, D is also the same part of the sum 
BC, EF that A (is) of BC. 


For since which(ever) part A is of BC, D is the same part of EF’, thus as many numbers as are in 
BC equal to A, so many numbers are also in EF equal to D. Let BC have been divided into BG 
and GC, equal to A, and EF into EH and HF, equal to D. So the multitude of (divisions) BG, 
GC will be equal to the multitude of (divisions) EH, HF. And since BG is equal to A, and EH 
to D, thus BG, EH (is) also equal to A, D. So, for the same (reasons), GC’, H F (is) also (equal) 
to A, D. Thus, as many numbers as [are] in BC’ equal to A, so many are also in BC, EF equal 
to A, D. Thus, as many times as BC is (divisible) by A, so many times is the sum BC, EF also 
(divisible) by the sum A, D. Thus, which(ever) part A is of BC, the sum A, D is also the same 
part of the sum BC, EF’. (Which is) the very thing it was required to show. 


120Tn modern notation, this proposition states that if a = (1/n) ὃ and c = (1/n) d then (a+c) = (1/n) (b+), where 
all symbols denote numbers. 
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΄ 


Cc 


1 Ζ 


"Exy ἀριϑμὸς ἀριϑμοῦ μέρη ἢ; καὶ ἕτερος ἑτέρου τὰ αὐτὰ μέρη ἢ, καὶ συναμφότερος συναμ - 
φοτέρου τὰ αὐτὰ μέρη ἔσται, ὅπερ ὁ εἷς τοῦ ἑνός. 


᾿Αριϑμὸς γὰρ ὁ ΑΒ ἀριϑμοῦ τοῦ T μέρη ἔστω, καὶ ἕτερος ὁ ΔΕ ἑτέρου τοῦ Z τὰ αὐτὰ μέρη, 
ἅπερ ὁ AB τοῦ I™ λέγω, ὅτι καὶ συναμφότερος ὁ AB, ΔΕ συναμφοτέρου τοῦ T, Z τὰ αὐτὰ 
μέρη ἐστίν, ἅπερ ὁ AB τοῦ I. 


"Exel γάρ, ἃ μέρη ἐστὶν ὁ ΑΒ τοῦ T, τὰ αὐτὰ μέρη καὶ ὁ AE tod Z, ὅσα ἄρα ἐστὶν ἐν τῷ 
AB μέρη τοῦ 1", τοσαῦτά ἐστι καὶ ἐν τῷ AE μέρη τοῦ Ζ. διηρήσϑω ὁ μὲν AB εἰς τὰ tod TP 
μέρη τὰ AH, ΗΒ, ὁ δὲ AE εἰς τὰ tod Z μέρη τὰ ΔΘ, OE: ἔσται δὴ ἴσον τὸ πλῆϑος τῶν AH, 
ΗΒ τῷ πλήϑει τῶν ΔΘ, ΘΗ. καὶ ἐπεί, ὃ μέρος ἐστὶν ὁ ΛΗ τοῦ IT, τὸ αὑτὸ μέρος ἐστὶ καὶ ὁ 
ΔΘ τοῦ Ζ, ὃ ἄρα μέρος ἐστὶν ὁ ΛΗ τοῦ I, τὸ αὐτὸ μέρος ἐστὶ καὶ συναμφότερος ὁ AH, ΔΘ 
συναμφοτέρου τοῦ I, Ζ. διὰ τὰ αὐτὰ δὴ καὶ ὃ μέρος ἐστὶν ὁ HB τοῦ 1", τὸ αὐτὸ μέρος ἐστὶ 
nal συναμφότερος ὁ ΗΒ, ΘΕ συναμφοτέρου τοῦ I, Ζ. ἃ ἄρα μέρη ἐστὶν ὁ AB τοῦ I, τὰ αὐτὰ 
μέρη ἐστὶ καὶ συναμφότερος ὁ AB, AE συναμφοτέρου τοῦ I, Ζ’ ὅπερ ἔδει δεῖξαι. 
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Proposition 6 12] 


A a 
D 
G 
H 


If a number is parts of a number, and another (number) is the same parts of another, then the 
sum (of the leading numbers) will also be the same parts of the sum (of the following numbers) 
that one (number) is of another. 


For let a number AB be parts of a number C, and another (number) DE (be) same parts of 
another (number) Γ΄ that AB (is) of C. I say that the sum AB, DE is also the same parts of the 
sum Οὐ, F that AB (is) of C. 


For since which(ever) parts AB is of C, DE (is) also the same parts of F’, thus as many parts of 
C as are in AB, so many parts of F are also in DE. Let AB have been divided into the parts of 
C, AG and GB, and DE into the parts of F, DH and HE. So the multitude of (divisions) AG, 
GB will be equal to the multitude of (divisions) DH, HE. And since which(ever) part AG is of 
C, DH is also the same part of F’, thus which(ever) part AG is of C, the sum AG, DH is also the 
same part of the sum C, F' [Prop. 7.5]. And so, for the same (reasons), which(ever) part GB is of 
C, the sum GB, HE is also the same part of the sum C, Ε΄. Thus, which(ever) parts AB is of C, 
the sum AB, DE is also the same parts of the sum C, F’. (Which is) the very thing it was required 
to show. 


1211n modern notation, this proposition states that if a = (m/n)b and c = (m/n)d then (a+ c) = (m/n) (b+ d), 
where all symbols denote numbers. 
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a 


AE B 


H 1 7 Δ 


"Exy ἀριϑμὸς ἀριϑμοῦ μέρος ἢ, ὅπερ ἀφαιρεϑεὶς ἀφαιρεϑέντος, καὶ ὁ λοιπὸς τοῦ λοιποῦ τὸ 
αὐτὸ μέρος ἔσται, ὅπερ ὁ ὅλος τοῦ ὅλου. 


᾿Αριϑμὸς γὰρ ὁ ΑΒ ἀριϑμοῦ τοῦ ΓΔ μέρος ἔστω, ὅπερ ἀφαιρεϑεὶς ὁ AE ἀφαιρεϑέντος τοῦ 
TZ: λέγω, ὅτι καὶ λοιπὸς ὁ EB λοιποῦ τοῦ ΖΔ τὸ αὐτὸ μέρος ἐστίν, ὅπερ ὅλος ὁ AB ὅλου τοῦ 
TA. 


Ὃ γὰρ μέρος ἐστὶν ὁ AE tod PZ, τὸ αὐτὸ μέρος ἔστω καὶ ὁ EB tod ΤῊ. καὶ ἐπεί, 6 μέρος 
ἐστὶν ὁ ΛΕ τοῦ 12, τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ EB τοῦ TH, ὃ ἄρα μέρος ἐστὶν ὁ ΛΕ τοῦ VZ, τὸ 
αὐτὸ μέρος ἐστὶ καὶ ὁ AB τοῦ ΗΖ. ὃ δὲ μέρος ἐστὶν ὁ AE τοῦ 12, τὸ αὐτὸ μέρος ὑπόκειται 
nat ὁ AB tod TA: ὃ ἄρα μέρος ἐστὶ καὶ ὁ AB τοῦ ΗΖ, τὸ αὐτὸ μέρος ἐστὶ καὶ τοῦ 1)Δ’ ἴσος 
ἄρα ἐστὶν ὁ HZ τῷ TA. κοινὸς ἀφῃρήσϑω ὁ VZ: λοιπὸς ἄρα ὁ HT λοιπῷ τῷ ΖΔ ἐστιν ἴσος. 
nat ἐπεί, ὃ μέρος ἐστὶν ὁ AE tod 12, τὸ αὐτὸ μέρος [ἐστὶ] καὶ ὁ EB tod HI, ἴσος δὲ ὁ HT 
τῷ ZA, ὃ ἄρα μέρος ἐστὶν ὁ AE τοῦ TZ, τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ EB τοῦ ΖΔ. ἀλλὰ ὃ μέρος 
ἐστὶν ὁ AE τοῦ 12, τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ AB tod VA’ καὶ λοιπὸς ἄρα ὁ ΕΒ λοιποῦ τοῦ 
ZA τὸ αὐτὸ μέρος ἐστίν, ὅπερ ὅλος ὁ AB ὅλου tod TA: ὅπερ ἔδει δεῖξαι. 


460 


ELEMENTS BOOK 7 
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AE B 


+ 


G C F D 


[_ Aa 


If a number is that part of a number that a (part) taken away (is) of a (part) taken away, then the 
remainder will also be the same part of the remainder that the whole (is) of the whole. 


For let a number AB be that part of a number CD that a (part) taken away AE (is) of a part 
taken away C'F’. I say that the remainder FB is also the same part of the remainder FD that the 
whole AB (is) of the whole CD. 


For which(ever) part AF is of CF, let EB also be the same part of CG. And since which(ever) 
part AE is of CF, EB is also the same part of CG, thus which(ever) part AF is of CF, AB is 
also the same part of GF [Prop. 7.5]. And which(ever) part AE is of C'F’, AB is also assumed (to 
be) the same part of CD. Thus, also, which(ever) part AB is of GF’, (AB) is also the same part 
of CD. Thus, GF is equal to CD. Let CF have been subtracted from both. Thus, the remainder 
GC is equal to the remainder F'D. And since which(ever) part AE is of CF’, ΕΒ [is] also the 
same part of GC, and GC (is) equal to ΓΙ), thus which(ever) part AF is of CF, ΕΒ is also the 
same part of FD. But, which(ever) part AF is of CF’, AB is also the same part of C'D. Thus, the 
remainder ΕΒ is also the same part of the remainder ΕΠ) that the whole AB (is) of the whole 
CD. (Which is) the very thing it was required to show. 


122Tn modern notation, this proposition states that if a = (1/n) ὃ and c = (1/n) d then (a —c) = (1/n) (Ὁ -- α), where 
all symbols denote numbers. 
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Z. A 


H MK ΝΘ 


A AE B 


"Exy ἀριϑμὸς ἀριϑμοῦ μέρη ἢ, ἅπερ ἀφαιρεϑεὶς ἀφαιρεϑέντος, καὶ ὁ λοιπὸς TOD λοιποῦ τὰ αὐτὰ 
μέρη ἔσται, ἅπερ ὁ ὅλος τοῦ ὅλου. 


᾿Αριϑμὸς γὰρ 6 ΑΒ ἀριϑμοῦ τοῦ ΓΔ μέρη ἔστω, ἅπερ ἀφαιρεϑεὶς ὁ AE ἀφαιρεϑέντος tod TZ: 
λέγω, ὅτι καὶ λοιπὸς ὁ EB λοιποῦ τοῦ ΖΔ τὰ αὐτὰ μέρη ἐστίν, ἅπερ ὅλος ὁ ΑΒ ὅλου tod TA. 


Κείσϑω γὰρ τῷ ΑΒ ἴσος ὁ ΗΘ, ἃ ἄρα μέρη ἐστὶν ὁ ΗΘ τοῦ TA, τὰ αὐτὰ μέρη ἐστὶ καὶ ὁ 
AE τοῦ ΓΖ. διῃρήσϑω ὁ μὲν ΗΘ εἰς τὰ tod VA μέρη τὰ ΗΚ, ΚΘ, ὁ δὲ ΛΕ εἰς τὰ τοῦ TZ 
μέρη τὰ AA, AE: ἔσται δὴ ἴσον τὸ πλῆϑος τῶν HK, ΚΘ τῷ πλήϑει τῶν AA, AE. καὶ ἐπεί, ὃ 
μέρος ἐστὶν ὁ HK τοῦ TA, τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ AA tod TZ, μείζων δὲ 6 TA τοῦ UZ, 
μείζων ἄρα καὶ ὁ HK τοῦ AA. χείσϑω τῷ AA ἴσος ὁ ΗΜ. ὃ ἄρα μέρος ἐστὶν 6 HK τοῦ TA, 
τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ ΗΜ tod UZ: καὶ λοιπὸς ἄρα ὁ ΜΚ λοιποῦ τοῦ ΖΔ τὸ αὐτὸ μέρος 
ἐστίν, ὅπερ ὅλος ὁ ΗΚ ὅλου τοῦ TA. πάλιν ἐπεί, ὃ μέρος ἐστὶν ὁ ΚΘ τοῦ TA, τὸ αὐτὸ μέρος 
ἐστὶ καὶ ὁ EA τοῦ 12, μείζων δὲ ὁ ΓΔ tod 12, μείζων ἄρα καὶ ὁ ΘΚ τοῦ EA. χείσϑω τῷ 
ΕΛ ἴσος ὁ ΚΝ. ὃ ἄρα μέρος ἐστὶν ὁ ΚΘ tod TA, τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ ΚΝ tod UZ καὶ 
λοιπὸς ἄρα ὁ ΝΘ λοιποῦ tod ZA τὸ αὐτὸ μέρος ἐστίν, ὅπερ ὅλος ὁ ΚΘ ὅλου τοῦ TA. ἐδείχϑη 
δὲ καὶ λοιπὸς ὁ ΜΚ λοιποῦ tod ZA τὸ αὐτὸ μέρος ὦν, ὅπερ ὅλος ὁ ΗΚ ὅλου tod PA: καὶ 
συναμφότερος ἄρα ὁ ΜΚ, ΝΘ τοῦ AZ τὰ αὐτὰ μέρη ἐστίν, ἅπερ ὅλος ὁ ΘΗ ὅλου tod TA. 
ἴσος δὲ συναμφότερος μὲν ὁ ΜΚ, ΝΘ τῷ ΕΒ, ὁ δὲ ΘΗ τῷ ΒΑ’ χαὶ λοιπὸς ἄρα ὁ ΕΒ λοιποῦ 
τοῦ ΖΔ τὰ αὐτὰ μέρη ἐστίν, ἅπερ ὅλος ὁ AB ὅλου tod TA: ὅπερ ἔδει δεῖξαι. 


462 


ELEMENTS BOOK 7 


Proposition 8 1253 


If a number is those parts of a number that a (part) taken away (is) of a (part) taken away, then 
the remainder will also be the same parts of the remainder that the whole (is) of the whole. 


For let a number AB be those parts of a number C'D that a (part) taken away AF (is) of a (part) 
taken away Ο Ε΄. I say that the remainder FB is also the same parts of the remainder ΕΠ) that the 
whole AB (is) of the whole CD. 


For let GH be laid down equal to AB. Thus, which(ever) parts GH is of CD, AE is also the same 
parts of CF’. Let GH have been divided into the parts of CD, GK and KH, and AE into the part 
of CF, AL and LE. So the multitude of (divisions) GA, KH will be equal to the multitude of 
(divisions) AL, LE. And since which(ever) part GK is of CD, AL is also the same part of CF, 
and ΟἿ (is) greater than CF’, GK (is) thus also greater than AL. Let GM be made equal to AL. 
Thus, which(ever) part GK is of CD, ΟΜ is also the same part of CF’. Thus, the remainder Mk 
is also the same part of the remainder FD that the whole GK (is) of the whole CD [Prop. 7.5]. 
Again, since which(ever) part Kk H is of CD, EL is also the same part of C'F’, and CD (is) greater 
than CF’, HK (is) thus also greater than EL. Let ΚΝ be made equal to EL. Thus, which(ever) 
part KH (is) of CD, KN is also the same part of CF. Thus, the remainder ΝῊ is also the 
same part of the remainder F'D that the whole KH (is) of the whole ΟἿ [Prop. 7.5]. And the 
remainder MK was also shown to be the same part of the remainder FD that the whole GK (is) 
of the whole C'D. Thus, the sum MV Kk, NH is the same parts of DF that the whole HG (is) of the 
whole C'D. And the sum MK, NH (is) equal to EB, and HG to BA. Thus, the remainder ΕΒ 
is also the same parts of the remainder FD that the whole AB (is) of the whole CD. (Which is) 
the very thing it was required to show. 


123Tn modern notation, this proposition states that if a = (m/n)b and c = (m/n)d then (a — c) = (m/n) (Ὁ -- α), 
where all symbols denote numbers. 
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Ἐὰν ἀριϑμὸς ἀριϑμοῦ μέρος ἢ, καὶ ἕτερος ἑτέρου τὸ αὐτὸ μέρος ἢ, καὶ ἐναλλάξ, ὃ μέρος 
ἐστὶν ἢ μέρη ὁ πρῶτος τοῦ τρίτου, τὸ αὐτὸ μέρος ἔσται H τὰ αὐτὰ μέρη χαὶ ὁ δεύτερος τοῦ 
τετάρτου. 


᾿Αριϑμὸς γὰρ 6 A ἀριϑμοῦ tod BI μέρος ἔστω, καὶ ἕτερος 6 Δ ἑτέρου τοῦ EZ τὸ αὐτὸ μέρος, 
ὅπερ ὁ A τοῦ BI™ λέγω, ὅτι καὶ ἐναλλάξ, ὃ μέρος ἐστὶν ὁ A τοῦ Δ ἢ μέρη, τὸ αὐτὸ μέρος ἐστὶ 
nat ὁ BI τοῦ ΕΖ ἢ μέρη. 


Ἐπεὶ γὰρ ὃ μέρος ἐστὶν 6 A tod BI, τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ Δ τοῦ ΕΖ, ὅσοι ἄρα εἰσὶν ἐν τῷ 
BI’ ἀριϑμοὶ ἴσοι τῷ A, τοσοῦτοί εἰσι καὶ ἐν τῷ ΕΖ ἴσοι τῷ Δ. διηρήσϑω ὁ μὲν BI εἰς τοὺς τῷ 
A ἴσους τοὺς BH, HI’, ὁ δὲ EZ εἰς τοὺς τῷ Δ ἴσους τοὺς EO, ΘΖ: ἔσται δὴ ἴσον τὸ πλῆϑος 
τῶν BH, HD τῷ πλήϑει τῶν EO, ΘΖ. 


Kot ἐπεὶ ἴσοι εἰσὶν οἱ BH, HT ἀριϑμοὶ ἀλλήλοις, εἰσὶ δὲ καὶ οἱ EO, ΘΖ ἀριϑμοὶ ἴσοι ἀλλήλοις, 
nat ἐστιν ἴσον τὸ πλῆϑος τῶν BH, HT τῷ πλήϑει τῶν EO, ΘΖ, ὃ ἄρα μέρος ἐστὶν ὁ ΒΗ τοῦ 
ΕΘ ἢ μέρη, τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ HT’ τοῦ ΘΖ ἢ τὰ αὐτὰ μέρη ὥστε καὶ ὃ μέρος ἐστὶν ὁ 
BH τοῦ ΕΘ ἢ μέρη, τὸ αὐτὸ μέρος ἐστὶ καὶ συναμφότερος ὁ BI’ συναμφοτέρου tod EZ ἢ τὰ 
αὐτὰ μέρη. ἴσος δὲ ὁ μὲν ΒΗ τῷ A, ὁ δὲ EO τῷ A’ ὃ ἄρα μέρος ἐστὶν 6 A τοῦ Δ ἢ μέρη; τὸ 


w 


αὐτὸ μέρος ἐστὶ καὶ ὁ BI’ tod EZ ἢ τὰ αὐτὰ μέρη; ὅπερ ἔδει δεῖξαι. 
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If a number is part of a number, and another (number) is the same part of another, also, alter- 
nately, which(ever) part, or parts, the first (number) is of the third, the second (number) will also 
be the same part, or the same parts, of the fourth. 


For let a number A be part of a number BC, and another (number) D (be) the same part of 
another EF that A (is) of BC. I say that, also, alternately, which(ever) part, or parts, A is of D, 
BC is also the same part, or parts, of EF. 


For since which(ever) part A is of BC, D is also the same part of EF’, thus as many numbers as 
are in BC equal to A, so many are also in EF equal to D. Let BC have been divided into BG 
and GC, equal to A, and EF into EH and HF, equal to D. So the multitude of (divisions) BG, 
GC will be equal to the multitude of (divisions) EH, HF. 


And since the numbers BG and GC are equal to one another, and the numbers ΕΗ and HF are 
also equal to one another, and the multitude of (divisions) BG, GC is equal to the multitude of 
(divisions) EH, HC, thus which(ever) part, or parts, BG is of EH, GC is also the same part, or 
the same parts, of HF’. And hence, which(ever) part, or parts, BG is of EH, the sum BC is also 
the same part, or the same parts, of the sum FF [Props. 7.5, 7.6]. And BG (is) equal to A, and 
EH to D. Thus, which(ever) part, or parts, A is of D, BC is also the same part, or the same parts, 
of EF. (Which is) the very thing it was required to show. 


1241 modern notation, this proposition states that if a = (1/n) ὃ and c = (1/n)d then if a = (k/l) c then ὃ = (k/I) d, 
where all symbols denote numbers. 
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Ἐὰν ἀριϑμὸς ἀριϑμοῦ μέρη ἢ, καὶ ἕτερος ἑτέρου τὰ αὐτὰ μέρη ἢ, καὶ ἐναλλάξ, & μέρη ἐστὶν ὁ 
πρῶτος τοῦ τρίτου ἢ μέρος, τὰ αὐτὰ μέρη ἔσται καὶ ὁ δεύτερος τοῦ τετάρτου ἢ τὸ αὐτὸ μέρος. 


᾿Αριϑμὸς γὰρ ὁ ΑΒ ἀριϑμοῦ τοῦ 1 μέρη ἔστω, nat ἕτερος ὁ AE ἑτέρου τοῦ Ζ τὰ αὐτὰ μέρη: 
λέγω, ὅτι καὶ ἐναλλάξ, ἃ μέρη ἐστὶν ὁ AB τοῦ ΔΕ ἢ μέρος, τὰ αὐτὰ μέρη ἐστὶ καὶ ὁ T tod Ζ 
YH τὸ αὐτὸ μέρος. 


Ἐπεὶ γάρ, ἃ μέρη ἐστὶν ὁ ΑΒ τοῦ T, τὰ αὐτὰ μέρη ἐστὶ καὶ ὁ AE τοῦ Z, ὅσα ἄρα ἐστὶν ἐν τῷ 
AB μέρη τοῦ TV, τοσαῦτα καὶ ἐν τῷ AE μέρη τοῦ Ζ. διῃρήσϑω ὁ μὲν AB εἰς τὰ τοῦ T° μέρη 
τὰ AH, ΗΒ, ὁ δὲ AE εἰς τὰ tod Ζ μέρη τὰ ΔΘ, ΘΕ: ἔσται δὴ ἴσον τὸ πλῆϑος τῶν AH, HB 
τῷ πλήϑει τῶν ΔΘ, ΘΗ. χαὶ ἐπεί, ὃ μέρος ἐστὶν ὁ AH τοῦ I, τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ ΔΘ 
τοῦ Ζ, nol ἐναλλάξ, ὃ μέρος ἐστὶν ὁ AH τοῦ ΔΘ ἢ μέρη, τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ 1 τοῦ Ζ ἢ 
τὰ αὐτὰ μέρη. διὰ τὰ αὐτὰ δὴ καί, ὃ μέρος ἐστὶν ὁ ΗΒ τοῦ OE ἢ μέρη, τὸ αὐτὸ μέρος ἐστὶ 
nat ὁ Τ᾽ τοῦ Ζ ἢ τὰ αὐτὰ μέρη: ὥστε καί [ὃ μέρος ἐστὶν ὁ AH τοῦ ΔΘ ἢ μέρη, τὸ αὐτὸ μέρος 
ἐστὶ καὶ ὁ ΗΒ τοῦ OE ἢ τὰ αὐτὰ μέρη: καὶ ὃ ἄρα μέρος ἐστὶν ὁ AH tod ΔΘ ἢ μέρη, τὸ αὐτὸ 
μέρος ἐστὶ καὶ ὁ ΑΒ τοῦ ΔΕ ἢ τὰ αὐτὰ μέρη" ἀλλ᾽ ὃ μέρος ἐστὶν ὁ AH τοῦ ΔΘ ἢ μέρη, τὸ 
αὐτὸ μέρος ἐδείχϑη καὶ OT τοῦ Ζ ἢ τὰ αὐτὰ μέρη, καὶ] ἃ [ἄρα] μέρη ἐστὶν ὁ AB τοῦ ΔΕ ἢ 
μέρος, τὰ αὐτὰ μέρη ἐστὶ καὶ ὁ TI τοῦ Ζ ἢ τὸ αὐτὸ μέρος: ὅπερ ἔδει δεῖξαι. 
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If a number is parts of a number, and another (number) is the same parts of another, also, alter- 
nately, which(ever) parts, or part, the first (number) is of the third, the second will also be the 
same parts, or the same part, of the fourth. 


For let a number AB be parts of a number Οὐ, and another (number) DE (be) the same parts of 
another F’. I say that, also, alternately, which(ever) parts, or part, AB is of DE, C is also the 
same parts, or the same part, of F’. 


For since which(ever) parts AB is of C, DE is also the same parts of F’, thus as many parts of Οἱ 
as are in AB, so many parts of Γ' (are) also in DE. Let AB have been divided into the parts of C, 
AG and GB, and DE into the parts of F, DH and HE. So the multitude of (divisions) AG, GB 
will be equal to the multitude of (divisions) DH, HE. And since which(ever) part AG is of C, 
DH is also the same part of F’, also, alternately, which(ever) part, or parts, AG is of DH, C is also 
the same part, or the same parts, of F' [Prop. 7.9]. And so, for the same (reasons), which(ever) 
part, or parts, GB is of HE, C is also the same part, or the same parts, of F' [Prop. 7.9]. And so 
[which(ever) part, or parts, AG is of DH, GB is also the same part, or the same parts, of HE. 
And thus, which(ever) part, or parts, AG is of DH, AB is also the same part, or the same parts, 
of DE [Props. 7.5, 7.6]. But, which(ever) part, or parts, AG is of DH, C' was also shown (to be) 
the same part, or the same parts, of F’. And, thus] which(ever) parts, or part, AB is of DE, C is 
also the same parts, or the same part, of F’. (Which is) the very thing it was required to show. 


125Tn modern notation, this proposition states that if a = (m/n)b and c = (m/n)d then if a = (k/l)c then b = 
(k/l) d, where all symbols denote numbers. 
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Ἔαν ἢ ὡς ὅλος πρὸς ὅλον, οὕτως ἀφαιρεϑεὶς πρὸς ἀφαιρεϑέντα, καὶ ὁ λοιπὸς πρὸς TOV λοιπὸν 
ἔσται, ὡς ὅλος πρὸς ὅλον. 


Ἔστω ὡς ὅλος ὁ ΑΒ πρὸς ὅλον τὸν TA, οὕτως ἀφαιρεϑεὶς ὁ AE πρὸς ἀφαιρεϑέντα tov PZ: 
λέγω, ὅτι καὶ λοιπὸς ὁ EB πρὸς λοιπὸν τὸν ZA ἐστιν, ὡς ὅλος ὁ AB πρὸς ὅλον τὸν TA. 


Ἔπεί ἐστιν ὡς ὁ ΑΒ πρὸς τὸν TA, οὕτως 6 AE πρὸς τὸν TZ, ὃ ἄρα μέρος ἐστὶν ὁ AB τοῦ ΓΔ 
H μέρη, τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ AE τοῦ 12 ἢ τὰ αὐτὰ μέρη. καὶ λοιπὸς ἄρα ὁ EB λοιποῦ 
tod ΖΔ τὸ αὐτὸ μέρος ἐστὶν ἢ μέρη, ἅπερ ὁ AB τοῦ TA. ἔστιν ἄρα ὡς ὁ ΕΒ πρὸς τὸν ΖΔ, 
οὕτως ὁ ΛΒ πρὸς τὸν TA: ὅπερ ἔδει δεῖξαι. 
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If as the whole (of a number) is to the whole (of another), so a (part) taken away (is) to a (part) 
taken away, then the remainder will also be to the remainder as the whole (is) to the whole. 


Let the whole AB be to the whole CD as the (part) taken away AEF (is) to the (part) taken away 
CF. I say that the remainder FB is to the remainder ΕΠ) as the whole AB (is) to the whole CD. 


(For) since as AB is to CD, so AE (is) to CF, thus which(ever) part, or parts, AB is of CD, AE 
is also the same part, or the same parts, of C'F’ [Def. 7.20]. Thus, the remainder FB is also the 
same part, or parts, of the remainder ΕΠ) that AB (is) of CD [Props. 7.7, 7.8]. Thus, as ΕΒ is to 
FD, so AB (is) to CD [Def. 7.20]. (Which is) the very thing it was required to show. 


126Tn modern notation, this proposition states that if a : ὃ :: c: dthen a: ὃ :: a—c:b—d, where all symbols denote 
numbers. 
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‘Exyv ὦσιν ὁποσοιοῦν ἀριϑμοὶ ἀνάλογον, ἔσται ὡς εἷς τῶν ἡγουμένων πρὸς ἕνα τῶν ἑπομένων, 
οὕτως ἅπαντες οἱ ἡγούμενοι πρὸς ἅπαντας τοὺς ἑπομένους. 


Ἔστωσαν ὁποσοιοῦν ἀριϑμοὶ ἀνάλογον οἱ A, B, T, Δ, ὡς ὁ A πρὸς τὸν Β, οὕτως ὁ Τ᾽ πρὸς 
τὸν A: λέγω, ὅτι ἐστὶν ὡς ὁ A πρὸς τὸν B, οὕτως οἱ A, I’ πρὸς τοὺς B, A. 


"Exel γάρ ἐστιν ὡς ὁ A πρὸς τὸν Β, οὕτως ὁ Τ᾽ πρὸς τὸν Δ, ὃ ἄρα μέρος ἐστὶν 6 A tod Β ἢ 
μέρη, τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ 1᾽ τοῦ Δ ἢ μέρη. καὶ συναμφότερος ἄρα ὁ A, T° συναμφοτέρου 
τοῦ B, Δ τὸ αὐτὸ μέρος ἐστὶν ἢ τὰ αὐτὰ μέρη, ἅπερ ὁ A τοῦ Β. ἔστιν ἄρα ὡς ὁ A πρὸς τὸν B, 
οὕτως οἱ A, Τ᾽ πρὸς τοὺς B, Δ’ ὅπερ ἔδει δεῖξαι. 
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If any multitude whatsoever of numbers are proportional then as one of the leading (numbers is) 
to one of the following so all of the leading (numbers) will be to all of the following. 


Let any multitude whatsoever of numbers, A, B, C, D, be proportional, (such that) as A (is) to 
B, so C (is) to D. I say that as A is to B, so A, C (is) to B, ἢ. 


For since as A is to B, so C (is) to D, thus which(ever) part, or parts, A is of B, C' is also the same 
part, or parts, of D [Def. 7.20]. Thus, the sum A, C is also the same part, or the same parts, of the 
sum B, D that A (is) of B [Props. 7.5, 7.6]. Thus, as A is to B, so A, C (is) to B, D [Def. 7.20]. 
(Which is) the very thing it was required to show. 


1271n modern notation, this proposition states that if a: b::c: dthena: b::a+c:b-+d, where all symbols denote 
numbers. 
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᾿ὰν τέσσαρες ἀριϑμοὶ ἀνάλογον ὦσιν, καὶ ἐναλλὰξ ἀνάλογον ἔσονται. 
Ἔστωσαν τέσσαρες ἀριϑμοὶ ἀνάλογον οἱ A, Β, T, Δ, ὡς 6 A πρὸς τὸν B, οὕτως ὁ Τ᾿ πρὸς τὸν 
Δ’ λέγω, ὅτι καὶ ἐναλλὰξ ἀνάλογον ἔσονται, ὡς ὁ A πρὸς τὸν I’, οὕτως ὁ Β πρὸς τὸν Δ. 
"Exel γάρ ἐστιν ὡς ὁ A πρὸς τὸν Β, οὕτως ὁ T πρὸς τὸν A, ὃ ἄρα μέρος ἐστὶν 6 A tod Β ἢ 
μέρη, τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ I τοῦ Δ ἢ τὰ αὐτὰ μέρη. ἐναλλὰξ ἄρα, ὃ μέρος ἐστὶν ὁ A τοῦ 
Τ᾽ ἢ μέρη, τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ Β τοῦ Δ ἢ τὰ αὐτὰ μέρη. ἔστιν ἄρα ὡς ὁ A πρὸς τὸν T, 


οὕτως ὁ Β πρὸς τὸν Δ’ ὅπερ ἔδει δεῖξαι. 
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If four numbers are proportional then they will also be proportional alternately. 


Let the four numbers A, B, C,, and D be proportional, (such that) as A (is) to B, so C (is) to D. I 
say that they will also be proportional alternately, (such that) as A (is) to C, so B (is) to D. 


For since as A is to B, so C (is) to D, thus which(ever) part, or parts, A is of B, (Οἱ is also the same 
part, or the same parts, of D [Def. 7.20]. Thus, alterately, which(ever) part, or parts, A is of C, 
B is also the same part, or the same parts, of D [Props. 7.9, 7.10]. Thus, as A is to C, so B (is) 
to D [Def. 7.20]. (Which is) the very thing it was required to show. 


1281ῃ modern notation, this proposition states that if a : b :: c: dthena: c:: ὃ : d, where all symbols denote 
numbers. 
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᾿ὰν ὦσιν ὁποσοιοῦν ἀριϑμοὶ καὶ ἄλλοι αὐτοῖς ἴσοι τὸ πλῆϑος σύνδυο λαμβανόμενοι nat ἐν τῷ 
αὐτῷ λόγῳ, nual δι᾽ ἴσου ἐν τῷ αὐτῷ λόγῷ ἔσονται. 


Ἔστωσαν ὁποσοιοῦν ἀριϑμοὶ οἱ A, Β, Τ᾽ καὶ ἄλλοι αὐτοῖς ἴσοι τὸ πλῆϑος σύνδυο λαμβανόμενοι 
ἐν τῷ αὐτῷ λόγῳ οἱ Δ, E, Ζ, ὡς μὲν ὁ A πρὸς τὸν Β, οὕτως ὁ Δ πρὸς τὸν E, ὡς δὲ 6 Β πρὸς 


τὸν 1), οὕτως ὁ E πρὸς τὸν Ζ: λέγω, ὅτι καὶ δι᾽ ἴσου ἐστὶν ὡς : 


ὁ 
ὁ A πρὸς τὸν 1", οὕτως ὁ Δ πρὸς 
τὸν Ζ. 


"Exel γάρ ἐστιν ὡς 6 A πρὸς τὸν B, οὕτως ὁ Δ πρὸς τὸν E, ἐναλλὰξ ἄρα ἐστὶν ὡς ὁ A πρὸς 
τὸν Δ, οὕτως ὁ Β πρὸς τὸν E. πάλιν, ἐπεί ἐστιν ὡς ὁ Β πρὸς τὸν I, οὕτως ὁ E πρὸς τὸν Z, 
ἐναλλὰξ ἄρα ἐστὶν ὡς ὁ Β πρὸς τὸν E, οὕτως ὁ I’ πρὸς τὸν Ζ. ὡς δὲ ὁ Β πρὸς τὸν E, οὕτως ὁ 
A πρὸς τὸν Δ’ καὶ ὡς ἄρα ὁ A πρὸς τὸν Δ, οὕτως ὁ I πρὸς τὸν Z" ἐναλλὰξ ἄρα ἐστὶν ὡς ὁ A 
πρὸς τὸν 1., οὕτως ὁ Δ πρὸς τὸν Z ὅπερ ἔδει δεῖξαι. 
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If there are any multitude of numbers whatsoever, and (some) other (numbers) of equal multitude 
to them, (which are) also in the same ratio taken two by two, then they will also be in the same 
ratio via equality. 


Let there be any multitude of numbers whatsoever, A, B, C, and (some) other (numbers), D, E, 
F,, of equal multitude to them, (which are) in the same ratio taken two by two, (such that) as A 
(is) to B, so D (is) to EF, and as B (is) to C, so E (is) to Ε΄. I say that also, via equality, as A is to 
Ο, so D (is) to Ε΄. 


For since as A is to B, so D (is) to Κ᾽, thus, alternately, as A is to D, so B (is) to Εἰ [Prop. 7.13]. 
Again, since as B is to C, so E (is) to F’,, thus, alternately, as B is to E, so C (is) to F [Prop. 7.13]. 
And as B (is) to Κ᾽, so A (is) to D. Thus, also, as A (is) to D, so C (is) to F’. Thus, alternately, as 
A is to C, so D (is) to F' [Prop. 7.13]. (Which is) the very thing it was required to show. 


129Tn modern notation, this proposition states that ifa:b::d:eandb:c::e: f thena:c::d: f, where all symbols 
denote numbers. 


475 


XTOLXEIQN ζ΄ 


K ἣν Ζ, 


᾿ὰν μονὰς ἀριϑμόν τινα μετρῇ, ἰσακις δὲ ἕτερος ἀριϑμὸς ἄλλον τινὰ ἀριϑμὸν μετρῇ, καὶ 
ἐναλλὰξ ἰσάκις ἣ μονὰς τὸν τρίτον ἀριϑμὸν μετρήσει καὶ ὁ δεύτερος τὸν τέταρτον. 


Μονὰς γὰρ ἣ A ἀριϑμόν τινα tov BI’ μετρείτω, ἰσάκις δὲ ἕτερος ἀριϑμὸς ὁ Δ ἄλλον τινὰ 
ἀριϑμὸν τὸν EZ μετρείτω: λέγω, ὅτι καὶ ἐναλλὰξ ἰσάκις ἣ A μονὰς τὸν Δ ἀριϑμὸν μετρεῖ καὶ 
ὁ BI τὸν ΕΖ. 


"Enel γὰρ ἰσάκις ἣ A μονὰς τὸν BY ἀριϑμὸν μετρεῖ καὶ ὁ A τὸν EZ, ὅσαι ἄρα εἰσὶν ἐν τῷ BI 
μονάδες, τοσοῦτοί εἰσι καὶ ἐν τῷ EZ ἀριϑμοὶ ἴσοι τῷ Δ. διηρήσϑω ὁ μὲν BI εἰς τὰς ἐν ἑαυτῷ 
μονάδας τὰς ΒΗ, ΗΘ, OL, ὁ δὲ ΕΖ εἰς τοὺς τῷ Δ ἴσους τοὺς EK, ΚΛ, ΛΖ. ἔσται δὴ ἴσον τὸ 
πλῆϑος τῶν ΒΗ, ΗΘ, OL τῷ πλήϑει τῶν ΕΚ, KA, ΛΖ. καὶ ἐπεὶ ἴσαι εἰσὶν αἱ ΒΗ, ΗΘ, ΘΙ 
μονάδες ἀλλήλαις, εἰσὶ δὲ καὶ οἱ ΕΚ, KA, ΛΖ ἀριϑμοὶ ἴσοι ἀλλήλοις, καί ἐστιν ἴσον τὸ πλῆϑος 
τῶν ΒΗ, ΗΘ, OF μονάδων τῷ πλήϑει τῶν ΕΚ, ΚΛ, ΛΖ ἀριϑμῶν, ἔσται ἄρα ὡς 7 ΒΗ μονὰς 
πρὸς τὸν ΕΚ ἀριϑμόν, οὕτως ἣ ΗΘ μονὰς πρὸς τὸν ΚΛ ἀριϑμὸν χαὶ ἣ OL μονὰς πρὸς τὸν 
ΛΖ ἀριϑμόν. ἔσται ἄρα καὶ ὡς εἷς τῶν ἡγουμένων πρὸς ἕνα τῶν ἑπομένων, οὕτως ἅπαντες οἱ 
ἡγούμενοι πρὸς ἅπαντας τοὺς ἑπομένους: ἔστιν ἄρα ὡς ἣ ΒΗ μονὰς πρὸς τὸν EK ἀριϑμόν, 
οὕτως ὁ BI’ πρὸς τὸν ΕΖ. ἴση δὲ ἣ ΒΗ μονὰς τῇ A μονάδι, ὁ δὲ EK ἀριϑμὸς τῷ A ἀριϑμῷ. 
ἔστιν ἄρα ὡς ἡ A μονὰς πρὸς τὸν Δ ἀριϑμόν, οὕτως ὁ BI πρὸς τὸν EZ. ἰσάκις ἄρα ἡ A μονὰς 
τὸν Δ ἀριϑμὸν μετρεῖ καὶ ὁ BI τὸν EZ: ὅπερ ἔδει δεῖξαι. 
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Proposition 1513 


B G H C 


At ++ 


Ε Κ Ι, Ε 


Dm 2 I 


If a unit measures some number, and another number measures some other number as many 
times, then, also, alternately, the unit will measure the third number as many times as the second 
(number measures) the fourth. 


For let a unit A measure some number BC, and let another number D measure some other 
number FF’ the same amount of times. I say that, also, alternately, the unit A also measures the 
number D as many times as BC (measures) EF’. 


For since the unit A measures the number BC as many times as D (measures) EF’, thus as many 
units as are in BC, so many numbers are also in EF equal to D. Let BC have been divided into 
its constituent units, BG, GH, and HC, and EF into the (divisions) EK, KL, and LF, equal to 
D. So the multitude of (units) BG, GH, HC will be equal to the multitude of (divisions) EK, 
KL, LF. And since the units BG, GH, and HC are equal to one another, and the numbers ΕΚ, 
KL, and LF are also equal to one another, and the multitude of the (units) BG, GH, HC is equal 
to the multitude of the numbers ΕΚ, KL, LF, thus as the unit BG (is) to the number EK, so the 
unit GH will be to the number KL, and the unit HC to the number LF’. And thus, as one of the 
leading (numbers is) to one of the following, so all of the leading will be to all of the following 
[Prop. 7.12]. Thus, as the unit BG (is) to the number ΕΚ, so BC (is) to EF. And the unit BG 
(is) equal to the unit A, and the number ΕΚ to the number D. Thus, as the unit A is to the 
number D, so BC (is) to EF. Thus, the unit A measures the number D as many times as BC 
(measures) EF [Def. 7.20]. (Which is) the very thing it was required to show. 


130This proposition is a special case of Prop. 7.9. 
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XTOLXEIQN ζ΄ 


΄ 


IS 


Εὰν δύο ἀριϑμοὶ πολλαπλασιάσαντες ἀλλήλους ποιῶσί τινας, οἱ γενόμενοι ἐξ αὐτῶν ἴσοι 
ἀλλήλοις ἔσονται. 


Ἔστωσαν δύο ἀριϑμοὶ ot A, B, καὶ ὁ μὲν A τὸν Β πολλαπλασιάσας τὸν T° ποιείτω, ὁ δὲ B τὸν 
A πολλαπλασιάσας τὸν Δ ποιείτω᾽ λέγω, ὅτι ἴσος ἐστὶν ὁ T τῷ Δ. 


‘Exel γὰρ 6 A τὸν Β πολλαπλασιάσας tov I πεποίηκεν, ὁ Β ἄρα τὸν Τ᾽ μετρεῖ κατὰ τὰς ἐν τῷ 
A μονάδας. μετρεῖ δὲ καὶ 7 E μονὰς tov A ἀριϑμὸν κατὰ τὰς ἐν αὐτῷ μονάδας: ἰσάκις ἄρα ἣ 
E μονὰς tov A ἀριϑμὸν μετρεῖ καὶ ὁ Β τὸν 1. ἐναλλὰξ ἄρα ἰσάκις ἣ E μονὰς tov Β ἀριϑμὸν 
μετρεῖ καὶ ὁ A τὸν I. πάλιν, ἐπεὶ ὁ Β τὸν A πολλαπλασιάσας τὸν Δ πεποίηκεν, ὁ A ἄρα τὸν A 
μετρεῖ κατὰ τὰς ἐν τῷ Β μονάδας. μετρεῖ δὲ καὶ ἣ E μονὰς τὸν Β κατὰ τὰς ἐν αὐτῷ μονάδας: 
ἰσάκις ἄρα ἣ Ε μονὰς τὸν B ἀριϑμὸν μετρεῖ καὶ ὁ A τὸν Δ. ἰσάκις δὲ ἣ E μονὰς τὸν B ἀριϑμὸν 
ἐμέτρει καὶ ὁ A tov 1" ἰσάκις ἄρα ὁ A ἑκάτερον τῶν I, Δ μετρεῖ. ἴσος ἄρα ἐστὶν ὁ Τ᾽ τῷ A 


ὅπερ ἔδει δεῖξαι. 
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Proposition 1615: 


If two numbers multiplying one another make some (numbers) then the (numbers) generated 
from them will be equal to one another. 


Let A and B be two numbers. And let A make C' (by) multiplying B, and let B make D (by) 
multiplying A. I say that (Οἱ is equal to D. 


For since A has made C (by) multiplying B, B thus measures Οὐ according to the units in A 
[Def. 7.15]. And the unit E also measures the number A according to the units in it. Thus, the 
unit ΕἾ measures the number A as many times as B (measures) C’. Thus, alternately, the unit 
FE measures the number B as many times as A (measures) (Οὐ [Prop. 7.15]. Again, since B has 
made D (by) multiplying A, A thus measures D according to the units in B [Def. 7.15]. And the 
unit ΕἾ also measures B according to the units in it. Thus, the unit Εἰ measures the number B as 
many times as A (measures) D. And the unit E was measuring the number B as many times as 
A (measures) C’. Thus, A measures each of Οὐ and D an equal number of times. Thus, (Οὐ is equal 
to D. (Which is) the very thing it was required to show. 


131Tn modern notation, this proposition states that αὖ = ba, where all symbols denote numbers. 
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ΣΤΟΙΧΗΙΩΝ ζ΄ 


ιζ΄ 


"Ey ἀριϑμὸς δύο ἀριϑμοὺς πολλαπλασιάσας ποιῇ τινας, οἱ γενόμενοι ἐξ αὐτῶν τὸν αὐτὸν ἕξουσι 
λόγον τοῖς πολλαπλασιασϑεῖσιν. 


᾿Αριϑμὸς γὰρ 6 A δύο ἀριϑμοὺς τοὺς Β, Τ᾿ πολλαπλασιάσας τοὺς Δ, E ποιείτω" λέγω, ὅτι ἐστὶν 
ὡς ὁ Β πρὸς τὸν I’, οὕτως ὁ Δ πρὸς τὸν E. 


"Exel γὰρ 6 A τὸν Β πολλαπλασιάσας τὸν Δ πεποίηκεν, ὁ Β ἄρα τὸν Δ μετρεῖ κατὰ τὰς ἐν τῷ 
A μονάδας. μετρεῖ δὲ καὶ ἣ Ζ μονὰς tov A ἀριϑμὸν κατὰ τὰς ἐν αὐτῷ μονάδας: ἰσάκις ἄρα ἣ 
Z μονὰς tov A ἀριϑμὸν μετρεῖ καὶ ὁ Β τὸν Δ. ἔστιν ἄρα ὡς H Ζ μονὰς πρὸς τὸν A ἀριϑμόν, 
οὕτως ὁ Β πρὸς τὸν Δ. διὰ τὰ αὐτὰ δὴ καὶ ὡς H Ζ μονὰς πρὸς τὸν A ἀριϑμόν, οὕτως ὁ Τ᾿ πρὸς 
τὸν Ε΄ καὶ ὡς ἄρα ὁ Β πρὸς τὸν Δ, οὕτως ὁ Τ᾽ πρὸς τὸν E. ἐναλλὰξ ἄρα ἐστὶν ὡς ὁ Β πρὸς τὸν 
I, οὕτως ὁ Δ πρὸς τὸν ΗΕ" ὅπερ ἔδει δεῖξαι. 
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Proposition 17,13 


If anumber multiplying two numbers makes some (numbers) then the (numbers) generated from 
them will have the same ratio as the multiplied (numbers). 


For let the number A make (the numbers) D and EF (by) multiplying the two numbers B and Οἱ 
(respectively). I say that as B is to C, so D (is) to E. 


For since A has made D (by) multiplying B, B thus measures D according to the units in A 
[Def. 7.15]. And the unit Γ΄ also measures the number A according to the units in it. Thus, the 
unit Ε΄ measures the number A as many times as B (measures) D. Thus, as the unit F' is to the 
number A, so B (is) to D [Def. 7.20]. And so, for the same (reasons), as the unit Γ' (is) to the 
number A, so C (is) to Ε. And thus, as B (is) to D, so C (is) to ΚΕ. Thus, alternately, as B is to C, 
so D (is) to E [Prop. 7.13]. (Which is) the very thing it was required to show. 


132Tn modern notation, this proposition states that if d = ab and e = ac then d: e :: ὃ : c, where all symbols denote 
numbers. 
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ΣΤΟΙΧΗΙΩΝ ζ΄ 


as 


᾿ὰν δύο ἀριϑμοὶ ἀριϑμόν τινα πολλαπλασιάσαντες ποιῶσί τινας, οἱ γενόμενοι ἐξ αὐτῶν τὸν 
αὐτὸν ἕξουσι λόγον τοῖς πολλαπλασιάσασιν. 


O- 
> 


οιϑμοὶ ot A, B ἀριϑμόν τινα tov 1 πολλαπλασιάσαντες τοὺς A, E ποιείτωσαν: λέγω, 
ς πρὸς τὸν Β, οὕτως ὁ Δ πρὸς τὸν E. 


Ἐπεὶ γὰρ 6 A τὸν Τ᾽ πολλαπλασιάσας τὸν Δ πεποίηκεν, καὶ ὁ T ἄρα tov A πολλαπλασιάσας 
τὸν Δ πεποίηκεν. διὰ τὰ αὐτὰ δὴ καὶ ὁ Τ᾿ τὸν B πολλαλασιάσας τὸν E πεποίηκεν. ἀριϑμὸς δὴ ὁ 
Τ᾽ δύο ἀριϑμοὺς τοὺς A, Β πολλαπλασιάσας τοὺς Δ, E πεποίηκεν. ἔστιν ἄρα ὡς ὁ A πρὸς τὸν 
Β, οὕτως ὁ Δ πρὸς τὸν Ἐ;" ὅπερ ἔδει δεῖξαι. 
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Proposition 18 133 


If two numbers multiplying some number make some (other numbers) then the (numbers) gen- 
erated from them will have the same ratio as the multiplying (numbers). 


For let the two numbers A and B make (the numbers) D and F (respectively, by) multiplying the 
number C’. I say that as A is to B, so D (is) to E. 


For since A has made D (by) multiplying C’, C has thus also made D (by) multiplying A [Prop. 7.16]. 
So, for the same (reasons), ( has also made F (by) multiplying B. So the number (Οἱ has made 
the two numbers D and F (by) multiplying A and B (respectively). Thus, as A is to B, so D (is) 
to Καὶ [Prop. 7.17]. (Which is) the very thing it was required to show. 


1331ῃ modern notation, this propositions states that if ac = d and bc = e thena: b:: d: e, where all symbols denote 
numbers. 
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ΣΤΟΙΧΗΙΩΝ ζ΄ 


"Exy τέσσαρες ἀριϑμοὶ ἀνάλογον ὦσιν, ὁ ἐκ πρώτου καὶ τετάρτου γενόμενος ἀριϑμὸς ἴσος ἔσται 
τῷ ἐκ δευτέρου καὶ τρίτου γενομένῳ ἀριϑμῷ: καὶ ἐὰν ὁ ἐκ πρώτου χαὶ τετάρτου γενόμενος 
ἀριϑμὸς ἴσος ἢ τῷ ἐκ δευτέρου χαὶ τρίτου, οἱ τέσσασρες ἀριϑμοὶ ἀνάλογον ἔσονται. 

Ἔστωσαν τέσσαρες ἀριϑμοὶ ἀνάλογον οἱ A, B, I, Δ, ὡς 6 A πρὸς τὸν B, οὕτως ὁ Τ᾽ πρὸς τὸν 
Δ, καὶ ὁ μὲν A τὸν Δ πολλαπλασιάσας τὸν E ποιείτω, ὁ δὲ Β τὸν Τ᾽ πολλαπλασιάσας τὸν Ζ 
ποιείτω" λέγω, ὅτι ἴσος ἐστὶν ὁ E τῷ Ζ. 


Ὁ γὰρ A tov Τ' πολλαπλασιάσας τὸν Η ποιείτω. ἐπεὶ οὖν 6 A tov Γ' πολλαπλασιάσας τὸν H 
πεποίηκεν, τὸν δὲ Δ πολλαπλασιάσας τὸν E πεποίηκεν, ἀριϑμὸς δὴ ὁ A δύο ἀριϑμοὺς τοὺς 
T, Δ πολλαπλασιάσας τούς Η, E πεποίηκεν. ἔστιν ἄρα ὡς ὁ TI πρὸς τὸν Δ, οὕτως ὁ Η πρὸς 
τὸν E. ἀλλ᾽ ὡς ὁ T πρὸς τὸν Δ, οὕτως 6 A πρὸς τὸν Β’ καὶ ὡς ἄρα 6 A πρὸς τὸν Β, οὕτως 
ὁ Η πρὸς τὸν E. πάλιν, ἐπεὶ 6 A τὸν I πολλαπλασιάσας τὸν Η πεποίηκεν, ἀλλὰ μὴν καὶ 
ὁ Β tov Τ' πολλαπλασιάσας τὸν Ζ πεποίηκεν, δύο δὴ ἀριϑμοὶ οἱ A, Β ἀριϑμόν τινα τὸν 1" 
πολλαπλασιάσαντες τοὺς H, Z πεποιήκασιν. ἔστιν ἄρα ὡς ὁ A πρὸς τὸν B, οὕτως ὁ Η πρὸς 
τὸν Ζ. ἀλλὰ μὴν καὶ ὡς ὁ A πρὸς τὸν B, οὕτως ὁ Η πρὸς τὸν Ε“ καὶ ὡς ἄρα ὁ Η πρὸς τὸν 
Ε, οὕτως ὁ Η πρὸς τὸν Ζ. ὁ Η ἄρα πρὸς ἑκάτερον τῶν E, Ζ τὸν αὐτὸν ἔχει λόγον: ἴσος ἄρα 
ἐστὶν ὁ Ε τῷ Ζ. 


Ἔστω δὴ πάλιν ἴσος ὁ E τῷ Ζ’ λέγω, ὅτι ἐστὶν ὡς ὁ A πρὸς τὸν B, οὕτως ὁ Τ᾿ πρὸς τὸν Δ. 
Ἰῶν γὰρ αὐτῶν κατασκευασϑέντων, ἐπεὶ ἰσος ἐστὶν ὁ E τῷ Z, ἔστιν ἄρα ὡς ὁ H πρὸς τὸν E, 
οὕτως ὁ Η πρὸς τὸν Ζ. ἀλλ᾽ ὡς μὲν ὁ Η πρὸς τὸν E, οὕτως ὁ Τ᾽ πρὸς τὸν Δ, ὡς δὲ ὁ Η πρὸς 


τὸν Ζ, οὕτως ὁ A πρὸς τὸν Β. καὶ ὡς ἄρα ὁ πρὸς τὸν Β, οὕτως ὁ Τ᾽ πρὸς τὸν Δ’ ὅπερ ἔδει 


δεῖξαι. 
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Proposition 19 151 


A B C D E F G 


If four number are proportional then the number created from (multiplying) the first and fourth 
will be equal to the number created from (multiplying) the second and third. And if the number 
created from (multiplying) the first and fourth is equal to the (number created) from (multiply- 
ing) the second and third then the four numbers will be proportional. 


Let A, B, C, and D be four proportional numbers, (such that) as A (is) to B, so C (is) to D. And 
let A make F (by) multiplying D, and let B make Γ' (by) multiplying C. I say that FE is equal to 
F, 


For let A make G (by) multiplying C. Therefore, since A has made G (by) multiplying C,, and has 
made F (by) multiplying D, the number A has made G and EF by multiplying the two numbers Οἱ 
and D (respectively). Thus, as C is to D, so G (is) to E [Prop. 7.17]. But, as C (is) to D, so A (is) 
to B. Thus, also, as A (is) to B, so G (is) to E. Again, since A has made G (by) multiplying C, 
but, in fact, B has also made F (by) multiplying C, the two numbers A and B have made G and 
F (respectively, by) multiplying some number C’. Thus, as A is to B, so G (is) to F' [Prop. 7.18]. 
But, also, as A (is) to B, so G (is) to &. And thus, as G (is) to Κ᾿, so G (is) to F’. Thus, G' has the 
same ratio to each of F and Ε΄. Thus, F is equal to Γ΄ [Prop. 5.9]. 


So, again, let Εἰ be equal to Ε΄. I say that as A is to B, so C (is) to D. 
For, with the same construction, since FE is equal to F’, thus as G is to Κ᾽, so G (is) to F' [Prop. 5.7]. 


But, as G (is) to E, so C (is) to D [Prop. 7.17]. And as G (is) to F’', so A (is) to B [Prop. 7.18]. 
And, thus, as A (is) to B, so C (is) to D. (Which is) the very thing it was required to show. 


1347) modern notation, this proposition reads that if a : b :: c: d then ad = be, and vice versa, where all symbols 
denote numbers. 
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ΣΤΟΙΧΗΙΩΝ ζ΄ 


nu 
A B 
= eae oo 
et 
H+ 
ΞΕ Le 


Οἱ ἐλάχιστοι ἀριϑμοὶ τῶν TOV αὐτὸν λόγον ἐχόντων αὐτοῖς μετροῦσι τοὺς TOV αὐτὸν λόγον 
ἔχοντας ἰσάκις ὅ τε μείζων τὸν μείζονα καὶ ὁ ἐλάσσων τὸν ἐλάσσονα. 


Ἔστωσαν γὰρ ἐλάχιστοι ἀριϑμοὶ τῶν τὸν αὐτὸν λόγον ἐχόντων τοῖς A, Β οἱ TA, ΕΖ: λέγω, ὅτι 
ἰσάκις ὁ TA tov A μετρεῖ καὶ ὁ ΕΖ τὸν Β. 


Ὁ ΓΔ γὰρ τοῦ A οὔκ ἐστι μέρη. εἰ γὰρ δυνατόν, ἔστω" καὶ 6 EZ ἄρα τοῦ B τὰ αὐτὰ μέρη 
ἐστίν, ἅπερ ὁ ΓΔ τοῦ A. ὅσα ἄρα ἐστὶν ἐν τῷ TA μέρη τοῦ A, τοσαῦτά ἐστι καὶ ἐν τῷ ΕΖ μέρη 
τοῦ B. διῃρήσϑω ὁ μὲν ΓΔ εἰς τὰ τοῦ A μέρη τὰ ΤῊ, HA, ὁ δὲ EZ εἰς τὰ tod Β μέρη τὰ EO, 
ΘΖ: ἔσται δὴ ἴσον τὸ πλῆϑος τῶν ΤῊ, ΗΔ τῷ πλήϑει τῶν ΕΘ, ΘΖ. καὶ ἐπεὶ ἴσοι εἰσὶν οἱ ΤῊ, 
ΗΔ ἀριϑμοὶ ἀλλήλοις, εἰσὶ δὲ καὶ οἱ ΕΘ, ΘΖ ἀριϑμοὶ ἴσοι ἀλλήλοις, καί ἐστιν ἴσον τὸ πλῆϑος 
τῶν CH, ΗΔ τῷ πλήϑει τῶν EO, ΘΖ, ἔστιν ἄρα ὡς ὁ ΤῊ πρὸς τὸν ΕΘ, οὕτως 6 ΗΔ πρὸς τὸν 
ΘΖ. ἔσται ἄρα καὶ ὡς εἷς τῶν ἡγουμένων πρὸς ἕνα τῶν ἑπομένων, οὕτως ἅπαντες οἱ ἡγούμενοι 
πρὸς ἅπαντας τοὺς ἑπομένους. ἔστιν ἄρα ὡς ὁ ΤῊ πρὸς τὸν ΕΘ, οὕτως ὁ ΓΔ πρὸς τὸν EZ: οἱ 
ΤῊ, E© ἄρα τοῖς VA, ΕΖ ἐν τῷ αὐτῷ λόγῳ εἰσὶν ἐλάσσονες ὄντες αὐτῶν’ ὅπερ ἐστὶν ἀδύνατον." 
ὑπόχεινται γὰρ οἱ LA, ΕΖ, ἐλάχιστοι τῶν τὸν αὐτὸν λόγον ἐχόντων αὐτοῖς. οὐκ ἄρα μέρη ἐστὶν 
ὁ TA τοῦ Δ’ μέρος ἄρα. καὶ ὁ ΕΖ tod B τὸ αὐτὸ μέρος ἐστίν, ὅπερ ὁ TA τοῦ Δ’ ἰσάκις ἄρα 
ὁ TA tov A μετρεῖ καὶ ὁ ΕΖ τὸν Β’ ὅπερ ἔδει δεῖξαι. 
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Proposition 20 


A B C. Ε 
H 

Gr 
| Ε 

D- 


The least numbers of those (numbers) having the same ratio measure those (numbers) having 
the same ratio as them an equal number of times, the greater (measuring) the greater, and the 
lesser the lesser. 


For let CD and EF be the least numbers having the same ratio as A and B (respectively). I say 
that CD measures A the same number of times as LF (measures) B. 


For ΟἿ) is not parts of A. For, if possible, let it be (parts of A). Thus, FF’ is also the same parts of 
B that CD (is) of A [Def. 7.20, Prop. 7.13]. Thus, as many parts of A as are in CD, so many parts 
of B are also in EF’. Let CD have been divided into the parts of A, CG and GD, and EF into the 
parts of B, EH and HF. So the multitude of (divisions) CG, GD will be equal to the multitude 
of (divisions) EH, HF’. And since the numbers CG and GD are equal to one another, and the 
numbers LH and HF are also equal to one another, and the multitude of (divisions) CG, GD is 
equal to the multitude of (divisions) EH, HF, thus as CG is to EH, so GD (is) to Η Ε΄. Thus, as 
one of the leading (numbers is) to one of the following, so will all of the leading (numbers) be 
to all of the following [Prop. 7.12]. Thus, as CG is to EH, so CD (is) to EF. Thus, CG and EH 
are in the same ratio as C'D and EF, being less than them. The very thing is impossible. For CD 
and EF were assumed (to be) the least of those (numbers) having the same ratio as them. Thus, 
CD is not parts of A. Thus, (it is) a part (of A) [Prop. 7.4]. And EF is the same part of B that 
CD (is) of A [Def. 7.20, Prop 7.13]. Thus, CD measures A the same number of times that EF’ 
(measures) B. (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩΝ ζ΄ 


Οἱ πρῶτοι πρὸς ἀλλήλους ἀριϑμοὶ ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν λόγον ἐχόντων αὐτοῖς. 


Ἔστωσαν πρῶτοι πρὸς ἀλλήλους ἀριϑμοὶ οἱ A, Be λέγω, ὅτι οἱ A, Β ἐλάχιστοί εἰσι τῶν τὸν 
αὐτὸν λόγον ἐχόντων αὐτοῖς. 


Εἰ γὰρ uy, ἔσονταί τινες τῶν A, Β ἐλάσσονες ἀριϑμοὶ ἐν τῷ αὐτῷ λόγῳ ὄντες τοῖς A, Β. ἔστωσαν 


"Enel οὖν οἱ ἐλάχιστοι ἀριϑμοὶ τῶν τὸν αὐτὸν λόγον ἐχόντων μετροῦσι τοὺς τὸν αὐτὸν λόγον 
ἔχοντας ἰσάκις ὅ τε μείζων τὸν μείζονα καὶ ὁ ἐλάττων τὸν ἐλάττονα, τουτέστιν ὅ τε ἡγούμενος 
τὸν ἡγούμενον καὶ ὁ ἑπόμενος τὸν ἑπόμενον, ἰσάκις ἄρα ὁ I τὸν A μετρεῖ καὶ ὁ Δ τὸν Β. 
ὁσάκις δὴ ὁ Τ᾽ τὸν A μετρεῖ, τοσαῦται μονάδες ἔστωσαν ἐν τῷ E. καὶ ὁ Δ ἄρα τὸν Β μετρεῖ 
κατὰ τὰς ἐν τῷ E μονάδας. καὶ ἐπεὶ ὁ 1 τὸν A μετρεῖ κατὰ τὰς ἐν τῷ Ε μονάδας, καί ὁ Ε ἄρα 
tov A μετρεῖ κατὰ τὰς ἐν τῷ I μονάδας. διὰ τὰ αὐτὰ δὴ ὁ E καὶ τὸν Β μετρεῖ κατὰ τὰς ἐν τῷ 
Δ μονάδας. ὁ E ἄρα τοὺς A, Β μετρεῖ πρώτους ὄντας πρὸς ἀλλήλους" ὅπερ ἐστὶν ἀδύνατον. 
οὐκ ἄρα ἔσονταί τινες τῶν A, Β ἐλάσσονες ἀριϑμοὶ ἐν τῷ αὐτῷ λόγῳ ὄντες τοῖς A, B. οἱ A, B 
ἄρα ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν λόγον ἐχόντων αὐτοῖς’ ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 7 


Proposition 21 


| 


A B E 


Numbers prime to one another are the least of those (numbers) having the same ratio as them. 


Let A and B be numbers prime to one another. I say that A and B are the least of those (numbers) 
having the same ratio as them. 


For if not, then there will be some numbers, less than A and B, which are in the same ratio as A 
and B. Let them be C and D. 


Therefore, since the least numbers of those (numbers) having the same ratio measure those 
(numbers) having the same ratio (as them) an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser—that is to say, the leading (measuring) the leading, and 
the following the following—C thus measures A the same number of times that D (measures) B 
[Prop. 7.20]. So as many times as C' measures A, so many units let there be in E. Thus, D also 
measures B according to the units in Ε΄. And since C measures A according to the units in EF, 
Ε thus also measures A according to the units in C [Prop. 7.16]. So, for the same (reasons), Εὶ 
also measures B according to the units in D [Prop. 7.16]. Thus, E measures A and B, which are 
prime to one another. The very thing is impossible. Thus, there cannot be any numbers, less than 
A and B, which are in the same ratio as A and B. Thus, A and B are the least of those (numbers) 
having the same ratio as them. (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩΝ ζ΄ 


Οἱ ἐλάχιστοι ἀριϑμοὶ τῶν τὸν αὐτὸν λόγον ἐχόντων αὐτοῖς πρῶτοι πρὸς ἀλλήλους εἰσίν. 


Ἔστωσαν ἐλάχιστοι ἀριϑμοὶ τῶν τὸν αὐτὸν λόγον ἐχόντων αὐτοῖς οἱ A, Β’ λέγω, ὅτι οἱ A, B 
πρῶτοι πρὸς ἀλλήλους εἰσίν. 


Εἰ γὰρ μή εἰσι πρῶτοι πρὸς ἀλλήλους, μετρήσει τις αὐτοὺς ἀριϑμός. μετρείτω, καὶ ἔστω OT. 
nal ὁσάκις μὲν OT τὸν A μετρεῖ, τοσαῦται μονάδες ἔστωσαν ἐν τῷ Δ, ὁσάκις δὲ ὁ T τὸν B 
μετρεῖ, τοσαῦται μονάδες ἔστωσαν ἐν τῷ E. 


Ἐπεὶ ὁ T tov A μετρεῖ κατὰ τὰς ἐν τῷ Δ μονάδας, ὁ T ἄρα τὸν Δ πολλαπλασιάσας tov A 
πεποίηκεν. διὰ τὰ αὐτὰ δὴ καὶ ὁ Τ᾽ τὸν E πολλαπλασιάσας τὸν Β πεποίηκεν. ἀριϑμὸς δὴ ὁ Τ' 
δύο ἀριϑμοὺς τοῦς Δ, E πολλαπλασιάσας τοὺς A, B πεποίηκεν’ ἔστιν ἄρα ὡς ὁ Δ πρὸς τὸν E, 
οὕτως ὁ A πρὸς tov B: οἱ Δ, Ε ἄρα τοῖς A, Β ἐν τῷ αὐτῷ λόγῳ εἰσὶν ἐλάσσονες ὄντες αὐτῶν" 
ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα τοὺς A, Β ἀριϑμοὺς ἀριϑμός τις μετρήσει. οἱ A, Β ἄρα πρῶτοι 
πρὸς ἀλλήλους εἰσίν: ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 7 


Proposition 22 


The least numbers of those (numbers) having the same ratio as them are prime to one another. 


Let A and B be the least numbers of those (numbers) having the same ratio as them. I say that A 
and B are prime to one another. 


For if they are not prime to one another then some number will measure them. Let it (so measure 
them), and let it be C. And as many times as C measures A, so many units let there be in D. And 
as many times as C’ measures B, so many units let there be in F. 


Since (Οὐ measures A according to the units in D, Οὐ has thus made A (by) multiplying D [Def. 7.15]. 
So, for the same (reasons), C’ has also made B (by) multiplying E. So the number C has made A 
and B (by) multiplying the two numbers D and F (respectively). Thus, as D is to FE, so A (is) to 
B [Prop. 7.17]. Thus, D and F are in the same ratio as A and B, being less than them. The very 
thing is impossible. Thus, some number does not measure the numbers A and B. Thus, A and B 
are prime to one another. (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩΝ ζ΄ 
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ey 


| 


A B T A 


Ἐὰν δύο ἀριϑμοὶ πρῶτοι πρὸς ἀλλήλους ὦσιν, ὁ τὸν ἕνα αὐτῶν μετρῶν ἀριϑμὸς πρὸς τὸν 
λοιπὸν πρῶτος ἔσται. 


Ἔστωσαν δύο ἀριϑμοὶ πρῶτοι πρὸς ἀλλήλους οἱ A, Β, τὸν δὲ A μετρείτω τις ἀριϑμὸς ὁ 1" 
λέγω, ὅτι καὶ οἱ T, Β πρῶτοι πρὸς ἀλλήλους εἰσίν. 


Εἰ γὰρ μή εἰσιν οἱ 1, Β πρῶτοι πρὸς ἀλλήλους, μετρήσει [τις] τοὺς 1᾿, Β ἀριϑμός. μετείτω, καὶ 
ἔστω ὁ Δ. ἐπεὶ ὁ Δ τὸν Τ᾽ μετρεῖ, ὁ δὲ I τὸν A μετρεῖ, καὶ ὁ A ἄρα τὸν A μετρεῖ. μετρεῖ δὲ 
nat τὸν B: ὁ Δ ἄρα τοὺς A, B μετρεῖ πρώτους ὄντας πρὸς ἀλλήλους: ὅπερ ἐστὶν ἀδύνατον. οὐκ 
ἄρα τοὺς I, Β ἀριϑμοὺς ἀριϑμός τις μετρήσει. οἱ 1, Β ἄρα πρῶτοι πρὸς ἀλλήλους εἰσίν: ὅπερ 
ἔδει δεῖξαι. 
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ELEMENTS BOOK 7 


Proposition 23 


I | | 


A B Cc OD 


If two numbers are prime to one another then a number measuring one of them will be prime to 
the remaining (one). 


Let A and B be two numbers (which are) prime to one another, and let some number C' measure 
A. I say that C and B are also prime to one another. 


For if C and B are not prime to one another then [some] number will measure Οἱ and B. Let 
it (so) measure (them), and let it be D. Since D measures C’, and Οὐ measures A, D thus also 
measures A. And (D) also measures B. Thus, D measures A and B, which are prime to one 
another. The very thing is impossible. Thus, some number does not measure the numbers Οὐ and 
B. Thus, C and B are prime to one another. (Which is) the very thing it was required to show. 


493 


ΣΤΟΙΧΗΙΩΝ ζ΄ 


"Exy δύο ἀριϑμοὶ πρός τινα ἀριϑμὸν πρῶτοι ὦσιν, καὶ ὁ ἐξ αὐτῶν γενόμενος πρὸς τὸν αὐτὸν 
πρῶτος ἔσται. 


Δύο γὰρ ἀριϑμοὶ οἱ Δ, Β πρός τινα ἀριϑμὸν τὸν T° πρῶτοι ἔστωσαν, καὶ ὁ A tov Β πολλα- 
πλασιάσας τὸν Δ ποιείτω" λέγω, ὅτι οἱ 1᾿, A πρῶτοι πρὸς ἀλλήλους εἰσίν. 


Εἰ γὰρ py εἰσιν οἱ 1, Δ πρῶτοι πρὸς ἀλλήλους, μετρήσει [τις] τοὺς T', Δ ἀριϑμός. μετρείτω, καὶ 
ἔστω ὁ E. καὶ ἐπεὶ οἱ 1, Δ πρῶτοι πρὸς ἀλλήλους εἰσίν, τὸν δὲ Τ᾽ μετρεῖ τις ἀριϑμὸς ὁ E, οἱ A, 
E ἄρα πρῶτοι πρὸς ἀλλήλους εἰσίν. ὁσάκις δὴ ὁ Ε τὸν Δ μετρεῖ, τοσαῦται μονάδες ἔστωσαν ἐν 
τῷ Z καὶ ὁ Ζ ἄρα τὸν Δ μετρεῖ κατὰ τὰς ἐν τῷ E μονάδας. ὁ E ἄρα τὸν Ζ πολλαπλασιάσας 
τὸν Δ πεποίηκεν. ἀλλὰ μὴν καὶ ὁ A τὸν Β πολλαπλασιάσας τὸν Δ πεποίηκεν" ἴσος ἄρα ἐστὶν ὁ 
ex τῶν EK, Ζ τῷ ἐκ τῶν A, Β. ἐὰν δὲ ὁ ὑπὸ τῶν ἄκρων ἴσος ἢ, τῷ ὑπὸ τῶν μέσων, οἱ τέσσαρες 
ἀριϑμοὶ ἀνάλογόν εἰσιν᾽ ἔστιν ἄρα ὡς ὁ E πρὸς τὸν A, οὕτως ὁ Β πρὸς τὸν Ζ. οἱ δὲ A, E 
πρῶτοι, οἱ δὲ πρῶτοι uxt ἐλάχιστοι, οἱ δὲ ἐλάχιστοι ἀριϑμοὶ τῶν τὸν αὐτὸν λόγον ἐχόντων 
αὐτοῖς μετροῦσι τοὺς τὸν αὐτὸν λόγον ἔχοντας ἰσάκις ὅ τε μείζων τὸν μείζονα καὶ ὁ ἐλάσσων 
τὸν ἐλάσσονα, τουτέστιν ὅ τε ἡγούμενος τὸν ἡγούμενον καὶ ὁ ἑπόμενος τὸν ἑπόμενον: ὁ E ἄρα 
τὸν Β μετρεῖ. μετρεῖ δὲ καὶ τὸν T° ὁ E ἄρα τοὺς B, I μετρεῖ πρώτους ὄντας πρὸς ἀλλήλους; 
ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα τοὺς 1", Δ ἀριϑμοὺς ἀριϑμός τις μετρήσει. οἱ 1, Δ ἄρα πρῶτοι 
πρὸς ἀλλήλους εἰσίν: ὅπερ ἔδει δεῖξαι. 
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Proposition 24 


If two numbers are prime to some number then the number created from (multiplying) the former 
(two numbers) will also be prime to the latter (number). 


For let A and B be two numbers (which are both) prime to some number Οὐ. And let A make ἢ 
(by) multiplying B. I say that C and D are prime to one another. 


For if C and D are not prime to one another then [some] number will measure C and D. Let 
it (so) measure them, and let it be Ε΄. And since C and A are prime to one another, and some 
number Εἰ measures C’, A and F are thus prime to one another [Prop. 7.23]. So as many times as 
E measures D, so many units let there be in F’. Thus, Γ΄ also measures D according to the units 
in Εἰ [Prop. 7.16]. Thus, & has made D (by) multiplying Γ΄ [Def. 7.15]. But, in fact, A has also 
made D (by) multiplying B. Thus, the (number created) from (multiplying) F and F is equal 
to the (number created) from (multiplying) A and B. And if the (rectangle contained) by the 
(two) outermost is equal to the (rectangle contained) by the middle (two) then the four numbers 
are proportional [Prop. 6.15]. Thus, as Εἰ is to A, so B (is) to Γ΄. And A and F (are) prime (to 
one another). And (numbers) prime (to one another) are also the least (of those numbers having 
the same ratio) [Prop. 7.21]. And the least numbers of those (numbers) having the same ratio 
measure those (numbers) having the same ratio as them an equal number of times, the greater 
(measuring) the greater, and the lesser the lesser—that is to say, the leading (measuring) the 
leading, and the following the following [Prop. 7.20]. Thus, # measures B. And it also measures 
C. Thus, E measures B and C, which are prime to one another. The very thing is impossible. 
Thus, some number cannot measure the numbers C' and D. Thus, C' and D are prime to one 
another. (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩΝ ζ΄ 


᾿Ἐὰν δύο ἀριϑμοὶ πρῶτοι πρὸς ἀλλήλους ὦσιν, ὁ ἐκ τοῦ ἑνὸς αὐτῶν γενόμενος πρὸς τὸν λοιπὸν 


πρῶτος ἔσται. 


Ἔστωσαν δύο ἀριϑμοὶ πρῶτοι πρὸς ἀλλήλους οἱ A, B, καὶ ὁ A ἑαυτὸν πολλαπλασιάσας τὸν I 
ποιείτω: λέγω, ὅτι οἱ B, T° πρῶτοι πρὸς ἀλλῆλους εἰσίν. 


Κείσϑω γὰρ τῷ A ἴσος ὁ Δ. ἐπεὶ οἱ A, B πρῶτοι πρὸς ἀλλήλους εἰσίν, ἴσος δὲ ὁ A τῷ Δ, καί 
οἱ Δ, Β ἄρα πρῶτοι πρὸς ἀλλήλους εἰσίν: ἑκάτερος ἄρα τῶν Δ, A πρὸς τὸν Β πρῶτός ἐστιν’ καὶ 
ὁ ἐκ τῶν A, A ἄρα γενόμενος πρὸς τὸν Β πρῶτος ἔσται. ὁ δὲ ἐκ τῶν A, A γενόμενος ἀριϑμός 
ἐστιν OL. οἱ 1, B ἄρα πρῶτοι πρὸς ἀλλήλους εἰσίν: ὅπερ ἔδει δεῖξαι. 
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Proposition 25 


A B Cc OD 


If two numbers are prime to one another then the number created from (squaring) one of them 
will be prime to the remaining number. 


Let A and B be two numbers (which are) prime to one another. And let A make C (by) multiplying 
itself. I say that B and C are prime to one another. 


For let D be made equal to A. Since A and B are prime to one another, and A (is) equal to D, 
D and B are thus also prime to one another. Thus, D and A are each prime to B. Thus, the 
(number) created from (multilying) D and A will also be prime to B [Prop. 7.24]. And C is the 
number created from (multiplying) D and A. Thus, C and B are prime to one another. (Which 
is) the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩΝ ζ΄ 


᾿ὰν δύο ἀριϑμοὶ πρὸς δύο ἀριϑμοὺς ἀμφότεροι πρὸς ἑκάτερον πρῶτοι ὦσιν, καὶ οἱ ἐξ αὐτῶν 
γενόμενοι πρῶτοι πρὸς ἀλλήλους ἔσονται. 


Δύο γὰρ ἀριϑμοὶ οἱ A, Β πρὸς δύο ἀριϑμοὺς τοὺς 1, Δ ἀμφότεροι πρὸς ἑκάτερον πρῶτοι 
ἔστωσαν, καὶ ὁ μὲν A tov Β πολλαπλασιάσας τὸν E ποιείτω, ὁ δὲ Τ᾿ τὸν Δ πολλαπλασιάσας τὸν 
Z ποιείτω: λέγω, ὅτι οἱ E, Ζ πρῶτοι πρὸς ἀλλῆλους εἰσίν. 


"Exel γὰρ ἑκάτερος τῶν A, Β πρὸς τὸν Τ᾽ πρῶτός ἐστιν, καὶ ὁ ἐκ τῶν A, Β ἄρα γενόμενος πρὸς 
τὸν I πρῶτος ἔσται. ὁ δὲ ἐκ τῶν A, Β γενόμενός ἐστιν ὁ E οἱ Ε, 1 ἄρα πρῶτοι πρὸς ἀλλήλους 
εἰσίν. διὰ τὰ αὐτὰ δὴ καὶ οἱ E, Δ πρῶτοι πρὸς ἀλλήλους εἰσίν. ἑκάτερος ἄρα τῶν I’, Δ πρὸς 


τὸν E πρῶτός ἐστιν. καὶ ὁ ἐκ τῶν I, A ἄρα γενόμενος πρὸς τὸν E πρῶτος ἔσται. ὁ δὲ ἐκ τῶν 
I, Δ γενόμενός ἐστιν ὁ Ζ. οἱ E, Z ἄρα πρῶτοι πρὸς ἀλλήλους εἰσίν: ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 7 


Proposition 26 


If two numbers are both prime to each of two numbers then the (numbers) created from (multi- 
plying) them will also be prime to one another. 


For let two numbers, A and B, both be prime to each of two numbers, C and D. And let A make 
E (by) multiplying B, and let C make F' (by) multiplying D. I say that F and F are prime to one 
another. 


For since A and B are each prime to C’, the (number) created from (multiplying) A and B will 
thus also be prime to C [Prop. 7.24]. And E is the (number) created from (multiplying) A and B. 
Thus, Εἰ and C are prime to one another. So, for the same (reasons), and D are also prime to 
one another. Thus, C and D are each prime to Κ᾽. Thus, the (number) created from (multiplying) 
C and D will also be prime to E [Prop. 7.24]. And F is the (number) created from (multiplying) 
C and D. Thus, FE and F are prime to one another. (Which is) the very thing it was required to 
show. 
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ΣΤΟΙΧΗΙΩΝ ζ΄ 


Ἐὰν δύο ἀριϑμοὶ πρῶτοι πρὸς ἀλλήλους ὦσιν, καὶ πολλαπλασιάσας ἑκάτερος ἑαυτὸν ποιΐ 
τινα, οἱ γενόμενοι ἐξ αὐτῶν πρῶτοι πρὸς ἀλλήλους ἔσονται, κἂν οἱ ἐξ ἀρχῆς τοὺς γενομένους 


πολλαπλασιάσαντες ποιῶσί τινας, κἀκεῖνοι πρῶτοι πρὸς ἀλλήλους ἔσονται [καὶ ἀεὶ περὶ τοὺς 
ἄκρους τοῦτο συμβαίνει]. 


nC 


A A 


Ἔστωσαν δύο ἀριϑμοὶ πρῶτοι πρὸς ἀλλήλους οἱ A, B, καὶ ὁ A ἑαυτὸν μὲν πολλαπλασιάσας 
τὸν Τ᾽ ποιείτω, τὸν δὲ Τ᾿ πολλαπλασιάσας τὸν Δ ποιείτω, ὁ δὲ Β ἑαυτὸν μὲν πολλαπλασιάσας τὸν 
E ποιείτω, τὸν δὲ E πολλαπλασιάσας τὸν Z ποιείτω" λέγω, ὅτι οἵ te TL, E καὶ οἱ Δ, Ζ πρῶτοι 
πρὸς ἀλλήλους εἰσίν. 


Ἐπεὶ γὰρ ot A, Β πρῶτοι πρὸς ἀλλήλους εἰσίν, καὶ 6 A ἑαυτὸν πολλαπλασιάσας τὸν 1 πεποίηκεν, 
ot Τ, Β ἄρα πρῶτοι πρὸς ἀλλήλους εἰσίν. ἐπεὶ οὖν οἱ T, Β πρῶτοι πρὸς ἀλλήλους εἰσίν, καὶ ὁ Β 
ἑαυτὸν πολλαπλασιάσας τὸν E πεποίηκεν, οἱ 1, Ε ἄρα πρῶτοι πρὸς ἀλλήλους εἰσίν. πάλιν, ἐπεὶ 
οἱ A, B πρῶτοι πρὸς ἀλλήλους εἰσίν, καὶ ὁ Β ἑαυτὸν πολλαπλασιάσας τὸν E πεποίηκεν, ot A, E 
ἄρα πρῶτοι πρὸς ἀλλήλους εἰσίν. ἐπεὶ οὖν δύο ἀριϑμοὶ οἱ A, Τ' πρὸς δύο ἀριϑμοὺς τοὺς Β, E 
ἀμφότεροι πρὸς ἑκάτερον πρῶτοί εἰσιν, καὶ ὁ ἐκ τῶν A, I ἄρα γενόμενος πρὸς τὸν ἐκ τῶν B, 
E πρῶτός ἐστιν. καί ἐστιν ὁ μὲν ἐκ τῶν A, 1 ὁ Δ, ὁ δὲ ἐκ τῶν Β, E ὁ Ζ. οἱ A, Z ἄρα πρῶτοι 
πρὸς ἀλλήλους εἰσίν: ὅπερ ἔδει δεῖξαι. 


500 


ELEMENTS BOOK 7 


Proposition 2713 


A B CD EF 


If two numbers are prime to one another and each makes some (number by) multiplying itself 
then the numbers created from them will be prime to one another, and if the original (numbers) 
make some (more numbers by) multiplying the created (numbers) then these will also be prime 
to one another [and this always happens with the extremes]. 


Let A and B be two numbers prime to one another, and let A make Οἱ (by) multiplying itself, and 
let it make D (by) multiplying Οὐ. And let B make F (by) multiplying itself, and let it make F' by 
multiplying Ε΄. I say that C and F, and D and F’,, are prime to one another. 


For since A and B are prime to one another, and A has made C (by) multiplying itself, C and B 
are thus prime to one another [Prop. 7.25]. Therefore, since Οἱ and B are prime to one another, 
and B has made EF (by) multiplying itself, C and FE are thus prime to one another [Prop. 7.25]. 
Again, since A and B are prime to one another, and B has made F (by) multiplying itself, A and 
E are thus prime to one another [Prop. 7.25]. Therefore, since the two numbers A and C are 
both prime to each of the two numbers B and E, the (number) created from (multiplying) A and 
C is thus prime to the (number created) from (multiplying) B and FE [Prop. 7.26]. And D is the 
(number created) from (multiplying) A and C, and F the (number created) from (multiplying) 
Band E. Thus, D and F are prime to one another. (Which is) the very thing it was required to 
show. 


135Tn modern notation, this proposition states that if a is prime to ὁ, then a? is also prime to b?, as well as α to 3, 
etc., where all symbols denote numbers. 
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᾿ὰν δύο ἀριϑμοὶ πρῶτοι πρὸς ἀλλήλους ὦσιν, καὶ συναμφότερος πρὸς ἑκάτερον αὐτῶν πρῶτος 
ἔσται: καὶ ἐὰν συναμφότερος πρὸς ἕνα τινὰ αὐτῶν πρῶτος ἢ, καὶ οἱ ἐξ ἀρχῆς ἀριϑμοὶ πρῶτοι 
πρὸς ἀλλήλους ἔσονται. 


Συγχείσϑωσαν γὰρ δύο ἀριϑμοὶ πρῶτοι πρὸς ἀλλήλους οἱ ΑΒ, BI™ λέγω, ὅτι καὶ συναμφότερος 
ὁ AI πρὸς ἑκάτερον τῶν AB, BI’ πρῶτός ἐστιν. 


Εἰ γὰρ μή εἰσιν ot ΤᾺ, ΑΒ πρῶτοι πρὸς ἀλλήλους, μετρήσει τις τοὺς TA, AB ἀριϑμός. 
μετρείτω, καὶ ἔστω ὁ Δ. ἐπεὶ οὖν 6 Δ τοὺς TA, ΑΒ μετρεῖ, καὶ λοιπὸν ἄρα τὸν ΒΓ μετρήσει. 
μετρεῖ δὲ καὶ τὸν ΒΔ’ ὁ Δ ἄρα τοὺς AB, BI μετρεῖ πρώτους ὄντας πρὸς ἀλλήλους: ὅπερ ἐστὶν 
ἀδύνατον. οὐκ ἄρα τοὺς ΓΔ, ΑΒ ἀριϑμοὺς ἀριϑμός τις μετρήσει: οἱ ΤᾺ, ΑΒ ἄρα πρῶτοι πρὸς 
ἀλλήλους εἰσίν. διὰ τὰ αὐτὰ δὴ καὶ οἱ AT, ΤῈ πρῶτοι πρὸς ἀλλήλους εἰσίν. ὁ ΤᾺ ἄρα πρὸς 
ἑκάτερον τῶν AB, BI πρῶτός ἐστιν. 


Ἔστωσαν δὴ πάλιν οἱ ΤᾺ, ΑΒ πρῶτοι πρὸς ἀλλήλους: λέγω, ὅτι καὶ οἱ AB, BI’ πρῶτοι πρὸς 
ἀλλῆλους εἰσίν. 


Εἰ γὰρ μή εἰσιν οἱ AB, BI’ πρῶτοι πρὸς ἀλλήλους, μετρήσει τις τοὺς AB, BI ἀριϑμός. 
μετρείτω, καὶ ἔστω ὁ Δ. nal ἐπεὶ ὁ Δ ἑκάτερον τῶν AB, BI” μετρεῖ, καὶ ὅλον ἄρα τὸν ΤᾺ 
μετρήσει. μετρεῖ δὲ καὶ τὸν ΑΒ’ ὁ Δ ἄρα τοὺς ΓΔ, ΑΒ μετρεῖ πρώτους ὄντας πρὸς ἀλλήλους: 
ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα τοὺς AB, BI’ ἀριϑμοὺς ἀριϑμός τις μετρήσει. οἱ AB, BI ἄρα 
πρῶτοι πρὸς ἀλλῆλους εἰσίν: ὅπερ ἔδει δεῖξαι. 
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Proposition 28 


A B C 


ooo 
D te 


If two numbers are prime to one another then their sum will also be prime to each of them. And 
if the sum (of two numbers) is prime to any one of them then the original numbers will also be 
prime to one another. 


For let the two numbers, AB and BC, (which are) prime to one another, be laid down together. 
I say that their sum AC is also prime to each of AB and BC. 


For if CA and AB are not prime to one another then some number will measure ΟἿΑ and AB. Let 
it (so) measure (them), and let it be D. Therefore, since D measures ΟἽΑ and AB, it will thus also 
measure the remainder BC. And it also measures BA. Thus, D measures AB and BC, which 
are prime to one another. The very thing is impossible. Thus, some number cannot measure 
(both) the numbers ΟἿΑ and AB. Thus, C’'A and AB are prime to one another. So, for the same 
(reasons), AC and CB are also prime to one another. Thus, (ΓΑ is prime to each of AB and BC. 


So, again, let CA and AB be prime to one another. I say that AB and BC are also prime to one 
another. 


For if AB and BC are not prime to one another then some number will measure AB and BC. Let 
it (so) measure (them), and let it be D. And since D measures each of AB and BC, it will thus 
also measure the whole of CA. And it also measures AB. Thus, D measures C'A and AB, which 
are prime to one another. The very thing is impossible. Thus, some number cannot measure 
(both) the numbers AB and BC. Thus, AB and BC are prime to one another. (Which is) the 
very thing it was required to show. 
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Τύυ--ςςς-- 
ἽΑπας πρῶτος ἀριϑμὸς πρὸς ἅπαντα ἀριϑμόν, ὃν μὴ μετρεῖ, πρῶτός ἐστιν. 


Ἔστω πρῶτος ἀριϑμὸς ὁ A xxi τὸν B μὴ μετρείτω: λέγω, ὅτι οἱ B, A πρῶτοι πρὸς ἀλλήλους 
εἰσίν. 


es 


i γὰρ pH stow ot B, A πρῶτοι πρὸς ἀλλήλους, μετρήσει τις αὐτοὺς ἀριϑμός. μετρείτω ὁ T. 
ἐπεὶ ὁ Τ᾽ tov Β μετρεῖ, ὁ δὲ A τὸν Β οὐ μετρεῖ, ὁ TL ἄρα τῷ A οὔκ ἐστιν ὁ αὐτός. χαὶ ἐπεὶ 
ὁ I τοὺς B, A μετρεῖ, καὶ τὸν A ἄρα μετρεῖ πρῶτον ὄντα μὴ ὧν αὐτῷ ὁ αὐτός: ὅπερ ἐστὶν 
ἀδύνατον. οὐκ ἄρα τοὺς B, A μετρήσει τις ἀριϑμός. οἱ A, Β ἄρα πρῶτοι πρὸς ἀλλήλους εἰσίν" 


ὅπερ ἔδει δεῖξαι. 
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Proposition 29 


Every prime number is prime to every number which it does not measure. 
Let A be a prime number, and let it not measure B. I say that B and A are prime to one another. 


For if B and A are not prime to one another then some number will measure them. Let C measure 
(them). Since C measures B, and A does not measure B, C is thus not the same as A. And since 
C measures B and A, it thus also measures A, which is prime, (despite) not being the same as it. 
The very thing is impossible. Thus, some number cannot measure (both) B and A. Thus, A and 
B are prime to one another. (Which is) the very thing it was required to show. 
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᾿ὰν δύο ἀριϑμοὶ πολλαπλασιάσαντες ἀλλήλους ποιῶσί τινα, TOV δὲ γενόμενον ἐξ αὐτῶν μετρῇ 
τις πρῶτος ἀριϑμός, καὶ ἕνα τῶν ἐξ ἀρχῆς μετρήσει. 


Δύο γὰρ ἀριϑμοὶ ot A, Β πολλαπλασιάσαντες ἀλλήλους τὸν T° ποιείτωσαν, τὸν δὲ I μετρείτω 
τις πρῶτος ἀριϑμὸς ὁ Δ’ λέγω, ὅτι ὁ Δ ἕνα τῶν A, B μετρεῖ. 

Tov γὰρ A μὴ μετρείτω: καί ἐστι πρῶτος ὁ Δ’ οἱ A, A ἄρα πρῶτοι πρὸς ἀλλήλους εἰσίν. καὶ 
ὁσάκις ὁ Δ τὸν T μετρεῖ, τοσαῦται μονάδες ἔστωσαν ἐν τῷ E. ἐπεὶ οὖν ὁ A τὸν T° μετρεῖ κατὰ 
τὰς ἐν τῷ E μονάδας, 6 Δ ἄρα τὸν E πολλαπλασιάσας τὸν I πεποίηκεν. ἀλλὰ μὴν καὶ ὁ A τὸν 
Β πολλαπλασιάσας τὸν I’ πεποίηκεν" ἴσος ἄρα ἐστὶν ὁ ἐκ τῶν Δ, E τῷ ἐκ τῶν A, Β. ἔστιν ἄρα 
ὡς ὁ Δ πρὸς τὸν A, οὕτως ὁ Β πρὸς τὸν E. οἱ δὲ A, A πρῶτοι, οἱ δὲ πρῶτοι καὶ ἐλάχιστοι, 
οἱ δὲ ἐλάχιστοι μετροῦσι τοὺς τὸν αὐτὸν λόγον ἔχοντας ἰσάκις ὅ τε μείζων τὸν μείζονα καὶ ὁ 
ἐλάσσων τὸν ἐλάσσονα, τουτέστιν ὅ τε ἡγούμενος τὸν ἡγούμενον καὶ ὁ ἐπόμενος τὸν ἑπόμενον᾽ 
ὁ Δ ἄρα τὸν Β μετρεῖ. ὁμοίως δὴ δείξομεν, ὅτι καὶ ἐὰν τὸν B μὴ μετρῇ, τὸν A μετρήσει. ὁ Δ 
ἄρα ἕνα τῶν A, Β μετρεῖ’ ὅπερ ἔδει δεῖξαι. 
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Proposition 30 


If two numbers make some (number by) multiplying one another, and some prime number mea- 
sures the number (so) created from them, then it will also measure one of the original (numbers). 


For let two numbers A and B make Οἱ (by) multiplying one another, and let some prime number 
D measure C’. I say that D measures one of A and B. 


For let it not measure A. And since D is prime, A and D are thus prime to one another 
[Prop. 7.29]. And as many times as D measures (΄, so many units let there be in FE. Therefore, 
since D measures C’ according to the units Κ᾽, D has thus made C (by) multiplying F [Def. 7.15]. 
But, in fact, A has also made C' (by) multiplying B. Thus, the (number created) from (multiply- 
ing) D and F is equal to the (number created) from (multiplying) A and B. Thus, as D is to A, 
so B (is) to Καὶ [Prop. 7.19]. And A and D (are) prime (to one another), and (numbers) prime 
(to one another are) also the least (of those numbers having the same ratio) [Prop. 7.21], and 
the least (numbers) measure those (numbers) having the same ratio (as them) an equal number 
of times, the greater (measuring) the greater, and the lesser the lesser—that is to say, the leading 
(measuring) the leading, and the following the following [Prop. 7.20]. Thus, D measures B. So, 
similarly, we can also show that if (D) does not measure B then it will measure A. Thus, D 
measures one of A and B. (Which is) the very thing it was required to show. 
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[> 
“Aras σύνϑεντος ἀριϑμὸς ὑπὸ πρώτου τινὸς ἀριϑμοῦ μετρεῖται. 


Ἔστω σύνϑεντος ἀριϑμὸς ὁ Δ΄’ λέγω, ὅτι ὁ A ὑπὸ πρώτου τινὸς ἀριϑμοῦ μετρεῖται. 

"Enel γὰρ σύνϑετός ἐστιν ὁ A, μετρήσει τις αὐτὸν ἀριϑμός. μετρείτω, καὶ ἔστω ὁ Β. καὶ εἰ μὲν 
πρῶτός ἐστιν ὁ Β, γεγονὸς ἂν εἴη τὸ ἐπιταχϑέν. εἰ δὲ σύνϑετος, μετρήσει τις αὐτὸν ἀριϑμός. 
μετρείτω, καὶ ἔστω OT. καὶ ἐπεὶ ὁ Τ᾽ τὸν Β μετρεῖ, ὁ δὲ Β τὸν A μετρεῖ, καὶ ὁ TL ἄρα τὸν A 
μετρεῖ. καὶ εἰ μὲν πρῶτός ἐστιν ὁ I’, γεγονὸς ἂν εἴη τὸ ἐπιταχϑέν. εἰ δὲ σύνϑετος, μετρήσει τις 
αὐτὸν ἀριϑμός. τοιαύτης δὴ γινομένης ἐπισκέψεως ληφϑήσεταί τις πρῶτος ἀριϑμός, ὃς μετρήσει. 
εἰ γὰρ οὐ ληφϑήσεται, μετρήσουσι τὸν Α ἀριϑμὸν ἄπειροι ἀριϑμοί, ὧν ἕτερος ἑτέρου ἐλάσσων 
ἐστίν: ὅπερ ἐστὶν ἀδύνατον ἐν ἀριϑμοῖς. ληφϑήσεταί τις ἄρα πρῶτος ἀριϑμός, ὃς μετρήσει τὸν 
πρὸ ἑαυτοῦ, ὃς καὶ τὸν A μετρήσει. 


“Aras ἄρα σύνϑεντος ἀριϑμὸς ὑπὸ πρώτου τινὸς ἀριϑμοῦ μετρεῖται: ὅπερ ἔδει δεῖξαι. 
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Proposition 31 


Every composite number is measured by some prime number. 
Let A be a composite number. I say that A is measured by some prime number. 


For since A is composite, some number will measure it. Let it (so) measure (A), and let it be B. 
And if B is prime then that which was prescribed has happened. And if (B is) composite then 
some number will measure it. Let it (so) measure (B), and let it be C. And since C measures B, 
and B measures A, Οἱ thus also measures A. And if (Οἱ is prime then that which was prescribed 
has happened. And if (C' is) composite then some number will measure it. So, in this manner 
of continued investigation, some prime number will be found which will measure (the number 
preceding it, which will also measure A). And if (such a number) cannot be found then the 
number A will be measured by an infinite (series of) numbers, each of which is less than the 
preceding. The very thing is impossible for numbers. Thus, some prime number will be found 
which will measure the (number) preceding it, which will also measure A. 


Thus, every composite number is measured by some prime number. (Which is) the very thing it 
was required to show. 
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“Aras ἀριϑμὸς ἤτοι πρῶτός ἐστιν ἢ ὑπὸ πρώτου τινὸς ἀριϑμοῦ μετρεῖται. 


w 


Ἔστω ἀριϑμὸς ὁ At λέγω, ὅτι ὁ A ἤτοι πρῶτός ἐστιν ἢ ὑπὸ πρώτου τινὸς ἀριϑμοῦ μετρεῖται. 


> N me ~ ΄ 2 ¢ N n~ ” L9 ΄ > N s ,΄ > \ 
Εἰ μὲν οὖν πρῶτός ἐστιν ὁ A, γεγονὸς ἂν εἴη τό ἐπιταχϑέν. et δὲ σύνϑεντος, μετρήσει τις αὐτὸν 
πρῶτος ἀριϑμός. 


“Aras ἄρα ἀριϑμὸς ἤτοι πρῶτός ἐστιν ἢ ὑπὸ πρώτου τινὸς ἀριϑμοῦ μετρεῖται: ὅπερ ἔδει δεῖξαι. 
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Proposition 32 


A'—— 
Every number is either prime or is measured by some prime number. 
Let A be a number. I say that A is either prime or is measured by some prime number. 


In fact, if A is prime then that which was prescribed has happened. And if (it is) composite then 
some prime number will measure it [Prop. 7.31]. 


Thus, every number is either prime or is measured by some prime number. (Which is) the very 
thing it was required to show. 
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3 ~ ΄ ς ~ ¢ ~ N 2 ,ὕ ~ N > ON ΄ 2 ΄ > ~ 
Δριϑμῶν δοϑέντων ὁποσωνοῦν ELOELV τοὺς ἐλαχίστους τῶν TOV XKUTOV λόγον εχόντων αὔτοις. 


Ἔστωσαν οἱ δοϑέντες ὁποσοιοῦν ἀριϑμοὶ οἱ A, B, T° δεῖ δὴ εὑρεῖν τοὺς ἐλαχίστους τῶν τὸν 
αὐτὸν λόγον ἐχόντων τοῖς A, B, Τ᾿ 


Οἱ A, Β, Γ γὰρ ἤτοι πρῶτοι πρὸς ἀλλήλους εἰσὶν Ἦ οὔ. εἰ μὲν οὖν οἱ A, B, [ πρῶτοι πρὸς 
ἀλλήλους εἰσίν, ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν λόγον ἐχόντων αὐτοῖς. 


Εἰ δὲ οὔ, εἰλήφϑω τῶν A, B, Τ᾽ τὸ μέγιστον κοινὸν μέτρον ὁ Δ, καὶ ὁσάκις ὁ Δ ἕκαστον τῶν 
A, Β, Τ᾽ μετρεῖ, τοσαῦται μονάδες ἔστωσαν ἐν ἑκάστῳ τῶν E, Ζ, H. uni ἕκαστος ἄρα τῶν E, Z, 
Η ἕκαστον τῶν A, B, Τ᾽ μετρεῖ κατὰ τὰς ἐν τῷ Δ μονάδας. οἱ E, Ζ, Η ἄρα τοὺς A, Β, Τ᾽ ἰσάκις 
μετροῦσιν: οἱ E, Ζ, Η ἄρα τοῖς A, B, 1 ἐν τῷ αὐτῷ λόγῳ εἰσίν. λέγω δή, ὅτι καὶ ἐλάχιστοι. εἰ 
γὰρ μή εἰσιν ot EF, Ζ, Η ἐλάχιστοι τῶν τὸν αὐτὸν λόγον ἐχόντων τοῖς A, B, 1, ἔσονται [τινες] 
τῶν E, Ζ, Η ἐλάσσονες ἀριϑμοὶ ἐν τῷ αὐτῷ λόγῳ ὄντες τοῖς A, B, I. ἔστωσαν οἱ Θ, K, A’ 
ἰσάκις ἄρα ὁ Θ τὸν A μετρεῖ καὶ ἑκάτερος τῶν K, A ἑκάτερον τῶν B, 1. ὁσάκις δὲ 6 © τὸν 
A μετρεῖ, τοσαῦται μονάδες ἔστωσαν ἐν τῷ M καὶ ἑκάτερος ἄρα τῶν K, A ἑκάτερον τῶν B, TP 
μετρεῖ κατὰ τὰς ἐν τῷ Μ μονάδας. καὶ ἐπεὶ ὁ Θ τὸν A μετρεῖ κατὰ τὰς ἐν τῷ Μ μονάδας, καὶ 
ὁ Μ ἄρα tov A μετρεῖ κατὰ τὰς ἐν τῷ © μονάδας. διὰ τὰ αὐτὰ δὴ ὁ Μ χαὶ ἑκάτερον τῶν B, 
Τ᾽ μετρεῖ κατὰ τὰς ἐν ἑκατέρῳ τῶν Κ, A μονάδας: ὁ Μ ἄρα τοὺς A, B, 1 μετρεῖ. καὶ ἐπεὶ 6 Θ 
τὸν A μετρεῖ κατὰ τὰς ἐν τῷ Μ μονάδας, 6 Θ ἄρα τὸν Μ πολλαπλασιάσας τὸν A πεποίηκεν. 
διὰ τὰ αὐτὰ δὴ καὶ ὁ E τὸν Δ πολλαπλασιάσας τὸν A πεποίηκεν. ἴσος ἄρα ἐστὶν ὁ ἐκ τῶν FE, 
Δ τῷ ἐκ τῶν ©, Μ. ἔστιν ἄρα ὡς ὁ E πρὸς τὸν ©, οὕτως ὁ Μ πρὸς τὸν Δ. μεΐζων δὲ ὁ E τοῦ 
©: μείζων ἄρα καὶ ὁ Μ τοῦ Δ. καὶ μετρεῖ τοὺς A, B, I ὅπερ ἐστὶν ἀδύνατον: ὑπόκειται γὰρ 
ὁ Δ τῶν A, Β, Τ᾽ τὸ μέγιστον κοινὸν μέτρον. οὐκ ἄρα ἔσονταί τινες τῶν E, Z, Η ἐλάσσονες 
ἀριϑμοὶ ἐν τῷ αὐτῷ λόγῳ ὄντες τοῖς A, Β, I. οἱ Ε, Ζ, H ἄρα ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν 
λόγον ἐχόντων τοῖς A, B, T° ὅπερ ἔδει δεῖξαι. 
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A B CGC D E F G H Κα L M 


To find the least of those (numbers) having the same ratio as any given multitude of numbers. 


Let A, B, and C be any given multitude of numbers. So it is required to find the least of those 
(numbers) having the same ratio as A, B, and C. 


For A, B, and C are either prime to one another, or not. In fact, if A, B, and C are prime to one 
another then they are the least of those (numbers) having the same ratio as them [Prop. 7.22]. 


And if not, let the greatest common measure, D, of A, B, and C have be taken [Prop. 7.3]. And as 
many times as D measures A, B, C, so many units let there be in FE, Ε', G, respectively. And thus 
E, F, G measure A, B, C, respectively, according to the units in D [Prop. 7.15]. Thus, Ε, F, G 
measure A, B, C’ (respectively) an equal number of times. Thus, Ε', Ε΄, G are in the same ratio as 
A, B, C (respectively) [Def. 7.20]. So I say that (they are) also the least (of those numbers having 
the same ratio as A, B, C). For if E, F', G are not the least of those (numbers) having the same 
ratio as A, B, C (respectively), then there will be [some] numbers less than EF, Ε΄, G which are 
in the same ratio as A, B, C (respectively). Let them be H, Κὶ, L. Thus, H measures A the same 
number of times that Κ΄, L also measure B, C, respectively. And as many times as H measures A, 
so many units let there be in Μ΄. Thus, kK, L measure B, C, respectively, according to the units in 
M. And since H measures A according to the units in 7, M thus also measures A according to 
the units in H [Prop. 7.15]. So, for the same (reasons), / also measures Β, C’ according to the 
units in Καὶ, L, respectively. Thus, / measures A, B, and C. And since H measures A according 
to the units in Μ,, H has thus made A (by) multiplying M. So, for the same (reasons), F has 
also made A (by) multiplying D. Thus, the (number created) from (multiplying) E and D is 
equal to the (number created) from (multiplying) H and M. Thus, as EF (is) to H, so M (is) to 
D [Prop. 7.19]. And F (is) greater than H. Thus, Μ (is) also greater than D [Prop. 5.13]. And 
(Μὴ measures A, B, and C. The very thing is impossible. For D was assumed (to be) the greatest 
common measure of A, B, and C. Thus, there cannot be any numbers less than EF, Γ᾽, G which 
are in the same ratio as A, B, C (respectively). Thus, FE, F’, G are the least of (those numbers) 
having the same ratio as A, B, C (respectively). (Which is) the very thing it was required to show. 
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Δύο ἀριϑμῶν δοϑέντων εὑρεῖν, ὃν ἐλάχιστον μετροῦσιν ἀριϑμόν. 
Ἔστωσαν οἱ δοϑέντες δύο ἀριϑμοὶ οἱ A, Br δεῖ δὴ εὑρεῖν, ὃν ἐλάχιστον μετροῦσιν ἀριϑμόν. 


Οἱ Δ, Β γὰρ ἤτοι πρῶτοι πρὸς ἀλλήλους εἰσὶν ἢ οὔ. ἔστωσαν πρότερον οἱ A, Β πρῶτοι πρὸς 
ἀλλήλους, καὶ ὁ A tov Β πολλαπλασιάσας τὸν I ποιείτω’ καὶ ὁ Β ἄρα τὸν A πολλαπλασιάσας 
τὸν Τ᾿ πεποίηκεν. οἱ A, Β ἄρα τὸν Τ᾽ μετροῦσιν. λέγω δή, ὅτι καὶ ἐλάχιστον. εἰ γὰρ μή, 
μετρήσουσί τινα ἀριϑμὸν οἱ A, Β ἐλάσσονα ὄντα tod I. μετρείτωσαν τὸν Δ. ual ὁσάκις ὁ 
A τὸν Δ μετρεῖ, τοσαῦται μονάδες ἔστωσαν ἐν τῷ E, ὁσάκις δὲ ὁ Β τὸν Δ μετρεῖ, τοσαῦται 
μονάδες ἔστωσαν ἐν τῷ Ζ. ὁ μὲν A ἄρα τὸν E πολλαπλασιάσας τὸν Δ πεποίηκεν, ὁ δὲ Β τὸν 
Z πολλαπλασιάσας τὸν Δ πεποίηκεν" ἴσος ἄρα ἐστὶν ὁ ἐκ τῶν A, E τῷ ἐκ τῶν B, Ζ. ἔστιν ἄρα 
ὡς ὁ A πρὸς τὸν Β, οὕτως ὁ Ζ πρὸς τὸν E. οἱ δὲ A, B πρῶτοι, οἱ δὲ πρῶτοι καὶ ἐλάχιστοι, 
οἱ δὲ ἐλάχιστοι μετροῦσι τοὺς τὸν αὐτὸν λόγον ἔχοντας ἰσάκις ὅ τε μείζων τὸν μείζονα καὶ ὁ 
ἐλάσσων τὸν ἐλάσσονα: ὁ Β ἄρα τὸν E μετρεῖ, ὡς ἑπόμενος ἑπόμενον. καὶ ἐπεὶ ὁ A τοὺς Β, E 
πολλαπλασιάσας τοὺς I’, Δ πεποίηκεν, ἔστιν ἄρα ὡς ὁ Β πρὸς τὸν E, οὕτως ὁ Τ᾽ πρὸς τὸν Δ. 
μετρεῖ δὲ ὁ Β τὸν Ε' μετρεῖ ἄρα καὶ ὁ 1 τὸν Δ ὁ μείζων τὸν ἐλάσσονα: ὅπερ ἐστὶν ἀδύνατον. 
οὐκ ἄρα οἱ A, Β μετροῦσί τινα ἀριϑμὸν ἐλάσσονα ὄντα τοῦ I. ὁ T ἄρα ἐλάχιστος Ov ὑπὸ τῶν 
Δ, Β μετρεῖται. 


Μὴ ἔστωσαν δὴ οἱ A, Β πρῶτοι πρὸς ἀλλήλους, καὶ εἰλήφϑωσαν ἐλάχιστοι ἀριϑμοὶ τῶν τὸν 
αὐτὸν λόγον ἐχόντων τοῖς A, Β οἱ Z, Ἐ; ἴσος ἄρα ἐστὶν ὁ ἐκ τῶν A, E τῷ ἐκ τῶν B, Ζ. καὶ ὁ 
A τὸν E πολλαπλασιάσας τὸν TV ποιείτω" καὶ ὁ Β ἄρα τὸν Ζ πολλαπλασιάσας τὸν 1᾽ πεποίηκεν" 
οἱ A, Β ἄρα τὸν TV μετροῦσιν. λέγω SH, ὅτι καὶ ἐλάχιστον. εἰ γὰρ μή, μετρήσουσί τινα ἀριϑμὸν 
οἱ A, Β ἐλάσσονα ὄντα τοῦ I. μετρείτωσαν τὸν Δ. καὶ ὁσάκις μὲν ὁ A τὸν Δ μετρεῖ, τοσαῦται 
μονάδες ἔστωσαν ἐν τῷ Η, ὁσάκις δὲ ὁ Β τὸν Δ μετρεῖ, τοσαῦται μονάδες ἔστωσαν ἐν τῷ Θ. 
ὁ μὲν A ἄρα τὸν Η πολλαπλασιάσας τὸν Δ πεποίηκεν, ὁ δὲ Β τὸν © πολλαπλασιάσας τὸν A 
πεποίηκεν. ἴσος ἄρα ἐστὶν ὁ ἐκ τῶν A, Η τῷ ἐκ τῶν B, O° ἔστιν ἄρα ὡς ὁ A πρὸς τὸν Β, οὕτως 
ὁ © πρὸς τὸν H. ὡς δὲ 6 A πρὸς τὸν Β, οὕτως ὁ Ζ πρὸς τὸν E> καὶ ὡς ἄρα ὁ Z πρὸς τὸν E, 
οὕτως ὁ © πρὸς τὸν H. οἱ δὲ Ζ, E ἐλάχιστοι, οἱ δὲ ἐλάχιστοι μετροῦσι τοὺς τὸν αὐτὸν λόγον 
ἔχοντας ἰσάκις ὅ τε μείζων τὸν μείζονα καὶ ὁ ἐλάσσων τὸν ἐλάσσονα ὁ E ἄρα τὸν Η μετρεῖ. 
nat ἐπεὶ ὁ A τοὺς E, Η πολλαπλασιάσας τοὺς V, Δ πεποίηκεν, ἔστιν ἄρα ὡς ὁ E πρὸς τὸν H, 
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Proposition 34 


E -— F HK 
To find the least number which two given numbers (both) measure. 


Let A and B be the two given numbers. So it is required to find the least number which they 
(both) measure. 


For A and B are either prime to one another, or not. Let them, first of all, be prime to one another. 
And let A make C (by) multiplying B. Thus, B has also made C (by) multiplying A [Prop. 7.16]. 
Thus, A and B (both) measure Οὐ. So I say that (C) is also the least (number which they both 
measure). For if not, A and B will (both) measure some (other) number which is less than C’. Let 
them (both) measure D (which is less than C). And as many times as A measures D, so many 
units let there be in F. And as many times as B measures D, so many units let there be in Γ΄. Thus, 
A has made D (by) multiplying E, and B has made D (by) multiplying Γ΄. Thus, the (number 
created) from (multiplying) A and Εἰ is equal to the (number created) from (multiplying) B and 
F. Thus, as A (is) to B, so F (is) to EF [Prop. 7.19]. And A and B are prime (to one another), 
and prime (numbers) are the least (of those numbers having the same ratio) [Prop. 7.21], and 
the least (numbers) measure those (numbers) having the same ratio (as them) an equal number 
of times, the greater (measuring) the greater, and the lesser the lesser [Prop. 7.20]. Thus, B 
measures ΕἸ, as the following (number measuring) the following. And since A has made C’ and 
D (by) multiplying B and E (respectively), thus as B is to E, so C (is) to D [Prop. 7.17]. And 
B measures EF. Thus, ( also measures D, the greater (measuring) the lesser. The very thing is 
impossible. Thus, A and B do not (both) measure some number which is less than C’. Thus, ( is 
the least (number) which is measured by (both) A and B. 


So let A and B be not prime to one another. And let the least numbers, F' and Ε΄, have been taken 
having the same ratio as A and B (respectively) [Prop. 7.33]. Thus, the (number created) from 
(multiplying) A and F is equal to the (number created) from (multiplying) B and F [Prop. 7.19]. 
And let A make C (by) multiplying Ε΄. Thus, B has also made C (by) multiplying Γ΄. Thus, A and 
B (both) measure C’. So I say that (C) is also the least (number which they both measure). For 
if not, A and B will (both) measure some number which is less than C’. Let them (both) measure 
D (which is less than C). And as many times as A measures D, so many units let there be in G. 
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οὕτως ὁ 1᾽ πρὸς τὸν Δ. ὁ δὲ E τὸν Η μετρεῖ’ καὶ ὁ 1 ἄρα τὸν Δ μετρεῖ ὁ μείζων τὸν ἐλάσσονα" 
ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα οἱ A, Β μετρήσουσί τινα ἀριϑμὸν ἐλάσσονα ὄντα τοῦ I. ὁ 1 
ἄρα ἐλάχιστος Ov ὑπὸ τῶν A, B μετρεῖται ὅπερ ἔπει δεῖξαι. 
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And as many times as B measures D, so many units let there be in H. Thus, A has made D 
(by) multiplying G, and B has made D (by) multiplying H. Thus, the (number created) from 
(multiplying) A and G is equal to the (number created) from (multiplying) B and H. Thus, as A 
is to B, so H (is) to G [Prop. 7.19]. And as A (is) to B, so F (is) to Ε. Thus, also, as F (is) to E, 
so H (is) to G. And F' and E are the least (numbers having the same ratio as A and B), and the 
least (numbers) measure those (numbers) having the same ratio an equal number of times, the 
greater (measuring) the greater, and the lesser the lesser [Prop. 7.20]. Thus, Εἰ measures G. And 
since A has made Οὐ and D (by) multiplying Εἰ and G (respectively), thus as E is to G, so C (is) 
to D [Prop. 7.17]. And Καὶ measures G. Thus, C also measures D, the greater (measuring) the 
lesser. The very thing is impossible. Thus, A and B do not (both) measure some (number) which 
is less than C’. Thus, C (is) the least (number) which is measured by (both) A and B. (Which is) 
the very thing it was required to show. 
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λε΄ 


A B 
T Ζ Δ 


Η.--ς--  Ὃ 


᾿ὰν δύο ἀριϑμοὶ ἀριϑμόν τινα μετρῶσιν, καὶ ὁ ἐλάχιστος ὑπ᾽ αὐτῶν μετρούμενος τὸν αὐτὸν 
μετρήσει. 


Δύο γὰρ ἀριϑμοὶ οἱ A, Β ἀριϑμόν τινα τὸν VA μετρείτωσαν, ἐλάχιστον δὲ τὸν Ε΄ λέγω, ὅτι καὶ 
ὁ E tov ΤΔ μετρεῖ. 


Εἰ γὰρ οὐ μετρεῖ ὁ E tov TA, ὁ E τὸν AZ μετρῶν λειπέτω ἑαυτοῦ ἐλάσσονα τὸν 1Ζ. καὶ 
ἐπεὶ ot A, Β τὸν E μετροῦσιν, ὁ δὲ E τὸν ΔΖ μετρεῖ, καὶ οἱ A, B ἄρα τὸν ΔΖ μετρήσουσιν. 
μετροῦσι δὲ καὶ ὅλον τὸν PA: καὶ λοιπὸν ἄρα τὸν 12 μετρήσουσιν ἐλάσσονα ὄντα τοῦ Ε΄ ὅπερ 
ἐστὶν ἀδύνατον. οὐκ ἄρα οὐ μετρεῖ ὁ E τὸν TA: μετρεῖ ἄρα" ὅπερ ἔδει δεῖξαι. 
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C F D 
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If two numbers (both) measure some number then the least (number) measured by them will 
also measure the same (number). 


For let two numbers, A and B, (both) measure some number C'D, and (let) E (be the) least 
(number measured by both A and B). I say that E also measures C'D. 


For if Εἰ does not measure C'D then let FE leave C'F less than itself (in) measuring CD. And since 
A and B (both) measure £, and E measures DF’, A and B will thus also measure DF’. And (A 
and B) also measure the whole of CD. Thus, they will also measure the remainder C’F’, which is 
less than Ε΄. The very thing is impossible. Thus, Εἰ cannot not measure C'D. Thus, (F) measures 
(CD). (Which is) the very thing it was required to show. 
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΄ὔ 


Τριῶν ἀριϑμῶν δοϑέντων εὑρεῖν, ὃν ἐλάχιστον μετροῦσιν ἀριϑμόν. 
Ἔστωσαν οἱ δοϑέντες τρεῖς ἀριϑμοὶ οἱ A, B, Τ᾿ δεῖ δὴ εὑρεῖν, ὃν ἐλάχιστον μετροῦσιν ἀριϑμόν. 


Εἰλήφϑω γὰρ ὑπὸ δύο τῶν A, Β ἐλάχιστος μετρούμενος ὁ Δ. ὁ δὴ T τὸν Δ ἤτοι μετρεῖ ἢ οὐ 
μετρεῖ. μετρείτω πρότερον. μετροῦσι δὲ καὶ οἱ A, Β τὸν Δ. οἱ A, Β, Τ᾽ ἄρα τὸν Δ μετροῦσιν. 
λέγω δή, ὅτι καὶ ἐλάχιστον. εἰ γὰρ μή, μετρήσουσιν [τινα] ἀριϑμὸν οἱ A, B, T° ἐλάσσονα ὄντα 
τοῦ Δ. μετρείτωσαν tov E. ἐπεὶ ot A, Β, Τ᾽ τὸν E μετροῦσιν, καὶ οἱ A, Β ἄρα τὸν E μετροῦσιν. 
nal ὁ ἐλάχιστος ἄρα ὑπὸ τῶν A, Β μετρούμενος [τὸν E] μετρήσει. ἐλάχιστος δὲ ὑπὸ τῶν A, Β 
μετρούμενός ἐστιν ὁ Δ’ ὁ Δ ἄρα τὸν E μετρήσει ὁ μείζων τὸν ἐλάσσονα: ὅπερ ἐστὶν ἀδύνατον. 
οὐκ ἄρα οἱ A, Β, Τ᾽ μετρήσουσί τινα ἀριϑμὸν ἐλάσσονα ὄντα τοῦ Δ’ οἱ A, B, Τ᾿ ἄρα ἐλάχιστον 
τὸν Δ μετροῦσιν. 


Μὴ μετρείτω δὴ πάλιν ὁ T τὸν Δ, καὶ εἰλήφϑω ὑπὸ τῶν T, Δ ἐλάχιστος μετρούμενος ἀριϑμὸς 
ὁ E. ἐπεὶ ot A, Β τὸν Δ μετροῦσιν, ὁ δὲ Δ τὸν E μετρεῖ, καὶ ot A, Β ἄρα τὸν E μετροῦσιν. 
μετρεῖ δὲ καὶ ὁ 1᾽ [τὸν Ε΄" καὶ] οἱ A, Β, 1 ἄρα τὸν E μετροῦσιν. λέγω δή, ὅτι καὶ ἐλάχιστον. 
εἰ γὰρ UN, μετρήσουσί τινα οἱ A, B, Τ᾽ ἐλάσσονα ὄντα τοῦ E. μετρείτωσαν τὸν Ζ. ἐπεὶ οἱ A, 
Β, Τ᾽ τὸν Ζ μετροῦσιν, καὶ οἱ A, Β ἄρα τὸν Ζ μετροῦσιν: καὶ ὁ ἐλάχιστος ἄρα ὑπὸ τῶν A, B 
μετρούμενος τὸν Ζ μετρήσει. ἐλάχιστος δὲ ὑπὸ τῶν A, B μετρούμενός ἐστιν ὁ Δ’ ὁ Δ ἄρα τὸν 
Ζ μετρεῖ. μετρεῖ δὲ καὶ ὁ T τὸν Z ot Δ, 1 ἄρα τὸν Ζ μετροῦσιν: ὥστε καὶ ὁ ἐλάχιστος ὑπὸ τῶν 
Δ, T’ μετρούμενος τὸν Z μετρήσει. ὁ δὲ ἐλάχιστος ὑπὸ τῶν I’, Δ μετρούμενός ἐστιν ὁ Ἐ ὁ E 
ἄρα τὸν Ζ μετρεῖ ὁ μείζων τὸν ἐλάσσονα ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα οἱ A, Β, I μετρήσουσί 
τινα ἀριϑμὸν ἐλάσσονα ὄντα τοῦ E. ὁ E ἄρα ἐλάχιστος Ov ὑπὸ τῶν A, Β, Τ᾽ μετρεῖται: ὅπερ 


ἔδει δεῖξαι. 
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To find the least number which three given numbers (all) measure. 


Let A, B, and C be the three given numbers. So it is required to find the least number which they 
(all) measure. 


For let the least (Number), D, measured by the two (numbers) A and B have been taken [Prop. 7.34]. 
So C either measures, or does not measure, D. Let it, first of all, measure (D). And A and B 
also measure D. Thus, A, B, and C (all) measure D. So I say that (D is) also the least (~umber 
measured by A, B, and C). For if not, A, B, and C will (all) measure [some] number which is 
less than D. Let them measure F (which is less than D). Since A, B, and C (all) measure FE then 

A and B thus also measure Ε. Thus, the least (number) measured by A and B will also measure 
[ΕἸ [Prop. 7.35]. And D is the least (number) measured by A and B. Thus, D will measure F, 
the greater (measuring) the lesser. The very thing is impossible. Thus, A, B, and C' cannot (all) 
measure some number which is less than D. Thus, A, B, and C (all) measure the least (number) 

1). 


So, again, let C not measure D. And let the least number, Κ᾽, measured by C and D have been 
taken [Prop. 7.34]. Since A and B measure D, and D measures Κ᾽, A and B thus also measure 
E. And C also measures [Ε]. Thus, A, B, and C [also] measure FE. So I say that (F is) also 
the least (number measured by A, B, and C). For if not, A, B, and C will (all) measure some 
(number) which is less than ΚΕ. Let them measure Γ΄ (which is less than ΕἼ. Since A, B, and C 
(all) measure F’, A and B thus also measure Γ΄. Thus, the least (~umber) measured by A and 
B will also measure F' [Prop. 7.35]. And D is the least (number) measured by A and B. Thus, 
D measures fF’. And C also measures F’. Thus, D and Οἱ (both) measure ΓΕ. Hence, the least 
(number) measured by D and C will also measure F' [Prop. 7.35]. And EF is the least (number) 
measured by C' and D. Thus, E measures F’, the greater (measuring) the lesser. The very thing is 
impossible. Thus, A, B, and Οἱ cannot measure some number which is less than Κ΄. Thus, F (is) 
the least (number) which is measured by A, B, and C. (Which is) the very thing it was required 
to show. 
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᾿ὰν ἀριϑμὸς ὑπό τινος ἀριϑμοῦ μετρῆται, ὁ μετρούμενος ὁμώνυμον μέρος ἕξει τῷ μετροῦντι. 


᾿Αριϑμὸς γάρ 6 A ὑπό τινος ἀριϑμοῦ τοῦ Β μετρείσϑω: λέγω, ὅτι ὁ A ὁμώνυμον μέρος ἔχει 
τῷ Β. 


Ὁσάκις γὰρ ὁ Β τὸν A μετρεῖ, τοσαῦται μονάδες ἔστωσαν ἐν τῷ TI. ἐπεὶ ὁ Β τὸν A μετρεῖ 
κατὰ τὰς ἐν τῷ 1" μονάδας, μετρεῖ δὲ καὶ ἣ Δ μονὰς τὸν T° ἀριϑμὸν κατὰ τὰς ἐν αὐτῷ μονάδας, 
ἰσάκις ἄρα ἣ Δ μονὰς τὸν Τ᾽ ἀριϑμὸν μετρεῖ καὶ ὁ Β τὸν A. ἐναλλὰξ ἄρα ἰσάκις ἣ A μονὰς τὸν 
B ἀριϑμὸν μετρεῖ καὶ ὁ Τ᾽ τὸν Δ’ ὃ ἄρα μέρος ἐστὶν 7 Δ μονὰς τοῦ B ἀριϑμοῦ, τὸ αὐτὸ μέρος 
ἐστὶ καὶ ὁ Τ᾿ τοῦ A. ἡ δὲ Δ μονὰς τοῦ Β ἀριϑμοῦ μέρος ἐστὶν ὁμώνυμον αὐτῷ: nal ὁ Τ᾽ ἄρα 
τοῦ A μέρος ἐστὶν ὁμώνυμον τῷ Β. ὥστε ὁ A μέρος ἔχει τὸν Τ᾽ ὁμώνυμον ὄντα τῷ B: ὅπερ ἔδει 


δεῖξαι. 
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If anumber is measured by some number then the (number) measured will have a part called the 
same as the measuring (number). 


For let the number A be measured by some number B. I say that A has a part called the same as 
Β. 


For as many times as B measures A, so many units let there be in C. Since B measures A 
according to the units in C’, and the unit D also measures (Οἱ according to the units in it, thus the 
unit D measures the number (Οὐ as many times as B (measures) A. Thus, alternately, the unit D 
measures the number B as many times as C' (measures) A [Prop. 7.15]. Thus, which(ever) part 
the unit D is of the number B, C is also the same part of A. And the unit D is a part of the 
number B called the same as it (i.e., a Bth part). Thus, C is also a part of A called the same as B 
(i.e., C is the Bth part of A). Hence, A has a part C' which is called the same as B (i.e., A has a 
Bth part). (Which is) the very thing it was required to show. 
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΄ 


λη 


᾿ὰν ἀριϑμος μέρος ἔχῃ ὁτιοῦν, ὑπὸ ὁμωνύμου ἀριϑμοῦ μετρηϑήσεται τῷ μέρει. 


᾿Αριϑμὸς γὰρ 6 A μέρος ἐχέτω ὁτιοῦν τὸν Β, καὶ τῷ Β μέρει ὁμώνυμος ἔστω [ἀριϑμὸς] ὁ Τ᾿ 
λέγω, ὅτι ὁ Τ᾽ τὸν A μετρεῖ. 


Ἐπεὶ γὰρ ὁ Β tod A μέρος ἐστὶν ὁμώνυμον τῷ 1", ἔστι δὲ καὶ ἣ Δ μονὰς τοῦ Τ᾿ μέρος ὁμώνυμον 
αὐτῷ, ὃ ἄρα μέρος ἐστὶν ἡ Δ μονὰς τοῦ I ἀριϑμοῦ, τὸ αὐτὸ μέρος ἐστὶ καὶ ὁ Β τοῦ Δ᾽ ἰσάκις 
ἄρα ἣ Δ μονὰς τὸν Τ᾽ ἀριϑμὸν μετρεῖ καὶ ὁ Β τὸν A. ἐναλλὰξ ἄρα ἰσάκις ἣ Δ μονὰς τὸν B 
ἀριϑμὸν μετρεῖ καὶ ὁ Τ᾽ τὸν A. ὁ Τ' ἄρα τὸν A μετρεῖ’ ὅπερ ἔδει δεὶξαι. 
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If a number has any part whatever then it will be measured by a number called the same as the 
part. 


For let the number A have any part whatever, B. And let the [number] C be called the same as 
the part B (ie., B is the Cth part of A). I say that C measures A. 


For since B is a part of A called the same as C, and the unit D is also a part of C' called the same as 
it (1.6., D is the Cth part of C), thus which(ever) part the unit D is of the number C, B is also the 
same part of A. Thus, the unit D measures the number C as many times as B (measures) A. Thus, 
alternately, the unit D measures the number B as many times as C (measures) A [Prop. 7.15]. 
Thus, C measures A. (Which is) the very thing it was required to show. 
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= π 
᾿Αριϑμὸν εὐρεῖν, ὃς ἐλάχιστος Ov ἕξει τὰ δοϑέντα μέρη. 


Ἔστω τὰ δοϑέντα μέρη τὰ A, B, Τ᾿ δεῖ δὴ ἀριϑμὸν εὑρεῖν, ὃς ἐλάχιστος wv ἕξει τὰ A, B, 1 
μέρη. 


Ἔστωσαν γὰρ τοῖς A, B, Τ᾽ μέρεσιν ὁμώνυμοι ἀριϑμοὶ οἱ A, E, Ζ, καὶ εἰλήφϑω ὑπὸ τῶν Δ, Ἐ, 
Z ἐλάχιστος μετρούμενος ἀριϑμὸς ὁ H. 


Ὁ Η ἄρα ὁμώνυμα μέρη ἔχει τοῖς Δ, E, Ζ. τοῖς δὲ Δ, Ε, Z ὁμώνυμα μέρη ἐστὶ τὰ A, Β, Τ᾿ 
ὁ Η ἄρα ἔχει τὰ A, B, Τ᾽ μέρη. λέγω δή, ὅτι καὶ ἐλάχιστος Hv, εἰ γὰρ μῆ, ἔσται τις τοῦ Η 
ἐλάσσων ἀριϑμός, ὃς ἕξει τὰ A, B, Τ᾿ μέρη. ἔστω 6 Θ. ἐπεὶ 6 © ἔχει τὰ A, B, Τ᾽ μέρη, 6 © ἄρα 
ὑπὸ ὁμωνύμων ἀριϑμῶν μετρηϑήσεται τοῖς A, B, Τ᾿ μέρεσιν. τοῖς δὲ A, B, Τ᾿ μέρεσιν ὁμώνυμοι 
ἀριϑμοί εἰσιν οἱ Δ, E, Z 6 © ἄρα ὑπὸ τῶν Δ, E, Z μετρεῖται. καί ἐστιν ἐλάσσων tod Η’ ὅπερ 
ἐστὶν ἀδύνατον. οὐκ ἄρα ἔσται τις τοῦ Η ἐλάσσων ἀριϑμός, ὃς ἕξει te A, Β, Τ᾿ μέρη; ὅπερ ἔδει 


δεῖξαι. 
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To find the least number that will have given parts. 


Let A, B, and C be the given parts. So it is required to find the least number which will have the 
parts A, B, and C (we., an Ath part, a Bth part, and a Cth part). 


For let D, E, and F' be numbers having the same names as the parts A, B, and C (respectively). 
And let the least number, G’, measured by D, EF, and F’, have been taken [Prop. 7.36]. 


Thus, G has parts called the same as D, FE, and F [Prop. 7.37]. And A, B, and C are parts called 
the same as D, E, and F (respectively). Thus, G has the parts A, B, and C. So I say that (G) 
is also the least (number having the parts A, B, and C). For if not, there will be some number 
less than G which will have the parts A, B, and C. Let it be H. Since H has the parts A, B, and 
Ο, H will thus be measured by numbers called the same as the parts A, B, and C [Prop. 7.38]. 
And D, Ε, and F are numbers called the same as the parts A, B, and C (respectively). Thus, H 
is measured by D, FE, and Ε΄. And (#) is less than G. The very thing is impossible. Thus, there 
cannot be some number less than G' which will have the parts A, B, and Οὐ. (Which is) the very 
thing it was required to show. 


527 


ΣΤΟΙΧΕΙΩΝ 7/ 


ELEMENTS BOOK ὃ 


Continued proportion "Ὁ 


136The propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 


ΣΤΟΙΧΕΊΩΝ 7/ 
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Ἐὰν ὦσιν ὁσοιδηποτοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον, οἱ δὲ ἄκροι αὐτῶν πρῶτοι πρὸς ἀλλήλους 
ὦσιν, ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν λόγον ἐχόντων αὐτοῖς. 


ἜἬἜστωσαν ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον οἱ A, Β, 1), Δ, οἱ δὲ ἄκροι αὐτῶν οἱ A, Δ, πρῶτοι 
πρὸς ἀλλήλους ἔστωσαν: λέγω, ὅτι οἱ A, Β, T, Δ ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν λόγον ἐχόντων 
αὐτοῖς. 


Εἰ γὰρ pn, ἔστωσαν ἐλάττονες τῶν A, Β, 1, Δ οἱ E, Z, Η, © ἐν τῷ αὐτῷ λόγῳ ὄντες αὐτοῖς. 
not ἐπεὶ ot A, Β, T, Δ ἐν τῷ αὐτῷ λόγῳ εἰσὶ τοῖς E, Z, H, Θ, nat ἐστιν ἴσον τὸ πλῆϑος [τῶν 
A, Β, T, Δ] τῷ πλήϑει [τῶν E, Ζ, H, ΘΊ, δι᾽ ἴσου ἄρα ἐστὶν ὡς ὁ A πρὸς τὸν Δ, ὁ E πρὸς τὸν 
Θ. οἱ δὲ A, Δ πρῶτοι, οἱ δὲ πρῶτοι καὶ ἐλάχιστοι, οἱ δὲ ἐλάχιστοι ἀριϑμοὶ μετροῦσι τοὺς τὸν 
αὐτὸν λόγον ἔχοντας ἰσάκις ὅ τε μείζων τὸν μείζονα καὶ ὁ ἐλάσσων τὸν ἐλάσσονα, τουτέστιν ὅ 
τε ἡγούμενος τὸν ἡγούμενον καὶ ὁ ἑπόμενος τὸν ἑπόμενον. μετρεῖ ἄρα ὁ A τὸν E ὁ μείζων 
τὸν ἐλάσσονα" ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα οἱ E, Ζ, H, Θ ἐλάσσονες ὄντες τῶν A, B, 1, A 
ἐν τῷ αὐτῷ λόγῳ εἰσὶν αὐτοῖς. οἱ A, Β, 1), Δ ἄρα ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν λόγον ἐχόντων 
αὐτοῖς" ὅπερ ἔδει δεῖξαι. 
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If there are any multitude whatsoever of continuously proportional numbers, and the outermost 
of them are prime to one another, then the (numbers) are the least of those (numbers) having 
the same ratio as them. 


Let A, B, C, D be any multitude whatsoever of continuously proportional numbers. And let the 
outermost of them, A and D, be prime to one another. I say that A, B, C, D are the least of those 
(numbers) having the same ratio as them. 


For if not, let E, F', G, H be less than A, B, C, D (respectively), being in the same ratio as 
them. And since A, B, C, D are in the same ratio as LE, F', G, H, and the multitude [of A, 
B, Ο, D] is equal to the multitude [of EL, F, G, H], thus, via equality, as A is to D, (so) E 
(is) to H [Prop. 7.14]. And A and D (are) prime (to one another). And prime (numbers are) 
also the least of those (numbers having the same ratio as them) [Prop. 7.21]. And the least 
numbers measure those (numbers) having the same ratio (as them) an equal number of times, the 
greater (measuring) the greater, and the lesser the lesser—that is to say, the leading (measuring) 
the leading, and the following the following [Prop. 7.20]. Thus, A measures EF, the greater 
(measuring) the lesser. The very thing is impossible. Thus, ΚΕ, F', G, H, being less than A, B, C, 
D, are not in the same ratio as them. Thus, A, B, C’, D are the least of those (numbers) having 
the same ratio as them. (Which is) the very thing it was required to show. 
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ΔΛριϑμοὺς εὑρεῖν ἑξῆς ἀνάλογον ἐλαχίστους, ὅσους ἂν ἐπιτάξῃ τις, ἐν TH SOGEVT λόγῳ. 


Ἔστω 6 δοϑεὶς λόγος ἐν ἐλάχίστοις ἀριϑμοῖς ὁ τοῦ A πρὸς τὸν Β᾽ δεῖ δὴ ἀριϑμοὺς εὑρεῖν ἑξῆς 
ἀνάλογον ἐλαχίστους, ὅσους ἄν τις ἐπιτάξῃ, ἐν τῷ τοῦ A πρὸς τὸν Β λόγῳ. 


᾿Επιτετάχϑωσαν δὴ τέσσαρες, καὶ ὁ A ἑαυτὸν πολλαπλασιάσας τὸν Τ᾽ ποιείτω, τὸν δὲ Β πολλα- 
πλασιάσας τὸν Δ ποιείτω, καὶ ἔτι ὁ Β ἑαυτὸν πολλαπλασιάσας τὸν E ποιείτω, καὶ ἔτι ὁ A τοὺς 
T, Δ, Ε πολλαπλασιάσας τοὺς Z, H, © ποιείτω, ὁ δὲ Β tov E πολλαπλασιάσας τὸν K ποιείτω. 


Καὶ ἐπεὶ 6 A ἑαυτὸν μὲν πολλαπλασιάσας τὸν Τ᾽ πεποίηκεν, τὸν δὲ Β πολλαπλασιάσας τὸν Δ 
πεποίηκεν, ἔστιν ἄρα ὡς ὁ A πρὸς τὸν B, [οὕτως] ὁ Τ᾽ πρὸς τὸν Δ. πάλιν, ἐπεὶ ὁ μὲν A τὸν B 
πολλαπλασιάσας τὸν Δ πεποίηκεν, ὁ δὲ Β ἑαυτὸν πολλαπλασιάσας τὸν E πεποίηκεν, ἑκάτερος 
ἄρα τῶν A, Β τὸν Β πολλαπλασιάσας ἑκάτερον τῶν Δ, E πεποίηκεν. ἔστιν ἄρα ὡς ὁ A πρὸς τὸν 
B, οὕτως ὁ Δ πρὸς τὸν E. ἀλλ᾽ ὡς ὁ A πρὸς τὸν Β, ὁ T πρὸς τὸν Δ’ καὶ ὡς ἄρα ὁ TP πρὸς τὸν 
Δ, ὁ Δ πρὸς τὸν E. καὶ ἐπεὶ ὁ A τοὺς T, Δ πολλαπλασιάσας τοὺς Ζ, H πεποίηκεν, ἔστιν ἄρα 
ὡς ὁ Γ πρὸς τὸν Δ, [οὕτως] ὁ Ζ πρὸς τὸν Η. ὡς δὲ ὁ T πρὸς τὸν Δ, οὕτως HY ὁ A πρὸς τὸν 
B: καὶ ὡς ἄρα ὁ A πρὸς τὸν B, ὁ Z πρὸς τὸν H. πάλιν, ἐπεὶ ὁ A τοὺς Δ, E πολλαπλασιάσας 
τοὺς H, © πεποίηκεν, ἔστιν ἄρα ὡς ὁ Δ πρὸς τὸν E, ὁ Η πρὸς τὸν Θ. ἀλλ᾽ ὡς ὁ Δ πρὸς τὸν 
Ε, 6 A πρὸς τὸν Β. καὶ ὡς ἄρα ὁ A πρὸς τὸν B, οὕτως ὁ H πρὸς τὸν Θ. καὶ ἐπεὶ ot A, Β τὸν 
E πολλαπλασιάσαντες τοὺς Θ, Κ πεποιήκασιν, ἔστιν ἄρα ὡς ὁ A πρὸς τὸν B, οὕτως ὁ © πρὸς 
τὸν Κ. ἀλλ᾽ ὡς 6 A πρὸς τὸν B, οὕτως ὅ τε Ζ πρὸς τὸν Η ual ὁ Η πρὸς τὸν Θ. καὶ ὡς ἄρα ὁ 
Z πρὸς τὸν Η, οὕτως 6 te H πρὸς τὸν Θ χαὶ 6 Θ πρὸς τὸν Κ΄ οἱ T, Δ, E ἄρα καὶ οἱ Ζ, H, 
©, Κ ἀνάλογόν εἰσιν ἐν τῷ τοῦ A πρὸς τὸν Β λόγῳ. λέγω δή, ὅτι καὶ ἐλάχιστοι. ἐπεὶ γὰρ οἱ 
A, Β ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν λόγον ἐχόντων αὐτοῖς, οἱ δὲ ἐλάχιστοι τῶν τὸν αὐτὸν λόγον 
ἐχόντων πρῶτοι πρὸς ἀλλήλους εἰσίν, ot A, B ἄρα πρῶτοι πρὸς ἀλλήλους εἰσίν. καὶ ἑκάτερος 
μὲν τῶν A, Β ἑαυτὸν πολλαπλασιάσας ἑκάτερον τῶν IT, E πεποίηκεν, ἑκάτερον δὲ τῶν I, E 
πολλαπλασιάσας ἑκάτερον τῶν Ζ, Κ πεποίηκεν. oT, E ἄρα καὶ οἱ Ζ, K πρῶτοι πρὸς ἀλλήλους 
εἰσίν. ἐὰν δὲ ὦσιν ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον, οἱ δὲ ἄκροι αὐτῶν πρῶτοι πρὸς ἀλλήλους 
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Proposition 2 


To find the least numbers, as many as may be prescribed, (which are) continuously proportional 
in a given ratio. 


Let the given ratio, (expressed) in the least numbers, be that of A to B. So it is required to find 
the least numbers, as many as may be prescribed, (which are) in the ratio of A to B. 


Let four (numbers) have been prescribed. And let A make C' (by) multiplying itself, and let it 
make D (by) multiplying B. And, further, let B make E (by) multiplying itself. And, further, let 
A make F’, G, H (by) multiplying C, D, E. And let B make K (by) multiplying EF. 


And since A has made C (by) multiplying itself, and has made D (by) multiplying B, thus as A 
is to B, [so] C (is) to D [Prop. 7.17]. Again, since A has made D (by) multiplying B, and B 
has made Εἰ (by) multiplying itself, A, B have thus made D, E, respectively, (by) multiplying B. 
Thus, as A is to B, so D (is) to EF [Prop. 7.18]. But, as A (is) to B, (so) C Gis) to D. And thus as 
C (is) to D, (so) D (is) to E. And since A has made F’, G (by) multiplying C, D, thus as C is to 
D, [so] F' (is) to G [Prop. 7.17]. And as C (is) to D, so A was to B. And thus as A (is) to B, (so) 
F (is) to G. Again, since A has made G, H (by) multiplying D, Ε, thus as D is to E, (so) G (is) 
to H [Prop. 7.17]. But, as D (is) to E, (so) A (is) to B. And thus as A (is) to B, so G (is) to H. 
And since A, B have made H, Καὶ (by) multiplying EF, thus as A is to B, so H (is) to KX. But, as A 
(is) to B, so F (is) to G, and G to H. And thus as F (is) to G, so G (is) to H, and H to K. Thus, 
C, D, E and F, G, H, K are (both continuously) proportional in the ratio of A to B. So I say 
that (they are) also the least (sets of numbers continuously proportional in that ratio). For since 
A and B are the least of those (numbers) having the same ratio as them, and the least of those 
(numbers) having the same ratio are prime to one another [Prop. 7.22], A and B are thus prime 
to one another. And A, B have made C, E, respectively, (by) multiplying themselves, and have 
made fF’, Καὶ by multiplying C, E, respectively. Thus, C’, F and Ε΄, Καὶ are prime to one another 
[Prop. 7.27]. And if there are any multitude whatsoever of continuously proportional numbers, 
and the outermost of them are prime to one another, then the (numbers) are the least of those 
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ὦσιν, ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν λόγον ἐχόντων αὐτοῖς. οἱ 1, Δ, E ἄρα uxt οἱ Ζ, Η, Θ, K 
ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν λόγον ἐχόντων τοῖς A, Β’ ὅπερ ἔδει δεῖξαι. 


Πόρισμα 


3 N s ΄ -«“ 2 Χ ~ 2 N 6g 2 ΄ 2, 2 on ~ N > XN 
Ex δὴ τούτου φανερόν, ὅτι ἐὰν τρεῖς ἀριϑμοὶ ἑξῆς ἀνάλογον ἐλάχιστοι ὦσι THY TOV αὐτὸν 
λόγον ἐχόντων αὐτοῖς, οἱ ἄκρον αὐτῶν τετράγωνοί εἰσιν, ἐὰν δὲ τέσσαρες, κύβοι. 


534 


ELEMENTS BOOK 8 
Proposition 2 


(numbers) having the same ratio as them [Prop. 8.1]. Thus, C, ἢ), FE and Ε', G, H, K are the least 
of those (continuously proportional sets of numbers) having the same ratio as A and B. (Which 
is) the very thing it was required to show. 


Corollary 


So it is clear, from this, that if three continuously proportional numbers are the least of those 
(numbers) having the same ratio as them, then the outermost of them are square, and, if four, 
cube. 
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Ἐὰν ὦσιν ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον ἐλάχιστοι τῶν τὸν αὐτὸν λόγον ἐχόντων αὐτοῖς, οἱ 
ἄγχροι αὐτῶν πρῶτοι πρὸς ἀλλήλους εἰσίν, 


ἬἜστωσαν ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον ἐλάχιστοι τῶν τὸν αὐτὸν λόγον ἐχόντων αὐτοῖς οἱ 
Δ, Β, 1, A λέγω, ὅτι οἱ ἄκροι αὐτῶν οἱ A, Δ πρῶτοι πρὸς ἀλλήλους εἰσίν. 


Εἰλήφϑωσαν γὰρ δύο μὲν ἀριϑμοὶ ἐλάχιστοι ἐν τῷ τῶν A, B, TV, Δ λόγῳ οἱ E, Ζ, τρεῖς δὲ οἱ 
H, ©, Κ, καὶ ἑξῆς ἑνὶ πλείους, ἕως τὸ λαμβανόμενον πλῆϑος ἴσον γένηται τῷ πλήϑει τῶν A, B, 
T, A. εἰλήφϑωσαν καὶ ἔστωσαν ot A, M, Ν, &. 


Kot ἐπεὶ ot E, Z ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν λόγον ἐχόντων αὐτοῖς, πρῶτοι πρὸς ἀλλήλους 
εἰσίν. καὶ ἐπεὶ ἑκάτερος τῶν E, Ζ ἑαυτὸν μὲν πολλαπλασιάσας ἑκάτερον τῶν H, K πεποίηκεν, 
ἑκάτερον δὲ τῶν Η, K πολλαπλασιάσας ἑκάτερον τῶν A, ἘΞ πεποίηκεν, καὶ οἱ H, K ἄρα καὶ οἱ 
A, & πρῶτοι πρὸς ἀλλήλους εἰσίν. καὶ ἐπεὶ ot A, Β, T, Δ ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν λόγον 
ἐχόντων αὐτοῖς, εἰσὶ δὲ καὶ ot A, Μ, N, Ξ ἐλάχιστοι ἐν τῷ αὐτῷ λόγῳ ὄντες τοῖς A, B, I, A, 
nat ἐστιν ἴσον τὸ πλῆϑος τῶν A, Β, T, Δ τῷ πλήϑει τῶν A, Μ, Ν, &, ἕκαστος ἄρα τῶν A, B, I, 
Δ ἑκάστῳ τῶν A, Μ, Ν, & ἴσος ἐστίν: ἴσος ἄρα ἐστὶν ὁ μὲν A τῷ A, ὁ δὲ Δ τῷ EF. καί εἰσιν οἱ 
A, Ξ πρῶτοι πρὸς ἀλλήλους. καὶ οἱ A, Δ ἄρα πρῶτοι πρὸς ἀλλήλους εἰσίν: ὅπερ ἔδει δεῖξαι. 
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If there are any multitude whatsoever of continuously proportional numbers, (which are) the 
least of those (numbers) having the same ratio as them, then the outermost of them are prime to 
one another. 


Let A, B, C, D be any multitude whatsoever of continuously proportional numbers, (which are) 
the least of those (numbers) having the same ratio as them. I say that the outermost of them, A 
and D, are prime to one another. 


For let the two least (numbers) ΚΕ, F (which are) in the same ratio as A, B, C, D have been 
taken [Prop. 7.33]. And the three (least numbers) G, H, Καὶ [Prop. 8.2]. And (so on), successively 
increasing by one, until the multitude of (numbers) taken is made equal to the multitude of A, 
B, C, D. Let them have been taken, and let them be L, Μ, N, O. 


And since EF and F are the least of those (numbers) having the same ratio as them, they are prime 
to one another [Prop. 7.22]. And since F, F have made G, kK, respectively, (by) multiplying 
themselves [Prop. 8.2 corr.], and have made L, O (by) multiplying G, K, respectively, thus G, Καὶ 
and L, O are also prime to one another [Prop. 7.27]. And since A, B, C,, D are the least of those 
(numbers) having the same ratio as them, and L, M, N, O are also the least (of those numbers 
having the same ratio as them), being in the same ratio as A, B, C, D, and the multitude of A, 
B, C, D is equal to the multitude of L, M, N, O, thus A, B, C, D are equal to L, M, N, O, 
respectively. Thus, A is equal to L, and D to O. And L and O are prime to one another. Thus, A 
and D are also prime to one another. (Which is) the very thing it was required to show. 
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Adywv δοϑέντων ὁποσωνοῦν ἐν ἐλαχίστοις ἀριϑμοῖς ἀριϑμοὺς εὑρεῖν ἑξῆς ἀνάλογον ἐλαχίστους 
ἐν τοῖς δοϑεῖσι λόγοις. 


Ἔστωσαν οἱ δοϑέντες λόγοι ἐν ἐλαχίστοις ἀριϑμοῖς ὅ τε τοῦ A πρὸς τὸν B χαὶ ὁ τοῦ T° πρὸς 
τὸν Δ χαὶ ἔτι ὁ τοῦ E πρὸς τὸν Ζ᾽ δεῖ δὴ ἀριϑμοὺς εὑρεῖν ἑξῆς ἀνάλογον ἐλαχίστους ἔν τε τῷ 
τοῦ A πρὸς τὸν Β λόγῳ χαὶ ἐν τῷ τοῦ I πρὸς τὸν Δ καὶ ἔτι τῷ τοῦ E πρὸς τὸν Ζ. 


Εἰλήφϑω γὰρ ὁ ὑπὸ τῶν B, Τ᾽ ἐλάχιστος μετρούμενος ἀριϑμὸς ὁ H. καὶ ὁσάκις μὲν ὁ Β τὸν H 
μετρεῖ, τοσαυτάκις καὶ ὁ A τὸν Θ μετρείτω, ὁσάκις δὲ ὁ Τ᾽ τὸν Η μετρεῖ, τοσαυτάκις καὶ 
τὸν K μετρείτω. ὁ δὲ E τὸν Κ ἤτοι μετρεῖ ἢ οὐ μετρεῖ. μετρείτω πρότερον. καὶ ὁσάκις 
τὸν Κ μετρεῖ, τοσαυτάκις καὶ ὁ Ζ τὸν Λ μετρείτω. καὶ ἐπεὶ ἰσάκις ὁ τὸν Θ μετρεῖ καὶ 
tov H, ἔστιν ἄρα ὡς ὁ A πρὸς τὸν B, οὕτως ὁ Θ πρὸς τὸν Η. διὰ τὰ αὐτὰ δὴ καὶ ὡς ὁ Τ᾿ πρὸς 
τὸν Δ, οὕτως ὁ Η πρὸς τὸν K, καὶ ἔτι ὡς ὁ E πρὸς τὸν Ζ, οὕτως ὁ Κ πρὸς τὸν A’ οἱ Θ, H, 
Κ, A ἄρα ἑξῆς ἀνάλογόν εἰσιν ἔν τε τῷ τοῦ A πρὸς τὸν Β καὶ ἐν τῷ τοῦ I πρὸς τὸν Δ καὶ ἔτι 
ἐν τῷ τοῦ E πρὸς τὸν Ζ λόγῳ. λέγω δή, ὅτι καὶ ἐλάχιστοι. εἰ γὰρ UN εἰσιν ot Θ, Η, K, A ἑξῆς 
ἀνάλογον ἐλάχιστοι ἔν τε τοῖς τοῦ A πρὸς τὸν Β καὶ τοῦ 1 πρὸς τὸν Δ χαὶ ἐν τῷ τοῦ E πρὸς 
τὸν Z λόγοις, ἔστωσαν οἱ N, &, M, O. χαὶ ἐπεί ἐστιν ὡς ὁ A πρὸς τὸν Β, οὕτως ὁ Ν πρὸς 
τὸν &, οἱ δὲ A, Β ἐλάχιστοι, οἱ δὲ ἐλάχιστοι μετροῦσι τοὺς τὸν αὐτὸν λόγον ἔχοντας ἰσάκις ὅ 
τε μείζων τὸν μείζονα καὶ ὁ ἐλάσσων τὸν ἐλάσσονα, τουτέστιν ὅ τε ἡγούμενος τὸν ἡγούμενον 
nal ὁ ἑπόμενος τὸν ἑπόμενον, ὁ Β ἄρα τὸν & μετρεῖ. διὰ τὰ αὐτὰ δὴ καὶ OT τὸν & μετρεῖ’ οἱ 
Β, 1 ἄρα τὸν & μετροῦσιν: καὶ ὁ ἐλάχιστος ἄρα ὑπὸ τῶν Β, 1 μετρούμενος τὸν & μετρήσει. 
ἐλάχιστος δὲ ὑπὸ τῶν Β, Τ᾽ μετρεῖται ὁ Η’ ὁ Η ἄρα τὸν & μετρεῖ ὁ μείζων τὸν ἐλάσσονα: ὅπερ 
ἐστὶν ἀδύντατον. οὐκ ἄρα ἔσονταί τινες τῶν Θ, Η, Κ, Λ ἐλάσσονες ἀριϑμοὶ ἑξῆς ἔν τε τῷ τοῦ 
A πρὸς τὸν Β χαὶ τῷ τοῦ 1" πρὸς τὸν Δ καὶ ἔτι τῷ τοῦ E πρὸς τὸν Ζ λόγῷ. 
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For any multitude whatsoever of given ratios, (expressed) in the least numbers, to find the least 
numbers continuously proportional in these given ratios. 


Let the given ratios, (expressed) in the least numbers, be the (ratios) of A to B, and of C to D, 
and, further, of E to Γ΄. So it is required to find the least numbers continuously proportional in 
the ratio of A to B, and of C to B, and, further, of E to F. 


For let the least number, G, measured by (both) B and C have be taken [Prop. 7.34]. And as 
many times as B measures G, so many times let A also measure H. And as many times as Οἱ 
measures (δ, so many times let D also measure kK. And FE either measures, or does not measure, 
K. Let it, first of all, measure (A). And as many times as Εἰ measures Kk, so many times let F' also 
measure L. And since A measures H the same number of times that B also (measures) G’, thus 
as A is to B, so H (is) to G [Def. 7.20, Prop. 7.13]. And so, for the same (reasons), as Οἱ (is) to 
D, so G (is) to K, and, further, as FE (is) to F', so Καὶ (is) to L. Thus, H, G, kK, L are continuously 
proportional in the ratio of A to B, and of C to D, and, further, of F to Ε΄. So I say that (they are) 
also the least (numbers continuously proportional in these ratios). For if H, G, K, L are not the 
least numbers continuously proportional in the ratios of A to B, and of C to D, and of EF to F, let 
N, O, M, P be (the least such numbers). And since as A is to B, so N (is) to O, and A and B are 
the least (numbers which have the same ratio as them), and the least (numbers) measure those 
(numbers) having the same ratio (as them) an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser—that is to say, the leading (measuring) the leading, and 
the following the following [Prop. 7.20], B thus measures O. So, for the same (reasons), ( also 
measures O. Thus, B and C (both) measure O. Thus, the least number measured by (both) B 
and C’ will also measure O [Prop. 7.35]. And G (is) the least number measured by (both) B and 
Ο. Thus, G measures O, the greater (measuring) the lesser. The very thing is impossible. Thus, 
there cannot be any numbers less than H, G, K, L (which are) continuously (proportional) in 
the ratio of A to B, and of C to D, and, further, of Ε to F. 
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Μὴ μετρείτω δὴ ὁ E tov K, καὶ εἰλήφϑω ὑπὸ τῶν E, K ἐλάχιστος μετρούμενος ἀριϑμὸς ὁ 
M. καὶ ὁσάκις μὲν ὁ Κ τὸν Μ μετρεῖ, τοσαυτάκις καὶ ἑκάτερος τῶν ©, Η ἑκάτερον τῶν N, Ξ 
μετρείτω, ὁσάακις δὲ ὁ E τὸν Μ μετρεῖ, τοσαυτάκις καὶ ὁ Z τὸν Ο μετρείτω. ἐπεὶ ἰσάκις ὁ 
© tov Ν μετρεῖ καὶ ὁ Η τὸν &, ἔστιν ἄρα ὡς ὁ Θ πρὸς τὸν Η, οὕτως ὁ Ν πρὸς τὸν Ξ. ὡς 
δὲ 6 © πρὸς τὸν Η, οὕτως ὁ A πρὸς τὸν Β’ χαὶ ὡς ἄρα ὁ A πρὸς τὸν Β, οὕτως ὁ Ν πρὸς 
τὸν E. διὰ τὰ αὐτὰ δὴ καὶ ὡς ὁ TL πρὸς τὸν Δ, οὕτως ὁ ἘΞ πρὸς τὸν Μ. πάλιν, ἐπεὶ ἰσάκις ὁ E 
tov Μ μετρεῖ καὶ ὁ Z τὸν Ο, ἔστιν ἄρα ὡς ὁ E πρὸς τὸν Ζ, οὕτως ὁ Μ πρὸς τὸν Ο: οἱ Ν, 
Ξ, Μ, O ἄρα ἑξῆς ἀνάλογόν εἰσιν ἐν τοῖς τοῦ te A πρὸς τὸν Β χαὶ τοῦ 1 πρὸς τὸν A χαὶ ἔτι 
τοῦ E πρὸς τὸν Ζ λόγοις. λέγω δή, ὅτι καὶ ἐλάχιστοι ἐν τοῖς A Β, Τ᾽ Δ, E Ζ λόγοις. εἰ γὰρ 
μή, ἔσονταί τινες τῶν N, Ξ, M, O ἐλάσσονες ἀριϑμοὶ ἑξῆς ἀνάλογον ἐν τοῖς A B, TA, E Z 
λόγοις. ἔστωσαν οἱ IT, P, Σ, T. καὶ ἐπεί ἐστιν ὡς ὁ II πρὸς τὸν Ρ, οὕτως ὁ A πρὸς τὸν B, οἱ 
δὲ A, Β ἐλάχιστοι, οἱ δὲ ἐλάχιστοι μετροῦσι τοὺς τὸν αὐτὸν λόγον ἔχοντας αὐτοῖς ἰσάκις ὅ τε 
Ἡγούμενος τὸν ἡγούμενον χαὶ ὁ ἑπόμενος τὸν ἑπόμενον, ὁ Β ἄρα τὸν Ῥ μετρεῖ. διὰ τὰ αὐτὰ 
δὴ καὶ ὁ Τ᾽ τὸν Ρ μετρεῖ’ οἱ Β, Τ᾽ ἄρα τὸν Ρ μετροῦσιν. καὶ ὁ ἐλάχιστος ἄρα ὑπὸ τῶν Β, 1 
μετούμενος τὸν P μετρήσει. ἐλάχιστος δὲ ὑπὸ τῶν Β, I’ μετρούμενος ἐστιν ὁ Η’ ὁ Η ἄρα τὸν 
P μετρεῖ. καί ἐστιν ὡς ὁ Η πρὸς τὸν P, οὕτως ὁ Κ πρὸς τὸν Σ΄’ καὶ ὁ Κ ἄρα τὸν Σ μετρεῖ. 
μετρεῖ δὲ καὶ ὁ E τὸν X οἱ E, Κ ἄρα τὸν Σ μετροῦσιν. καὶ ὁ ἐλάχιστος ἄρα ὑπὸ τῶν E, K 
μετρούμενος τὸν Σ μετρήσει. ἐλάχιστος δὲ ὑπὸ τῶν E, K μετρούμενός ἐστιν ὁ M: ὁ Μ ἄρα 
τὸν Σ μετρεῖ ὁ μείζων τὸν ἐλάσσονα: ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα ἔσονταί τινες τῶν Ν, ἘΞ, 
Μ, Ο ἐλάσσονες ἀριϑμοὶ ἑξῆς ἀνάλογον ἔν τε τοῖς τοῦ A πρὸς τὸν B χαὶ τοῦ I πρὸς τὸν Δ 
nal ἔτι τοῦ E πρὸς τὸν Z λόγοις: οἱ N, Ξ, Μ, O ἄρα ἑξῆς ἀνάλογον ἐλάχιστοί εἰσιν ἐν τοῖς A 
Β,Τ' Δ, E Ζ λόγοις: ὅπερ ἔδει δεῖξαι. 
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So let Εἰ not measure Kk. And let the least number, Μ, measured by (both) F and Kk have been 
taken [Prop. 7.34]. And as many times as K measures /, so many times let H, G also measure 
N, O, respectively. And as many times as Εἰ measures ΜΛ, so many times let Γ΄ also measure P. 
Since H measures N the same number of times as G (measures) O, thus as H is to G, so N (is) 
to O [Def. 7.20, Prop. 7.13]. And as H (is) to G, so A (is) to B. And thus as A (is) to B, so N 
(is) to O. And so, for the same (reasons), as (Οἱ (is) to D, so O (is) to Μ. Again, since E measures 
M the same number of times as F (measures) P, thus as F is to F, so Μ (is) to P [Def. 7.20, 
Prop. 7.13]. Thus, N, O, M, P are continuously proportional in the ratios of A to B, and of C 
to D, and, further, of E to Ε΄. So I say that (they are) also the least (numbers) in the ratios of 
A B,C D, Ε F. For if not, then there will be some numbers less than NV, O, Μ, P (which are) 
continuously proportional in the ratios of A B, C D, E F.. Let them be Q, R, S, 1. And since as Q 
is to R, so A (is) to B, and A and B (are) the least (numbers having the same ratio as them), and 
the least (numbers) measure those (numbers) having the same ratio as them an equal number of 
times, the leading (measuring) the leading, and the following the following [Prop. 7.20], B thus 
measures R. So, for the same (reasons), ( also measures R. Thus, B and (Οἱ (both) measure R. 
Thus, the least (number) measured by (both) B and C will also measure R [Prop. 7.35]. And 
G is the least number measured by (both) B and Οὐ. Thus, G measures R. And as G is to R, so 
K (is) to S. Thus, Καὶ also measures S' [Def. 7.20]. And Εἰ also measures S [Prop. 7.20]. Thus, 
E and Καὶ (both) measure S. Thus, the least (number) measured by (both) & and Καὶ will also 
measure S [Prop. 7.35]. And M is the least (number) measured by (both) & and kK. Thus, Μ 
measures S, the greater (measuring) the lesser. The very thing is impossible. Thus there cannot 
be any numbers less than NV, O, M, P (which are) continuously proportional in the ratios of A to 
B, and of C to D, and, further, of EF to F’. Thus, N, O, M, P are the least (numbers) continuously 
proportional in the ratios of A B, C D, Ε Ε΄. (Which is) the very thing it was required to show. 
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Οἱ ἐπίπεδοι ἀριϑμοὶ πρὸς ἀλλήλους λόγον ἔχουσι τὸν συγχείμενον Ex τῶν πλευρῶν. 


Ἔστωσαν ἐπίπεδοι ἀριϑμοὶ οἱ A, B, καὶ τοῦ μὲν A πλευραὶ ἔστωσαν οἱ 1), Δ ἀριϑμοί, τοῦ δὲ B 
οἱ E, Ζ: λέγω, ὅτι ὁ A πρὸς τὸν Β λόγον ἔχει τὸν συγχείμενον ἐκ τῶν πλευρῶν. 


Λόγων γὰρ δοϑέντων τοῦ τε ὃν ἔχει ὁ Τ᾽ πρὸς τὸν E καὶ ὁ Δ πρὸς τὸν Z εἰλήφϑωσαν ἀριϑμοὶ 
ἑξῆς ἐλάχιστοι ἐν τοῖς TE, Δ Ζ λόγοις, οἱ H, ©, Κ, ὥστε εἶναι ὡς μὲν τὸν Τ' πρὸς τὸν Ἐ, 
οὕτως τὸν Η πρὸς τὸν Θ, ὡς δὲ τὸν Δ πρὸς τὸν Ζ, οὕτως τὸν Θ πρὸς τὸν Κ. uat ὁ Δ τὸν E 
πολλαπλασιάσας τὸν Λ ποιείτω. 


Καὶ ἐπεὶ ὁ Δ τὸν μὲν Τ᾽ πολλαπλασιάσας tov A πεποίηκεν, τὸν δὲ E πολλαπλασιάσας tov A 
πεποίηκεν, ἔστιν ἄρα ὡς ὁ Τ᾽ πρὸς τὸν E, οὕτως ὁ A πρὸς τὸν A. ὡς δὲ ὁ TL πρὸς τὸν E, οὕτως 
ὁ Η πρὸς τὸν @ καὶ ὡς ἄρα ὁ Η πρὸς τὸν Θ, οὕτως ὁ A πρὸς τὸν A. πάλιν, ἐπεὶ ὁ E τὸν A 
πολλαπλασιάσας τὸν Λ πεποίηκεν, ἀλλὰ μὴν καὶ τὸν Ζ πολλαπλασιάσας τὸν Β πεποίηκεν, ἔστιν 
ἄρα ὡς ὁ Δ πρὸς τὸν Ζ, οὕτως ὁ Λ πρὸς τὸν Β. ἀλλ᾽ ὡς ὁ Δ πρὸς τὸν Ζ, οὕτως ὁ Θ πρὸς 
τὸν Κ' καὶ ὡς ἄρα ὁ Θ πρὸς τὸν Κ, οὕτως 6 A πρὸς τὸν Β. ἐδείχϑη δὲ καὶ ὡς ὁ Η πρὸς τὸν 
Θ, οὕτως 6 A πρὸς τὸν A’ δι᾽ ἴσου ἄρα ἐστὶν ὡς ὁ Η πρὸς τὸν K, [οὕτως] 6 A πρὸς τὸν Β. ὁ 
δὲ Η πρὸς τὸν Κ λόγον ἔχει τὸν συγκείμενον éx τῶν πλευρῶν: καὶ ὁ A ἄρα πρὸς τὸν Β λόγον 
ἔχει τὸν συγκείμενον EX τῶν πλευρῶν’ ὅπερ ἔδει δεῖξαι. 
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Plane numbers have to one another the ratio compounded 137 out of (the ratios of) their sides. 


Let A and B be plane numbers, and let C’, D be the sides of A, and EF, F (the sides) of B. I say 
that A has to B the ratio compounded out of (the ratios of) their sides. 


For given the ratios which Οὐ has to E, and D (has) to F, let the least numbers, G, H, Καὶ, 
continuously proportional in the ratios C LE, D F have been taken [Prop. 8.4], so that as C is 
to FE, so G (is) to H, and as D (is) to Γ᾽, so H (is) to kK. And let D make L (by) multiplying F. 


And since D has made A (by) multiplying C, and has made L (by) multiplying F, thus as C is 
to E, so A (is) to L [Prop. 7.17]. And as C (is) to E, so G (is) to H. And thus as G (is) to H, 
so A (is) to L. Again, since Εἰ has made L (by) multiplying D [Prop. 7.16], but, in fact, has also 
made B (by) multiplying F’, thus as D is to F', so L (is) to B [Prop. 7.17]. But, as D (is) to F, 
so H (is) to kK. And thus as H (is) to kK, so L (is) to B. And it was also shown that as G (is) to 
H, so A (is) to L. Thus, via equality, as G is to Καὶ, [so] A (is) to B [Prop. 7.14]. And G has to 
K the ratio compounded out of (the ratios of) the sides (of A and B). Thus, A also has to B the 
ratio compounded out of (the ratios of) the sides (of A and B). (Which is) the very thing it was 
required to show. 


1377 e,, multiplied. 
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᾿ὰν ὦσιν ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον, ὁ δὲ πρῶτος τὸν δεύτερον μὴ μετρῇ, οὐδὲ ἄλλος 
οὐδεὶς οὐδένα μετρήσει. 


Ἔστωσαν ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον οἱ A, Β, T, Δ, E, ὁ δὲ A τὸν Β μὴ μετρείτω: 
λέγω, ὅτι οὐδὲ ἄλλος οὐδεὶς οὐδένα μετρήσει. 


Ὅτι μὲν οὖν οἱ A, Β, T, Δ, E ἑξῆς ἀλλήλους οὐ μετροῦσιν, φανερόν: οὐδὲ γὰρ ὁ A τὸν B 
μετρεῖ. λέγω δή, ὅτι οὐδὲ ἄλλος οὐδεὶς οὐδένα μετρήσει. εἰ γὰρ δυνατόν, μετρείτω ὁ A τὸν I. 
nat ὅσοι εἰσὶν οἱ A, B, TP, τοσοῦτοι εἰλήφϑωσαν ἐλάχιστοι ἀριϑμοὶ τῶν τὸν αὐτὸν λόγον ἐχόντων 
τοῖς A, Β, Τ᾽ οἱ Ζ, Η, ©. καὶ ἐπεὶ οἱ Ζ, Η, © ἐν τῷ αὐτῷ λόγῳ εἰσὶ τοῖς A, Β, T, καί ἐστιν ἴσον 
τὸ πλῆϑος τῶν A, Β, Τ᾽ τῷ πλήϑει τῶν Ζ, Η, Θ, δι᾽ ἴσου ἄρα ἐστὶν ὡς 6 A πρὸς τὸν T, οὕτως 
ὁ Z πρὸς TOV Θ. nal ἐπεί ἐστιν ὡς ὁ A πρὸς τὸν B, οὕτως ὁ Ζ πρὸς τὸν H, οὐ μετρεῖ δὲ ὁ A 
τὸν Β, οὐ μετρεῖ ἄρα οὐδὲ ὁ Ζ τὸν Η’ οὐκ ἄρα μονάς ἐστιν ὁ Ζ' ἣ γὰρ μονὰς πάντα ἀριϑμὸν 
μετρεῖ. καί εἰσιν οἱ Ζ, Θ πρῶτοι πρὸς ἀλλήλους [οὐδὲ ὁ Ζ ἄρα τὸν Θ μετρεῖ]. καί ἐστιν ὡς ὁ 
Ζ πρὸς τὸν Θ, οὕτως ὁ A πρὸς τὸν 1" οὐδὲ ὁ A ἄρα τὸν 1" μετρεῖ. ὁμοίως δὴ δείξομεν, ὅτι 
οὐδὲ ἄλλος οὐδεὶς οὐδένα μετρήσει ὅπερ ἔδει δεῖξαι. 
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If there are any multitude whatsoever of continuously proportional numbers, and the first does 
not measure the second, then no other (number) will measure any other (number) either. 


Let A, B, C, D, E be any multitude whatsoever of continuously proportional numbers, and let A 
not measure B. I say that no other (number) will measure any other (number) either. 


Now, (it is) clear that A, B, C, D, E do not successively measure one another. For A does 
not even measure B. So I say that no other (number) will measure any other (number) either. 
For, if possible, let A measure C’. And as many (numbers) as are A, B, C, let so many of the 
least numbers, Γ΄, G, H, have been taken of those (numbers) having the same ratio as A, B, C 
[Prop. 7.33]. And since F’, G, H are in the same ratio as A, B, C, and the multitude of A, B, C 
is equal to the multitude of Ε΄, G, H, thus, via equality, as A is to C,, so F' (is) to H [Prop. 7.14]. 
And since as A is to B, so F (is) to G, and A does not measure B, F' does not measure G either 
[Def. 7.20]. Thus, Γ΄ is not a unit. For a unit measures all numbers. And F' and H are prime to 
one another [Prop. 8.3] [and thus F does not measure H]. And as F is to ΗΠ, so A (is) to C. And 
thus A does not measure C either [Def. 7.20]. So, similarly, we can show that no other (number) 
can measure any other (number) either. (Which is) the very thing it was required to show. 
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"Exv ὦσιν ὁποσοιοῦν ἀριϑμοὶ [ἑξῆς] ἀνάλογον, ὁ δὲ πρῶτος τὸν ἔσχατον μετρῇ, nal τὸν 
δεύτερον μετρήσει. 


Ἔστωσαν ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον ot A, B, I, Δ, ὁ δὲ A τὸν Δ μετρείτω: λέγω, ὅτι 
nat ὁ A τὸν Β μετρεῖ. 


Εἰ γὰρ οὐ μετρεῖ ὁ A τὸν B, οὐδὲ ἄλλος οὐδεὶς οὐδένα μετρήσει" μετρεῖ δὲ ὁ A τὸν Δ. μετρεῖ 
ἄρα καὶ ὁ A tov B: ὅπερ ἔδει δεῖξαι. 
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If there are any multitude whatsoever of [continuously] proportional numbers, and the first mea- 
sures the last, then (the first) will also measure the second. 


Let A, B, C, D be any number whatsoever of continuously proportional numbers. And let A 
measure D. I say that A also measures B. 


For if A does not measure B then no other (number) will measure any other (number) either 
[Prop. 8.6]. But A measures D. Thus, A also measures B. (Which is) the very thing it was 
required to show. 
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Ἤν δύο ἀριϑμῶν μεταξὺ κατὰ τὸ συνεχὲς ἀνάλογον ἐμπίπτωσιν ἀριϑμοί, ὅσοι εἰς αὐτοὺς 
μεταξὺ κατὰ τὸ συνεχὲς ἀνόλογον ἐμπίπτουσιν ἀριϑμοί, τοσοῦτοι καὶ εἰς τοὺς τὸν αὐτὸν λόγον 
ἔχοντας [αὐτοῖς] μεταξὺ κατὰ τὸ συνέχες ἀνάλογον ἐμπεσοῦνται. 


Δύο γὰρ ἀριϑμῶν τῶν A, Β μεταξὺ κατὰ τὸ συνεχὲς ἀνάλογον ἐμπιπτέτωσαν ἀριϑμοὶ οἱ 1", A, 
nal πεποιήσϑω ὡς ὁ A πρὸς τὸν Β, οὕτως ὁ E πρὸς τὸν Ζ᾽ λέγω, ὅτι ὅσοι εἰς τοὺς A, Β μεταξὺ 
γχκατὰ τὸ συνεχὲς ἀνάλογον ἐμπεπτώχασιν ἀριϑμοί, τοσοῦτοι καὶ εἰς τοὺς E, Ζ μεταξὺ κατὰ τὸ 
συνεχὲς ἀνάλογον ἐμπεσοῦνται. 


Ὅσοι γάρ εἰσι τῷ πλήϑει οἱ A, Β, T, Δ, τοσοῦτοι εἰλήφϑωσαν ἐλάχιστοι ἀριϑμοὶ τῶν τὸν αὐτὸν 
λόγον ἐχόντων τοῖς A, T, Δ, Β οἱ Η, Θ, K, Av οἱ ἄρα ἄκροι αὐτῶν οἱ H, A πρῶτοι πρὸς 
ἀλλήλους εἰσίν. καὶ ἐπεὶ οἱ A, I, Δ, Β τοῖς H, ©, Κ, A ἐν τῷ αὐτῷ λόγῳ εἰσίν, καί ἐστιν ἴσον 
τὸ πλῆϑος τῶν A, T, Δ, Β τῷ πλήϑει τῶν Η, Θ, K, A, δι᾽ ἴσου ἄρα ἐστὶν ὡς ὁ A πρὸς τὸν B, 
οὕτως ὁ Η πρὸς τὸν A. ὡς δὲ ὁ A πρὸς τὸν B, οὕτως ὁ E πρὸς τὸν Z καὶ ὡς ἄρα ὁ Η πρὸς 
tov A, οὕτως ὁ E πρὸς τὸν Ζ. οἱ δὲ H, A πρῶτοι, οἱ δὲ πρῶτοι καὶ ἐλάχιστοι, οἱ δὲ ἐλάχιστοι 
ἀριϑμοὶ μετροῦσι τοὺς τὸν αὐτὸν λόγον ἔχοντας ἰσάκις ὅ τε μείζων τὸν μείζονα καὶ ὁ ἐλάσσων 
τὸν ἐλάσσονα, τουτέστιν ὅ τε ἡγούμενος τὸν ἡγούμενον καὶ ὁ ἑπόμενος τὸν ἑπόμενον. ἰσάκις 
ἄρα ὁ Η tov E μετρεῖ καὶ ὁ A τὸν Ζ. ὁσάκις δὴ ὁ Η τὸν E μετρεῖ, τοσαυτάκις καὶ ἑκάτερος 
τῶν ©, Κ ἑκάτερον τῶν Μ, Ν μετρείτω: οἱ H, Θ, K, A ἄρα τοὺς Ε, Μ, N, Z ἰσάκις μετροῦσιν. 
οἱ Η, ©, Κ, A ἄρα τοῖς E, Μ, Ν, Ζ ἐν τῷ αὐτῷ λόγῳ εἰσίν. ἀλλὰ οἱ Η, Θ, K, A τοῖς A, T, Δ, 
Β ἐν τῷ αὐτῷ λόγῳ εἰσίν: καὶ ot A, I, Δ, Β ἄρα τοῖς E, Μ, N, Z ἐν τῷ αὐτῷ λόγῳ εἰσίν. οἱ 
δὲ A, T, Δ, Β ἑξῆς ἀνάλογόν εἰσιν’ καὶ οἱ E, M, Ν, Z ἄρα ἑξῆς ἀνάλογόν εἰσιν. ὅσοι ἄρα εἰς 
τοὺς A, Β μεταξὺ κατὰ τὸ συνεχὲς ἀνάλογον ἐμπεπτώχασιν ἀριϑμοί, τοσοῦτοι καὶ εἰς τοὺς E, 
Z μεταξὺ κατὰ τὸ συνεχὲς ἀνάλογον ἐμπεπτώχασιν ἀριϑμοί: ὅπερ ἔδει δεῖξαι. 
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If between two numbers there fall (some) numbers in continued proportion, then as many num- 
bers as fall in between them in continued proportion, so many (numbers) will also fall in between 
(any two numbers) having the same ratio [as them] in continued proportion. 


For let the numbers, Οἱ and D, fall between two numbers, A and B, in continued proportion, and 
let it have been made (so that) as A (is) to B, so Καὶ (is) to Ε΄. I say that as many numbers as have 
fallen in between A and B in continued proportion, so many (numbers) will also fall in between 
E and F in continued proportion. 


For as many as A, B, C, D are in multitude, let so many of the least numbers, G, ΠΗ, K, L, having 
the same ratio as A, B, C, D, have been taken [Prop. 7.33]. Thus, the outermost of them, G 
and L, are prime to one another [Prop. 8.3]. And since A, B, C, D are in the same ratio as G, 
H, K, L, and the multitude of A, B, C, D is equal to the multitude of G, H, K, L, thus, via 
equality, as A is to B. so G (is) to L [Prop. 7.14]. And as A (is) to B, so E (is) to F’. And thus 
as G (is) to L, so Καὶ (is) to Γ΄. And G and L (are) prime (to one another). And (numbers) prime 
(to one another are) also the least (numbers having the same ratio as them) [Prop. 7.21]. And 
the least numbers measure those (numbers) having the same ratio (as them) an equal number of 
times, the greater (measuring) the greater, and the lesser the lesser—that is to say, the leading 
(measuring) the leading, and the following the following [Prop. 7.20]. Thus, G measures Εἰ the 
same number of times as L (measures) F’. So as many times as G measures ΕἾ, so many times let 
H, Καὶ also measure M, N, respectively. Thus, G, H, K, L measure Ε, M, N, F (respectively) an 
equal number of times. Thus, G, H, K, L are in the same ratio as EF, M, N, F [Def. 7.20]. But, 
G, H, Καὶ, L are in the same ratio as A, C, D, B. Thus, A, C, D, B are also in the same ratio as E, 
M,N, F. And A, C, D, B are continuously proportional. Thus, Ε΄, Μ, N, F are also continuously 
proportional. Thus, as many numbers as have fallen in between A and B in continued proportion, 
so many numbers have also fallen in between F and F in continued proportion. (Which is) the 
very thing it was required to show. 
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"Ey δύο ἀριϑμοὶ πρῶτοι πρὸς ἀλλήλους ὦσιν, καὶ εἰς αὐτοὺς μεταξὺ κατὰ τὸ συνεχὲς ἀνάλογον 
ἐμπίπτωσιν ἀριϑμοί, ὅσοι εἰς αὐτοὺς μεταξὺ κατὰ τὸ συνεχὲς ἀνάλογον ἐμπίπτουσιν ἀριϑμοί, 
τοσοῦτοι χαὶ ἑκατέρου αὐτῶν καὶ μονάδος μεταξὺ κατὰ τὸ συνεχὲς ἀνάλογον ἐμπεσοῦνται. 


Ἔστωσαν δύο ἀριϑμοὶ πρῶτοι πρὸς ἀλλήλους οἱ A, B, uci εἰς αὐτοὺς μεταξὺ κατὰ τὸ συνεχὲς 
ἀνάλογον ἐμπιπτέτωσαν οἱ 1", Δ, καὶ ἐκκείσϑω ἡ E μονάς: λέγω, ὅτι ὅσοι εἰς τοὺς A, Β μεταξὺ 
γχκατὰ τὸ συνεχὲς ἀνάλογον ἐμπεπτώχασιν ἀριϑμοί, τοσοῦτοι ual ἑκατέρου τῶν A, B uct τῆς 
μονάδος μεταξὺ κατὰ τὸ συνεχὲς ἀνάλογον ἐμπεσοῦνται. 


Εἰλήφϑωσαν γὰρ δύο μὲν ἀριϑμοὶ ἐλάχιστοι ἐν τῷ τῶν A, I, Δ, Β λόγῳ ὄντες οἱ Ζ, H, τρεῖς 
δὲ ot ©, K, A, nol ἀεὶ ἑξῆς ἑνὶ πλείους, ἕως ἂν ἴσον γένηται τὸ πλῆϑος αὐτῶν τῷ πλήϑει 
τῶν A, 1, Δ, Β. εἰλήφϑωσαν, καὶ ἔστωσαν οἱ Μ, N, Ξ, Ο. φανερὸν δή, ὅτι ὁ μὲν Ζ ἑαυτὸν 
πολλαπλασιάσας τὸν Θ πεποίηκεν, τὸν δὲ © πολλαπλασιάσας τὸν Μ πεποίηκεν, καὶ ὁ Η ἑαυτὸν 
μὲν πολλαπλασιάσας TOV A πεποίηκεν, τὸν δὲ A πολλαπλασιάσας τὸν Ο πεποίηκεν. καὶ ἐπεὶ οἱ 
Μ, Ν, &, Ο ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν λόγον ἐχόντων τοῖς Z, Η, εἰσὶ δὲ καὶ οἱ A, 1, A, B 
ἐλάχιστοι τῶν τὸν αὐτὸν λόγον ἐχόντων τοῖς Z, H, καί ἐστιν ἴσον τὸ πλῆϑος τῶν M, N, Ξ, O 
τῷ πλήϑει τῶν A, T, Δ, Β, ἕκαστος ἄρα τῶν Μ, Ν, Ξ, Ο ἑκάστῳ τῶν A, VP, Δ, Β ἴσος ἐστίν: ἴσος 
ἄρα ἐστὶν ὁ μὲν Μ τῷ A, ὁ δὲ Ο τῷ Β. καὶ ἐπεὶ ὁ Z ἑαυτὸν πολλαπλασιάσας τὸν © πεποίηκεν, 
ὁ Z ἄρα τὸν © μετρεῖ κατὰ τὰς ἐν τῷ Ζ μονάδας. μετρεῖ δὲ καὶ ἣ E μονὰς τὸν Ζ κατὰ τὰς 
ἐν αὐτῷ μονάδας: ἰσάκις ἄρα ἣ E μονὰς τὸν Z ἀριϑμὸν μετρεῖ καὶ ὁ Ζ τὸν Θ. ἔστιν ἄρα ὡς ἣ 
E μονὰς πρὸς τὸν Ζ ἀριϑμόν, οὕτως ὁ Ζ πρὸς τὸν Θ. πάλιν, ἐπεὶ ὁ Ζ τὸν © πολλαπλασιάσας 
τὸν Μ πεποίηκεν, ὁ © ἄρα τὸν Μ μετρεῖ κατὰ τὰς ἐν τῷ Ζ μονάδας. μετρεῖ δὲ καὶ ἣ E μονὰς 
τὸν Z ἀριϑμὸν κατὰ τὰς ἐν αὐτῷ μονάδας: ἰσάκις ἄρα ἣ E μονὰς τὸν Z ἀριϑμὸν μετρεῖ καὶ ὁ 
© tov Μ. ἔστιν ἄρα ὡς ἡ Ε μονὰς πρὸς τὸν Ζ ἀριϑμόν, οὕτως ὁ Θ πρὸς τὸν Μ. ἐδείχϑη δὲ 
nat ὡς ἣ Ε μονὰς πρὸς τὸν Ζ ἀριϑμόν, οὕτως ὁ Ζ πρὸς τὸν @ καὶ ὡς ἄρα ἣ E μονὰς πρὸς 
τὸν Z ἀριϑμόν, οὕτως ὁ Ζ πρὸς TOV Θ καὶ ὁ Θ πρὸς τὸν Μ. ἴσος δὲ ὁ Μ τῷ Δ’ ἔστιν ἄρα ὡς 
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If two numbers are prime to one another, and there fall in between them (some) numbers in 
continued proportion, then as many numbers as fall in between them in continued proportion, so 
many (numbers) will also fall between each of them and a unit in continued proportion. 


Let A and B be two numbers (which are) prime to one another, and let the (numbers) (Οἱ and ἢ) 
fall in between them in continued proportion. And let the unit Εἰ be taken. I say that as many 
numbers as have fallen in between A and B in continued proportion, so many (numbers) will 
also fall between each of A and B and a unit in continued proportion. 


For let the least two numbers, ΓΕ and G, which are in the ratio of A, B, C, D, have been taken 
[Prop. 7.33]. And the (least) three (numbers), H, Καὶ, L. And so on, successively increasing by 
one, until the multitude of the (least numbers taken) is made equal to the multitude of A, B, C, 
D (Prop. 8.2]. Let them have been taken, and let them be Μ, N, O, P. So (it is) clear that F' has 
made H (by) multiplying itself, and has made M (by) multiplying H. And G has made L (by) 
multiplying itself, and has made P (by) multiplying L [Prop. 8.2 corr.]. And since Μ, N, O, P are 
the least of those (numbers) having same ratio as Γ᾽, G, and A, B, C, D are also the least of those 
(numbers) having the same ratio as Γ΄, G [Prop. 8.2], and the multitude of Μ, N, O, P is equal 
to the multitude of A, B, C, ἢ), thus M, N, O, P are equal to A, B, C, D, respectively. Thus, Μ' 
is equal to A, and P to B. And since F' has made H (by) multiplying itself, Ε΄ thus measures H 
according to the units in F’ [Def. 7.15]. And the unit Εἰ also measures Γ΄ according to the units in 
it. Thus, the unit Εἰ measures the number Γ΄ as many times as Γ᾽ (measures) H. Thus, as the unit 
E is to the number F’,, so Γ΄ (is) to H [Def. 7.20]. Again, since F has made M (by) multiplying 
H, H thus measures M according to the units in Γ΄ [Def. 7.15]. And the unit Κ᾽ also measures the 
number Γ΄ according to the units in it. Thus, the unit Εἰ measures the number Γ΄ as many times 
as H (measures) M. Thus, as the unit Ε΄ is to the number F’, so H (is) to M [Prop. 7.20]. And it 
was shown that as the unit FE (is) to the number F’, so F (is) to H. And thus as the unit EF (is) to 
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ni E μονὰς πρὸς tov Ζ ἀριϑμόν, οὕτως ὁ Ζ πρὸς τὸν Θ καὶ ὁ Θ πρὸς τὸν A. διὰ τὰ αὐτὰ δὴ 
nat ὡς ἣ E μονὰς πρὸς τὸν H ἀριϑμόν, οὕτως ὁ Η πρὸς τὸν A καὶ ὁ A πρὸς τὸν Β. ὅσοι ἄρα 
εἰς τοὺς A, B μεταξὺ κατὰ τὸ συνεχὲς ἀνάλογον ἐμπεπτώχασιν ἀριϑμοί, τοσοῦτοι καὶ ἑκατέρου 
τῶν A, B χαὶ μονάδος τῆς E μεταξὺ κατὰ τὸ συνεχὲς ἀνάλογον ἐμπεπτώχκασιν ἀριϑμοί: ὅπερ 
ἔδει δεῖξαι. 
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the number F’, so F (is) to H, and H (is) to M. And M (is) equal to A. Thus, as the unit F is to 
the number fF’, so F' (is) to H, and H to A. And so, for the same (reasons), as the unit Εἰ (is) to 
the number G, so G (is) to L, and L to B. Thus, as many (numbers) as have fallen in between A 
and B in continued proportion, so many numbers have also fallen between each of A and B and 
the unit Εἰ in continued proportion. (Which is) the very thing it was required to show. 
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"Edy δύο ἀριϑμῶν ἑκατέρου καὶ μονάδος μεταξὺ κατὰ τὸ συνεχὲς ἀνάλογον ἐμπίπτωσιν ἀριϑμοί, 
ὅσοι ἑκατέρου αὐτῶν καὶ μονάδος μεταξὺ κατὰ τὸ συνεχὲς ἀνάλογον ἐμπίπτουσιν ἀριϑμοί, 
τοσοῦτοι KML εἰς αὐτοὺς μεταξὺ κατὰ τὸ συνεχὲς ἀνάλογον ἐμπεσοῦνται. 


Δύο γὰρ ἀριϑμῶν τῶν A, Β καὶ μονάδος τῆς 1 μεταξύ κατὰ τὸ συνεχὲς ἀνάλογον ἐμπιπτέτωσαν 
ἀριϑμοὶ οἵ τε Δ, Ε καὶ ot Ζ, Η’ λέγω, ὅτι ὅσοι ἑκατέρου τῶν A, B nat μονάδος τῆς 1 μεταξὺ 
γχκατὰ τὸ συνεχὲς ἀνάλογον ἐμπεπτώχασιν ἀριϑμοί, τοσοῦτοι χαὶ εἰς τοὺς A, Β μεταξὺ κατὰ τὸ 
συνεχὲς ἀνάλογον ἐμπεσοῦνται. 


Ὁ Δ γὰρ τὸν Ζ πολλαπλασιάσας τὸν Θ ποιείτω, ἑκάτερος δὲ τῶν Δ, Ζ τὸν Θ πολλαπλασιάσας 
ἑκάτερον τῶν K, A ποιείτω. 


Kot ἐπεί ἐστιν ὡς ἣ Τ᾽ μονὰς πρὸς τὸν Δ ἀριϑμόν, οὕτως ὁ Δ πρὸς τὸν E, ἰσάκις ἄρα ἣ 1" 
μονὰς τὸν A ἀριϑμὸν μετρεῖ καὶ ὁ Δ τὸν E. ἡ δὲ Τ᾽ μονὰς τὸν Δ ἀριϑμὸν μετρεῖ κατὰ τὰς ἐν 
τῷ Δ μονάδας: καὶ ὁ Δ ἄρα ἀριϑμὸς τὸν E μετρεῖ κατὰ τὰς ἐν τῷ Δ μονάδας: ὁ Δ ἄρα ἑαυτὸν 
πολλαπλασιάσας τὸν E πεποίηκεν. πάλιν, ἐπεί ἐστιν ὡς ἣ TV [μονὰς] πρὸς τὸν Δ ἀριϑμὸν, οὕτως 
ὁ E πρὸς τὸν A, ἰσάκις ἄρα ἣ T μονὰς τὸν A ἀριϑμὸν μετρεῖ καὶ ὁ E τὸν A. 7 δὲ 1 μονὰς 
τὸν Δ ἀριϑμὸν μετρεῖ κατὰ τὰς ἐν τῷ Δ μονάδας: καὶ ὁ E ἄρα τὸν A μετρεῖ κατὰ τὰς ἐν τῷ 
Δ μονάδας: ὁ Δ ἄρα τὸν E πολλαπλασιάσας tov A πεποίηκεν. διὰ τὰ αὐτὰ δὴ καὶ ὁ μὲν Ζ 
ἑαυτὸν πολλαπλασιάσας τὸν Η πεποίηκεν, τὸν δὲ Η πολλαπλασιάσας τὸν B πεποίηκεν. καὶ ἐπεὶ 
ὁ Δ ἑαυτὸν μὲν πολλαπλασιάσας τὸν E πεποίηκεν, τὸν δὲ Ζ πολλαπλασιάσας τὸν © πεποίηκεν, 
ἔστιν ἄρα ὡς ὁ Δ πρὸς τὸν Z, οὕτως ὁ E πρὸς τὸν ©. διὰ τὰ αὐτὰ δὴ καὶ ὡς ὁ Δ πρὸς τὸν Z, 
οὕτως ὁ Θ πρὸς τὸν Η. καὶ ὡς ἄρα ὁ E πρὸς τὸν Θ, οὕτως 6 Θ πρὸς τὸν H. πάλιν, ἐπεὶ ὁ Δ 
ἑκάτερον τῶν Ε, © πολλαπλασιάσας ἑκάτερον τῶν A, Κ πεποίηκεν, ἔστιν ἄρα ὡς ὁ E πρὸς τὸν 
Θ, οὕτως 6 A πρὸς τὸν Κ. ἀλλ᾽ ὡς ὁ E πρὸς τὸν Θ, οὕτως ὁ Δ πρὸς τὸν Ζ" καὶ ὡς ἄρα ὁ Δ 
πρὸς τὸν Ζ, οὕτως ὁ A πρὸς τὸν Κ. πάλιν, ἐπεὶ ἑκάτερος τῶν Δ, Ζ τὸν © πολλαπλασιάσας Ex- 
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If (some) numbers fall between each of two numbers and a unit in continued proportion, then as 
many (numbers) as fall between each of the (two numbers) and the unit in continued proportion, 
so many (numbers) will also fall in between the (two numbers) themselves in continued propor- 
tion. 


For let the numbers D, F and Γ᾽, G fall between the numbers A and B (respectively) and the unit 
C in continued proportion. I say that as many numbers as have fallen between each of A and B 
and the unit C’ in continued proportion, so many will also fall in between A and B in continued 
proportion. 


For let D make H (by) multiplying Ε΄. And let D, F make K, L, respectively, by multiplying H. 


As since as the unit (Οὐ is to the number D, so D (is) to Κ᾽, the unit C thus measures the number [Ὁ 
as many times as D (measures) F [Def. 7.20]. And the unit C measures the number D according 
to the units in D. Thus, the number D also measures F according to the units in D. Thus, D has 
made F (by) multiplying itself. Again, since as the [unit] Οἱ is to the number D, so E (is) to A, 
the unit C thus measures the number D as many times as Εἰ (measures) A [Def. 7.20]. And the 
unit Οὐ measures the number D according to the units in D. Thus, Ε΄ also measures A according 
to the units in D. Thus, D has made A (by) multiplying F. And so, for the same (reasons), Γ' 
has made G (by) multiplying itself, and has made B (by) multiplying G. And since D has made 
E (by) multiplying itself, and has made H (by) multiplying F’, thus as D is to Γ', so F (is) to H 
[Prop 7.17]. And so, for the same reasons, as D (is) to F’, so H (is) to G [Prop. 7.18]. And thus 
as FE (is) to H, so H (is) to G. Again, since D has made A, K (by) multiplying FE, H, respectively, 
thus as FE is to H, so A (is) to Καὶ [Prop 7.17]. But, as E (is) to H, so D (is) to Ε΄. And thus as 
D (is) to Γ,, so A (is) to Κ΄. Again, since D, F have made K, L, respectively, (by) multiplying H, 
thus as D is to F', so K (is) to L [Prop. 7.18]. But, as D (is) to Γ᾽, so A (is) to Κα. And thus as A 
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-&tepov τῶν K, A πεποίηκεν, ἕστιν ἄρα ὡς ὁ Δ πρὸς τὸν Z, οὕτως ὁ Κ πρὸς τὸν A. ἀλλ᾽ ὡς ὁ 
Δ πρὸς τὸν Ζ, οὕτως ὁ A πρὸς τὸν Κ΄ καὶ ὡς ἄρα ὁ A πρὸς τὸν K, οὕτως ὁ Κ πρὸς τὸν A. 
ἔτι ἐπεὶ ὁ Ζ ἑκάτερον τῶν Θ, Η πολλαπλασιάσας ἑκάτερον τῶν Λ, Β πεποίηκεν, ἔστιν ἄρα ὡς 
ὁ © πρὸς τὸν Η, οὕτως ὁ A πρὸς τὸν Β. ὡς δὲ ὁ © πρὸς τὸν Η, οὕτως ὁ Δ πρὸς τὸν Ζ᾽ καὶ 
ὡς ἄρα ὁ Δ πρὸς τὸν Ζ, οὕτως ὁ Λ πρὸς τὸν Β. ἐδείχϑη δὲ καὶ ὡς ὁ Δ πρὸς τὸν Ζ, οὕτως ὅ 
te A πρὸς τὸν K χαὶ ὁ Κ πρὸς τὸν Λ’ καὶ ὡς ἄρα ὁ A πρὸς τὸν Κ, οὕτως ὁ Κ πρὸς τὸν A καὶ 
ὁ A πρὸς τὸν Β. οἱ A, K, A, Β ἄρα uate τὸ συνεχὲς ἑξῆς εἰσιν ἀνάλογον. ὅσοι ἄρα ἑκατέρου 
τῶν A, B not τῆς 1 μονάδος μεταξὺ κατὰ τὸ συνεχὲς ἀνάλογον ἐμπίπτουσιν ἀριϑμοί, τοσοῦτοι 
nat εἰς τοὺς A, Β μεταξὺ κατὰ τὸ συνεχὲς ἐμπεσοῦνται: ὅπερ ἔδει δεῖξαι. 
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(is) to K, so Καὶ (is) to L. Further, since Γ΄ has made L, B (by) multiplying H, G, respectively, thus 
as H is to G, so L (is) to B [Prop 7.17]. And as H (is) to G, so D (is) to F. And thus as D (is) 
to F', so L (is) to B. And it was also shown that as D (is) to Γ΄, so A (is) to K, and Καὶ to L. And 
thus as A (is) to K, so K (is) to L, and L to B. Thus, A, K, L, B are successively in continued 
proportion. Thus, as many numbers as fall between each of A and B and the unit C' in continued 
proportion, so many will also fall in between A and B in continued proportion. (Which is) the 
very thing it was required to show. 
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Δύο τετραγώνων ἀριϑμῶν εἷς μέσος ἀνάλογόν ἐστιν ἀριϑμός, καὶ ὁ τετράγωνος πρὸς τὸν 
τετράγωνον διπλασίονα λόγον ἔχει ἤπερ ἣ πλευρὰ πρὸς τὴν πλευράν. 


Ἔστωσαν τετράγωνοι ἀριϑμοὶ οἱ A, Β, καὶ τοῦ μὲν A πλευρὰ ἔστω ὁ 1", τοῦ δὲ Β ὁ Δ’ λέγω, 
ὅτι τῶν A, Β εἷς μέσος ἀνάλογόν ἐστιν ἀριϑμός, καὶ ὁ A πρὸς τὸν Β διπλασίονα λόγον ἔχει 
ἤπερ ὁ Τ᾽ πρὸς τὸν Δ. 


‘OT γὰρ τὸν Δ πολλαπλασιάσας τὸν E ποιείτω. καὶ ἐπεὶ τετράγωνός ἐστιν 6 A, πλευρὰ δὲ 
αὐτοῦ ἐστιν ὁ I’, ὁ Τ᾿ ἄρα ἑαυτὸν πολλαπλασιάσας τὸν A πεποίηκεν. διὰ τὰ αὐτὰ δὴ καὶ ὁ Δ 
ἑαυτὸν πολλαπλασιάσας τὸν Β πεποίηκεν. ἐπεὶ οὖν ὁ Τ' ἑκάτερον τῶν T, Δ πολλαπλασιάσας 
ἑκάτερον τῶν A, E πεποίηκεν, ἔστιν ἄρα ὡς ὁ 1 πρὸς τὸν Δ, οὕτως ὁ πρὸς τὸν E. διὰ τὰ 
αὐτὰ δὴ καὶ ὡς OT πρὸς τὸν Δ, οὕτως ὁ E πρὸς τὸν Β. καὶ ὡς ἄρα ὁ A πρὸς τὸν E, οὕτως ὁ 
E πρὸς τὸν B. τῶν A, Β ἄρα εἷς μέσος ἀνάλογόν ἐστιν ἀριϑμός. 


Λέγω δή, ὅτι καὶ ὁ A πρὸς τὸν Β διπλασίονα λόγον ἔχει ἤπερ ὁ Τ᾽ πρὸς τὸν Δ. ἐπεὶ γὰρ τρεῖς 
ἀριϑμοὶ ἀνάλογόν εἰσιν οἱ A, E, Β, ὁ A ἄρα πρὸς τὸν Β διπλασίονα λόγον ἔχει ἤπερ ὁ A πρὸς 
τὸν E. ὡς δὲ ὁ A πρὸς τὸν E, οὕτως ὁ 1᾽ πρὸς τὸν Δ. 6 A ἄρα πρὸς τὸν Β διπλασίονα λόγον 
ἔχει ἤπερ ἣ TV πλευρὰ πρὸς τὴν Δ’ ὅπερ ἔδει δεῖξαι. 
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There exists one number in mean proportion to two (given) square numbers.'°° And (one) square 
(number) has to the (other) square (number) a squared 159 ratio with respect to (that) the side 
(of the former has) to the side (of the latter). 


Let A and B be square numbers, and let C be the side of A, and D (the side) of B. I say that 
there exists one number in mean proportion to A and B, and that A has to B a squared ratio with 
respect to (that) (Οἱ (has) to D. 


For let C make EF (by) multiplying D. And since A is square, and C is its side, C has thus made 
A (by) multiplying itself. And so, for the same (reasons), D has made B (by) multiplying itself. 
Therefore, since C has made A, F (by) multiplying C, D, respectively, thus as C is to D, so A Cis) 
to E [Prop. 7.17]. And so, for the same (reasons), as C’ (is) to D, so E (is) to B [Prop. 7.18]. 
And thus as A (is) to E, so EF (is) to B. Thus, one number (namely, F) is in mean proportion to 
A and B. 


So I say that A also has to B a squared ratio with respect to (that) C’ (has) to D. For since A, Ε, 
B are three (continuously) proportional numbers, A thus has to B a squared ratio with respect 
to (that) A (has) to FE [Def. 5.9]. And as A (is) to EF, so C (is) to D. Thus, A has to B a squared 
ratio with respect to (that) side C’ (has) to (side) D. (Which is) the very thing it was required to 
show. 


138In other words, between two given square numbers there exists a number in continued proportion. 
1391 iterally, “double”. 
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Δύο χύβων ἀριϑμῶν δύο μέσοι ἀνάλογόν εἰσιν ἀριϑμοί, καὶ ὁ κύβος πρὸς τὸν κύβον τριπλασίονα 
λόγον ἔχει ἤπερ ἣ πλευρὰ πρὸς τὴν πλευράν. 


Ἔστωσαν κύβοι ἀριϑμοὶ οἱ A, Β καὶ τοῦ μὲν A πλευρὰ ἔστω OT, τοῦ δὲ Β ὁ A’ λέγω, ὅτι τῶν 
A, B δύο μέσοι ἀνάλογόν εἰσιν ἀριϑμοί, καὶ ὁ A πρὸς τὸν Β τριπλασίονα λόγον ἔχει ἤπερ ὁ 1Ὁ 
πρὸς τὸν Δ. 


Ὁ γὰρ Τ᾿ ἑαυτὸν μὲν πολλαπλασιάσας τὸν E ποιείτω, τὸν δὲ Δ πολλαπλασιάσας τὸν Z ποιείτω, 
ὁ δὲ Δ ἑαυτὸν πολλαπλασιάσας τὸν Η ποιείτω, ἑκάτερος δὲ τῶν 1᾿, A τὸν Ζ πολλαπλασιάσας 
ἑκάτερον τῶν Θ, Κ ποιείτω. 


Kot ἐπεὶ κύβος ἐστὶν ὁ A, πλευρὰ δὲ αὐτοῦ ὁ T, καὶ ὁ Τ᾽ ἑαυτὸν μὲν πολλαπλασιάσας τὸν E 
πεποίηκεν, ὁ 1 ἄρα ἑαυτὸν μὲν πολλαπλασιάσας τὸν E πεποίηκεν, τὸν δὲ E πολλαπλασιάσας 
tov A πεποίηκεν. διὰ τὰ αὐτὰ δὴ καὶ ὁ Δ ἑαυτὸν μὲν πολλαπλασιάσας τὸν H πεποίηκεν, τὸν δὲ 
Η πολλαπλασιάσας τὸν Β πεποίηκεν. καὶ ἐπεὶ ὁ 1 ἑκάτερον τῶν I, Δ πολλαπλασιάσας ἑκάτερον 
τῶν ΗΠ, Ζ πεποίηκεν, ἔστιν ἄρα ὡς ὁ Τ᾽ πρὸς τὸν Δ, οὕτως ὁ E πρὸς τὸν Ζ. διὰ τὰ αὐτὰ δὴ καὶ 
ὡς ὁ TL πρὸς τὸν Δ, οὕτως ὁ Ζ πρὸς τὸν H. πάλιν, ἐπεὶ ὁ T ἑκάτερον τῶν E, Z πολλαπλασιάσας 
ἑκάτερον τῶν A, © πεποίηκεν, ἔστιν ἄρα ὡς ὁ E πρὸς τὸν Z, οὕτως ὁ A πρὸς τὸν Θ. ὡς δὲ ὁ E 
πρὸς τὸν Z, οὕτως ὁ Τ᾽ πρὸς τὸν Δ’ καὶ ὡς ἄρα ὁ I πρὸς τὸν Δ, οὕτως ὁ πρὸς τὸν Θ. πάλιν, 
ἐπεὶ ἑκάτερος τῶν I’, A τὸν Ζ πολλαπλασιάσας ἑκάτερον τῶν ©, K πεποίηκεν, ἔστιν ἄρα ὡς ὁ 
Τ᾽ πρὸς τὸν Δ, οὕτως 6 © πρὸς τὸν Κ. πάλιν, ἐπεὶ ὁ Δ ἑκάτερον τῶν Ζ, Η πολλαπλασιάσας 
ἑκάτερον τῶν K, Β πεποίηκεν, ἔστιν ἄρα ὡς ὁ Ζ πρὸς τὸν Η, οὕτως ὁ K πρὸς τὸν Β. ὡς δὲ ὁ 
Z πρὸς τὸν Η, οὕτως ὁ TI πρὸς τὸν Δ’ καὶ ὡς ἄρα ὁ Τ᾽ πρὸς τὸν Δ, οὕτως ὅ τε A πρὸς TOV Θ 
nat 6 Θ πρὸς τὸν K χαὶ ὁ Κ πρὸς τὸν Β. τῶν A, Β ἄρα δύο μέσοι ἀνάλογόν εἰσιν οἱ Θ, Κ. 


Λέγω δή, ὅτι καὶ ὁ A πρὸς τὸν Β τριπλασίονα λόγον ἔχει ἤπερ ὁ I πρὸς τὸν Δ. ἐπεὶ γὰρ 
τέσσαρες ἀριϑμοὶ ἀνάλογόν εἰσιν οἱ A, Θ, Κ, Β, ὁ A ἄρα πρὸς τὸν Β τριπλασίονα λόγον ἔχει 
ἤπερ ὁ A πρὸς τὸν Θ. ὡς δὲ 6 πρὸς TOV Θ, οὕτως ὁ Τ᾽ πρὸς τὸν Δ’ καὶ ὁ A [ἄρα] πρὸς τὸν 
Β τριπλασίονα λόγον ἔχει ἤπερ ὁ 1" πρὸς τὸν Δ’ ὅπερ ἔδει δεῖξαι. 
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Proposition 12 


There exist two numbers in mean proportion to two (given) cube numbers.'*° And (one) cube 
(number) has to the (other) cube (number) a cubed 111 ratio with respect to (that) the side (of 
the former has) to the side (of the latter). 


Let A and B be cube numbers, and let C be the side of A, and D (the side) of B. I say that there 
exist two numbers in mean proportion to A and B, and that A has to B a cubed ratio with respect 
to (that) Ο' (has) to D. 


For let C make EF (by) multiplying itself, and let it make Γ΄ (by) multiplying D. And let D make 
G (by) multiplying itself, and let C, D make H, Καὶ, respectively, (by) multiplying F’. 


And since A is cube, and C (is) its side, and C has made EF (by) multiplying itself, C has thus made 
E (by) multiplying itself, and has made A (by) multiplying Ε΄. And so, for the same (reasons), D 
has made G (by) multiplying itself, and has made B (by) multiplying G. And since C' has made 
E, F (by) multiplying C, D, respectively, thus as C is to D, so EF (is) to F [Prop. 7.17]. And so, 
for the same (reasons), as (Οὐ (is) to D, so F' (is) to G [Prop. 7.18]. Again, since C has made A, ἢ 
(by) multiplying FE, F’, respectively, thus as EF is to F', so A (is) to H [Prop. 7.17]. And as F (is) 
to Γ᾽, so C (is) to D. And thus as C (is) to D, so A (is) to H. Again, since Οὐ, D have made H, K, 
respectively, (by) multiplying F’, thus as (Οἱ is to D, so H (is) to Καὶ [Prop. 7.18]. Again, since D 
has made Kk, B (by) multiplying F’, G, respectively, thus as F is to G, so K (is) to B [Prop. 7.17]. 
And as F (is) to G, so C (is) to D. And thus as C (is) to D, so A (is) to H, and H to K, and K to 
B. Thus, H and Καὶ are two (numbers) in mean proportion to A and B. 


So I say that A also has to B a cubed ratio with respect to (that) Οἱ (has) to D. For since A, H, 
K, B are four (continuously) proportional numbers, A thus has to B a cubed ratio with respect 
to (that) A (has) to H [Def. 5.10]. And as A (is) to H, so C (is) to D. And [thus] A has to B a 
cubed ratio with respect to (that) Οἱ (has) to D. (Which is) the very thing it was required to show. 


140Tn other words, between two given cube numbers there exist two numbers in continued proportion. 
1411 iterally, “triple”. 
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Ἐὰν ὦσιν ὁσοιδηποτοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον, καὶ πολλαπλασιάσας ἕκαστος ἑαυτὸν ποιΐ 
τινα, οἱ γενόμενοι ἐξ αὐτῶν ἀνάλογον ἔσονται: καὶ ἐὰν οἱ ἐξ ἀρχῆς τοὺς γενομένους πολ- 
λαπλασιάσαντες ποιῶσί τινας, καὶ αὐτοὶ ἀνάλογον ἔσονται [καὶ ἀεὶ περὶ τοὺς ἄκρους τοῦτο 
συμβαίνει]. 


Ἔστωσαν ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον, οἱ A, Β, I, ὡς 6 A πρὸς τὸν Β, οὕτως ὁ Β πρὸς 
tov I, καὶ οἱ A, B, T° ἑαυτοὺς μὲν πολλαπλασιάσαντες τοὺς Δ, E, Ζ ποιείτωσαν, τοὺς δὲ A, E, 
2 πολλαπλασιάσαντες τοὺς H, Θ, Κ ποιείτωσαν’ λέγω, ὅτι οἵ te A, E, Z καὶ οἱ H, Θ, Κ ἑξῆς 
ἀνάλογον εἰσιν. 


Ὁ μὲν γὰρ A τὸν Β πολλαπλασιάσας tov A ποιείτω, ἑκάτερος δὲ τῶν A, B τὸν A πολλα- 
πλασιάσας ἑκάτερον τῶν Μ, Ν ποιείτω. xual πάλιν ὁ μὲν Β τὸν I πολλαπλασιάσας τὸν & 
ποιείτω, ἑκάτερος δὲ τῶν B, Τ᾽ τὸν E πολλαπλασιάσας ἑκάτερον τῶν Ο, II ποιείτω. 


Ὁμοίως δὴ τοῖς ἐπάνω δεϊξομεν, ὅτι οἱ A, A, Ε καὶ οἱ Η, Μ, Ν, © ἑξῆς εἰσιν ἀνάλογον ἐν τῷ 
τοῦ A πρὸς τὸν Β λόγω, καὶ ἔτι οἱ E, ΞΞ, Ζ nat ot Θ, Ο, II, Κ ἑξῆς εἰσιν ἀνάλογον ἐν τῷ τοῦ 
Β πρὸς τὸν 1" λόγῳ. καί ἐστιν ὡς ὁ A πρὸς τὸν B, οὕτως ὁ Β πρὸς τὸν 1" καὶ οἱ A, A, E ἄρα 
τοῖς E, &, Ζ ἐν τῷ αὐτῷ λόγῳ εἰσὶ καὶ ἔτι οἱ H, M, N, © τοῖς Θ, O, II, Κ. καί ἐστιν ἴσον τὸ 
μὲν τῶν A, A, E πλῆϑος τῷ τῶν E, &, Ζ πλήϑει, τὸ δὲ τῶν H, Μ, Ν, © τῷ τῶν Θ, O, IT, Κ' 
δι᾿ ἴσου ἄρα ἐστὶν ὡς μὲν ὁ Δ πρὸς τὸν E, οὕτως ὁ E πρὸς τὸν Ζ, ὡς δὲ ὁ H πρὸς τὸν Θ, 
οὕτως ὁ Θ πρὸς τὸν Κ΄ ὅπερ ἔδει δεῖξαι. 
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Proposition 13 
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If there are any multitude whatsoever of continuously proportional numbers, and each makes 
some (number by) multiplying itself, then the (numbers) created from them will (also) be (con- 
tinuously) proportional. And if the original (numbers) make some (more numbers by) multiply- 
ing the created (numbers) then these will also be (continuously) proportional [and this always 
happens with the extremes]. 


Let A, B, C be any multitude whatsoever of continuously proportional numbers, (such that) as 
A (is) to B, so B (is) to C. And let A, B, C make D, E, F (by) multiplying themselves, and let 
them make G, H, Καὶ (by) multiplying D, Ε, Ε΄. 1 say that D, E, F and G, H, K are continuously 
proportional. 


For let A make L (by) multiplying B. And let A, B make M, N, respectively, (by) multiplying 
L. And, again, let B make O (by) multiplying C. And let B, C make P, Q, respectively, (by) 
multplying O. 


So, similarly to the above, we can show that D, L, Ε and G, M, N, H are continuously pro- 
portional in the ratio of A to B, and, further, (that) £, O, F and H, P, Q, Καὶ are continuously 
proportional in the ratio of B to C. And as A is to B, so B (is) to C. And thus D, L, FE are in 
the same ratio as ΚΕ, O, F, and, further, G, Μ, N, H (are in the same ratio) as H, P, Q, K. And 
the multitude of D, L, E is equal to the multitude of Κ᾽, O, F, and that of G, M, N, H to that of 
H, P, Q, Κι. Thus, via equality, as D is to E, so E (is) to Ε΄, and as G (is) to H, so H (is) to Καὶ 
[Prop. 7.14]. (Which is) the very thing it was required to show. 
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"Ey τετράγωνος τετράγωνον μετρῇ, καὶ ἣ πλευρὰ τὴν πλευρὰν μετρήσει: καὶ ἐὰν ἣ πλευρὰ τὴν 
πλευρὰν μετρῇ, καὶ ὁ τετράγωνος τὸν τετράγωνον μετρήσει. 


ἼἜστωσαν τετράγωνοι ἀριϑμοὶ οἱ A, Β, πλευραὶ δὲ αὐτῶν ἔστωσαν οἱ IT, Δ, ὁ δὲ A τὸν Β 
μετρείτω: λέγω, ὅτι καὶ ὁ 1᾽ τὸν Δ μετρεῖ. 


‘OT γὰρ τὸν Δ πολλαπλασιάσας τὸν E ποιείτω" οἱ A, Ε, Β ἄρα ἑξῆς ἀνάλογόν εἰσιν ἐν τῷ τοῦ 
Τ᾽ πρὸς τὸν Δ λόγῳ. καὶ ἐπεὶ ot A, E, B ἐξῆς ἀνάλογόν εἰσιν, καὶ μετρεῖ ὁ A τὸν B, μετρεῖ ἄρα 
nat ὁ A tov E. καί ἐστιν ὡς ὁ πρὸς τὸν E, οὕτως ὁ Τ᾽ πρὸς τὸν Δ’ μετρεῖ ἄρα καὶ ὁ TP τὸν Δ. 


Πάλιν δὴ ὁ T τὸν Δ μετρείτω: λέγω, ὅτι καὶ ὁ A τὸν Β μετρεῖ. 


Ἰῶν γὰρ αὐτῶν κατασκευασϑέντων ὁμοίως δείξομεν, ὅτι οἱ A, E, Β ἑξῆς ἀνάλογόν εἰσιν ἐν τῷ 
τοῦ I’ πρὸς τὸν Δ λόγῳ. χαὶ ἐπεί ἐστιν ὡς ὁ I πρὸς τὸν Δ, οὕτως ὁ A πρὸς τὸν E, μετρεῖ δὲ 
oT τὸν Δ, μετρεῖ ἄρα καὶ 6 A τὸν E. καί εἰσιν ot A, E, Β ἑξῆς ἀνάλογον: μετρεῖ ἄρα καὶ ὁ A 
τὸν Β. 

᾿Ἐὰν ἄρα τετράγωνος τετράγωνον μετρῇ, καὶ ἣ πλευρὰ τὴν πλευρὰν μετρήσει" καὶ ἐὰν ἣ πλευρὰ 
τὴν πλευρὰν μετρῇ, καὶ ὁ τετράγωνος τὸν τετράγωνον μετρήσει" ὅπερ ἔδει δεῖξαι. 
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Proposition 14 


If a square (number) measures a(nother) square (number) then the side (of the former) will also 
measure the side (of the latter). And if the side (of a square number) measures the side (of 
another square number) then the (former) square (number) will also measure the (latter) square 
(number). 


Let A and B be square numbers, and let C' and D be their sides (respectively). And let A measure 
B.Isay that C also measures D. 


For let C make FE (by) multiplying D. Thus, A, Ε, B are continuously proportional in the ratio 
of C to D [Prop. 8.11]. And since A, Κ᾽, B are continuously proportional, and A measures B, A 
thus also measures Εἰ [Prop. 8.7]. And as A is to FE, so C (is) to D. Thus, Οἱ also measures D 
[Def 7.20]. 


So, again, let C measure D. I say that A also measures B. 


For similarly, by the same construction, we can show that A, Κ᾽, B are continuously proportional 
in the ratio of C to D. And since as C is to D, so A (is) to E, and C measures D, A thus also 
measures Εἰ [Def. 7.20]. And A, Εν, B are continuously proportional. Thus, A also measures B. 


Thus, if a square (number) measures a(nother) square (number) then the side (of the former) 
will also measure the side (of the latter). And if the side (of a square number) measures the side 
(of another square number) then the (former) square (number) will also measure the (latter) 
square (number). (Which is) the very thing it was required to show. 
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᾿ὰν χύβος ἀριϑμὸς κύβον ἀριϑμὸν μετρῇ, καὶ ἣ πλευρὰ τὴν πλευρὰν μετρήσει: καὶ ἐὰν ἣ 
πλευρὰ τὴν πλευρὰν μετρῇ, καὶ ὁ κύβος τὸν κύβον μετρήσει. 


Κύβος γὰρ ἀριϑμὸς ὁ A χύβον τὸν B μετρείτω, καὶ τοῦ μὲν A πλευρὰ ἔστω ὁ I, τοῦ δὲ Β ὁ 
A: λέγω, ὅτι ὁ TV τὸν Δ μετρεῖ. 


‘OT γὰρ ἑαυτὸν πολλαπλασιάσας τὸν E ποιείτω, ὁ δὲ Δ ἑαυτὸν πολλαπλασιάσας τὸν Η ποιείτω, 
nat ἔτι ὁ Τ᾿ τὸν Δ πολλαπλασιάσας τὸν Ζ [ποιείτω], ἑκάτερος δὲ τῶν I, Δ τὸν Ζ πολλαπλασιάσας 
ἑκάτερον τῶν ©, Κ ποιείτω. φανερὸν δῆ, ὅτι οἱ E, Ζ, Η καὶ οἱ A, ©, Κ, Β ἑξῆς ἀνάλογόν εἰσιν 
ἐν τῷ τοῦ I πρὸς τὸν Δ λόγῳ. καὶ ἐπεὶ ot A, Θ, Κ, Β ἑξῆς ἀνάλογόν εἰσιν, καὶ μετρεῖ ὁ A τὸν 
B, μετρεῖ ἄρα nat τὸν Θ. καί ἐστιν ὡς ὁ A πρὸς TOV Θ, οὕτως ὁ Τ᾽ πρὸς τὸν Δ’ μετρεῖ ἄρα καὶ 
ὁ Τ' τὸν Δ. 


᾿Αλλὰ δὴ μετρείτω ὁ T τὸν Δ’ λέγω, ὅτι καὶ 6 A τὸν Β μετρήσει. 
Ἰῶν γὰρ αὐτῶν κατασκευασϑέντων ὁμοίως δὴ δείξομεν, ὅτι οἱ A, Θ, K, Β ἑξῆς ἀνάλογόν εἰσιν 


2 ~ ~ Ν Ἂν ΄ Ν 2 Ν * ν Hired ΓΑ ε ς ν ν - 
ἐν τῷ τοῦ I’ πρὸς τὸν Δ λόγῳ. καὶ ἐπεὶ ὁ Τ᾽ τὸν Δ μετρεῖ, καί ἐστιν ὡς ὁ Τ᾿ πρὸς τὸν Δ, οὕτως 
ὁ A πρὸς τὸν Θ, καὶ ὁ A ἄρα τὸν © μετρεῖ’ ὥστε καὶ τὸν Β μετρεῖ ὁ Δ’ ὅπερ ἔδει δεῖξαι. 
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Proposition 15 


If a cube number measures a(nother) cube number then the side (of the former) will also measure 
the side (of the latter). And if the side (of a cube number) measures the side (of another cube 
number) then the (former) cube (number) will also measure the (latter) cube (number). 


For let the cube number A measure the cube (number) B, and let C be the side of A, and D (the 
side) of B. I say that C measures D. 


For let C make F (by) multiplying itself. And let D make G (by) multiplying itself. And, further, 
[let] C [make] F (by) multiplying D, and let Ο, D make H, K, respectively, (by) multiplying 
Ε΄. So it is clear that EF, F, G and A, H, K, B are continuously proportional in the ratio of C 
to D [Prop. 8.12]. And since A, H, K, B are continuously proportional, and A measures B, (A) 
thus also measures H [Prop. 8.7]. And as A is to H, so C (is) to D. Thus, C also measures D 
[Def. 7.20]. 


And so let C measure D. I say that A will also measure B. 
For similarly, by the same construction, we can show that A, H, Καὶ, B are continuously propor- 
tional in the ratio of C to D. And since Οὐ measures D, and as C is to D, so A (is) to H, A thus also 


measures H [Def. 7.20]. Hence, A also measures B. (Which is) the very thing it was required to 
show. 
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"Ey τετράγωνος ἀριϑμὸς τετράγωνον ἀριϑμὸν μὴ μετρῇ, οὐδὲ ἣ πλευρὰ τὴν πλευρὰν μετρήσει: 
γἂν ἢ πλευρὰ τὴν πλευρὰν μὴ μετρῇ, οὐδὲ ὁ τετράγωνος τὸν τετράγωνον μετρήσει. 


Ἔστωσαν τετράγωνοι ἀριϑμοὶ ot A, Β, πλευραὶ δὲ αὐτῶν ἔστωσαν οἱ 1", Δ, καὶ μὴ μετρείτω ὁ 
A tov Β’ λέγω, ὅτι οὐδὲ ὁ Τ᾽ τὸν Δ μετρεῖ. 


Εἰ γὰρ μετρεῖ ὁ Τ᾽ τὸν Δ, μετρήσει καὶ ὁ A τὸν Β. οὐ μετρεῖ δὲ 6 A τὸν Β’ οὐδὲ ἄρα ὁ T τὸν 
Δ μετρήσει. 


Μὴ μετρείτω [δὴ] πάλιν ὁ Τ᾽ τὸν Δ’ λέγω, ὅτι οὐδὲ ὁ A τὸν Β μετρήσει. 


Εἰ γὰρ μετρεῖ 6 A τὸν Β, μετρήσει καὶ ὁ T τὸν Δ. οὐ μετρεῖ δὲ ὁ Τ᾽ τὸν Δ’ οὐδ᾽ ἄρα 6 A τὸν 
Β μετρήσει: ὅπερ ἔδει δεῖξαι. 
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Proposition 16 


If a square number does not measure a(nother) square number then the side (of the former) will 
not measure the side (of the latter) either. And if the side (of a square number) does not measure 
the side (of another square number) then the (former) square (number) will not measure the 
(latter) square (number) either. 


Let A and B be square numbers, and let C and D be their sides (respectively). And let A not 
measure B. I say that C does not measure D either. 


For if C measures D then A will also measure B [Prop. 8.14]. And A does not measure B. Thus, 
C will not measure D either. 


[So], again, let C not measure D. I say that A will not measure B either. 


For if A measures B then C will also measure D [Prop. 8.14]. And C' does not measure D. Thus, 
A will not measure B either. (Which is) the very thing it was required to show. 


569 


ΣΤΟΙΧΕΙΩ͂Ν η΄ 
ιζ΄ 


|; «+ 


A 
Β.ςς-ς- π ἠΙ A t+ 


᾿ὰν κύβος ἀριϑμὸς κύβον ἀριϑμὸν μὴ μετρῇ, οὐδὲ ἡ πλευρὰ τὴν πλευρὰν μετρήσει: κἂν ἣ 
πλευρὰ τὴν πλευρὰν μὴ μετρῇ, οὐδὲ ὁ κύβος τὸν κύβον μετρήσει. 


Κύβος γὰρ ἀριϑμὸς ὁ A χύβον ἀριϑμὸν τὸν Β μὴ μετρείτω, καὶ τοῦ μὲν A πλευρὰ ἔστω ὁ T, 
τοῦ δὲ Β ὁ A λέγω, ὅτι ὁ Τ᾽ τὸν Δ οὐ μετρήσει. 


Εἰ γὰρ μετρεῖ ὁ Τ᾽ τὸν Δ, καὶ 6 A τὸν Β μετρήσει. οὐ μετρεῖ δὲ 6 A τὸν Β’ οὐδ᾽ ἄρα ὁ T τὸν 
Δ μετρεῖ. 


᾿Αλλὰ δὴ μὴ μετρείτω ὁ Τ᾽ τὸν Δ’ λέγω, ὅτι οὐδὲ 6 A τὸν Β μετρήσει. 


Εἰ γὰρ 6 A τὸν B μετρεῖ, καὶ ὁ Τ᾽ τὸν Δ μετρήσει. οὐ μετρεῖ δὲ ὁ T τὸν Δ’ οὐδ᾽ ἄρα ὁ A τὸν 
Β μετρήσει’ ὅπερ ἔδει δεῖξαι. 


570 


ELEMENTS BOOK 8 


Proposition 17 


If a cube number does not measure a(nother) cube number then the side (of the former) will not 
measure the side (of the latter) either. And if the side (of a cube number) does not measure the 
side (of another cube number) then the (former) cube (number) will not measure the (latter) 
cube (number) either. 


For let the cube number A not measure the cube number B. And let C be the side of A, and D 
(the side) of B. I say that (Οὐ will not measure D. 


For if C measures D then A will also measure B [Prop. 8.15]. And A does not measure B. Thus, 
C does not measure D either. 


And so let C not measure D. I say that A will not measure B either. 


For if A measures B then C will also measure D [Prop. 8.15]. And (Οἱ does not measure D. Thus, 
A will not measure B either. (Which is) the very thing it was required to show. 
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Δύο ὁμοίων ἐπιπέδων ἀριϑμῶν εἷς μέσος ἀνάλογόν ἐστιν ἀριϑμός: nal ὁ ἐπίπεδος πρὸς τὸν 


ἐπίπεδον διπλασίονα λόγον ἔχει ἤπερ ἣ ὁμόλογος πλευρὰ πρὸς τὴν ὁμόλογον πλευράν. 


Ἔστωσαν δύο ὅμοιοι ἐπίπεδοι ἀριϑμοὶ οἱ A, B, καὶ τοῦ μὲν A πλευραὶ ἔστωσαν οἱ 1, Δ 
ἀριϑμοί, τοῦ δὲ Β οἱ E, Ζ. καὶ ἐπεὶ ὅμοιοι ἐπίπεδοί εἰσιν οἱ ἀνάλογον ἔχοντες τὰς πλευράς, 
ἔστιν ἄρα ὡς ὁ Τ' πρὸς τὸν Δ, οὕτως ὁ E πρὸς τὸν Ζ. λέγω οὖν, ὅτι τῶν A, Β εἷς μέσος 
ἀνάλογόν ἐστιν ἀριϑμός, καὶ ὁ A πρὸς τὸν Β διπλασίονα λόγον ἔχει ἤπερ ὁ 1 πρὸς τὸν E ἢ ὁ 
Δ πρὸς τὸν Z, τουτέστιν ἤπερ ἣ ὁμόλογος πλευρὰ πρὸς τὴν ὁμόλογον [πλευράν]. 

Kot ἐπεί ἐστιν ὡς ὁ TL πρὸς τὸν Δ, οὕτως ὁ E πρὸς τὸν Z, ἐναλλὰξ ἄρα ἐστὶν ὡς ὁ I πρὸς 
τὸν E, ὁ Δ πρὸς τὸν Ζ. nual ἐπεὶ ἐπίπεδός ἐστιν ὁ A, πλευραὶ δὲ αὐτοῦ οἱ T, Δ, ὁ Δ ἄρα 
τὸν Τ᾽ πολλαπλασιάσας tov A πεποίηκεν. διὰ τὰ αὐτὰ δὴ καὶ ὁ E τὸν Z πολλαπλασιάσας 
τὸν Β πεποίηκεν. ὁ Δ δὴ τὸν E πολλαπλασιάσας tov Η ποιείτω. καὶ ἐπεὶ ὁ Δ τὸν μὲν TP 
πολλαπλασιάσας τὸν A πεποίηκεν, τὸν δὲ E πολλαπλασιάσας τὸν Η πεποίηκεν, ἔστιν ἄρα ὡς ὁ 
Τ᾽ πρὸς τὸν E, οὕτως 6 A πρὸς τὸν Η. ἀλλ᾽ ὡς ὁ T πρὸς τὸν E, [οὕτως] 6 Δ πρὸς τὸν Ζ᾽ καὶ 
ὡς ἄρα ὁ Δ πρὸς τὸν Ζ, οὕτως ὁ A πρὸς τὸν H. πάλιν, ἐπεὶ ὁ E τὸν μὲν Δ πολλαπλασιάσας 
τὸν Η πεποίηκεν, τὸν δὲ Ζ πολλαπλασιάσας τὸν Β πεποίηκεν, ἔστιν ἄρα ὡς ὁ Δ πρὸς τὸν Z, 
οὕτως ὁ Η πρὸς τὸν Β. ἐδείχϑη δὲ καὶ ὡς ὁ Δ πρὸς τὸν Ζ, οὕτως ὁ A πρὸς τὸν Η᾿ καὶ ὡς ἄρα 
ὁ A πρὸς τὸν Η, οὕτως ὁ Η πρὸς τὸν Β. οἱ A, H, B ἄρα ἑξῆς ἀνάλογόν εἰσιν. τῶν A, Β ἄρα 
εἷς μέσος ἀνάλογόν ἐστιν ἀριϑμός. 


Λέγω δή, ὅτι καὶ ὁ A πρὸς τὸν B διπλασίονα λόγον ἔχει ἤπερ ἣ ὁμόλογος πλευρὰ πρὸς τὴν 
ὁμόλογον πλευράν, τουτέστιν ἤπερ ὁ Τ᾽ πρὸς τὸν E ἢ ὁ Δ πρὸς τὸν Ζ. ἐπεὶ γὰρ οἱ A, H, B 
ἑξῆς ἀνάλογόν εἰσιν, ὁ πρὸς τὸν Β διπλασίονα λόγον ἔχει ἤπερ πρὸς τὸν H. καί ἐστιν ὡς 
ὁ A πρὸς τὸν H, οὕτως 6 τε Τ᾽ πρὸς τὸν E καὶ ὁ Δ πρὸς τὸν Ζ. καὶ 6 A ἄρα πρὸς τὸν B 
διπλασίονα λόγον ἔχει ἤπερ ὁ Τ᾿ πρὸς τὸν E ἢ ὁ Δ πρὸς τὸν Z ὅπερ ἔδει δεῖξαι. 
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Proposition 18 


There exists one number in mean proportion to two similar plane numbers. And (one) plane 
(number) has to the (other) plane (number) a squared ratio with respect to (that) a corresponding 
side (of the former has) to a corresponding side (of the latter). 


Let A and B be two similar plane numbers. And let the numbers C, D be the sides of A, and E, F’ 
(the sides) of B. And since similar numbers are those having proportional sides [Def. 7.21], thus 
as Cis to D, so E (is) to Ε΄. Therefore, I say that there exists one number in mean proportion to 
A and B, and that A has to B a squared ratio with respect to that (Οἱ (has) to Κ᾽, or D to F—that 
is to say, with respect to (that) a corresponding side (has) to a corresponding [side]. 


For since as (Οὐ is to D, so EF (is) to F’, thus, alternately, as C is to FE, so D (is) to F' [Prop. 7.13]. 
And since A is plane, and C,, D its sides, D has thus made A (by) multiplying Οὐ. And so, for the 
same (reasons), Ε΄ has made B (by) multiplying Ε΄. So let D make G (by) multiplying ΚΕ. And 
since D has made A (by) multiplying C’, and has made G (by) multiplying Κ᾽, thus as C is to E, 
so A (is) to G [Prop. 7.17]. But as C (is) to Ε, [so] D (is) to Ε΄. And thus as D (is) to F, so A 
(is) to G. Again, since F has made G (by) multiplying D, and has made B (by) multiplying F’, 
thus as D is to Γ΄, so G (is) to B [Prop. 7.17]. And it was also shown that as D (is) to F’, so A (is) 
to G. And thus as A (is) to G, so G (is) to B. Thus, A, G, B are continously proportional. Thus, 
there exists one number (namely, G) in mean proportion to A and B. 


So I say that A also has to B a squared ratio with respect to (that) a corresponding side (has) to 
a corresponding side—that is to say, with respect to (that) C (has) to £, or D to Ε΄. For since A, 
G, B are continuously proportional, A has to B a squared ratio with respect to (that A has) to G 
[Prop. 5.9]. And as A is to G, so C (is) to Κ᾽, and D to Γ᾿. And thus A has to B a squared ratio 
with respect to (that) C' (has) to E, or D to F’. (Which is) the very thing it was required to show. 
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Δύο ὁμοίων στερεῶν ἀριϑμῶν δύο μέσοι ἀνάλογον ἐμπίπτουσιν ἀριϑμοί: καὶ ὁ στερεὸς πρὸς 
τὸν ὅμοιον στερεὸν τριπλασίονα λόγον ἔχει ἤπερ ἣ ὁμόλογος πλευρὰ πρὸς τὴν ὁμόλογον 
πλευράν. 


Ἔστωσαν δύο ὅμοιοι στερεοὶ οἱ A, Β, καὶ τοῦ μὲν A πλευραὶ ἔστωσαν οἱ TI, Δ, E, τοῦ δὲ B οἱ 
Ζ, H, Θ. καὶ ἐπεὶ ὅμοιοι στερεοί εἰσιν οἱ ἀνάλογον ἔχοντες τὰς πλευράς, ἔστιν ἄρα ὡς μὲν ὁ 
Τ᾽ πρὸς τὸν Δ, οὕτως ὁ Ζ πρὸς τὸν H, ὡς δὲ ὁ A πρὸς τὸν E, οὕτως ὁ Η πρὸς τὸν Θ. λέγω, 
ὅτι τῶν A, B δύο μέσοι ἀνάλογόν ἐμπίπτουσιν ἀριϑμοί, καὶ ὁ A πρὸς τὸν Β τριπλασίονα λόγον 
ἔχει ἤπερ ὁ Τ᾽ πρὸς τὸν Z καὶ ὁ Δ πρὸς τὸν Η καὶ ἔτι ὁ E πρὸς τὸν Θ. 


‘OT γὰρ τὸν Δ πολλαπλασιάσας τὸν Κ ποιείτω, ὁ δὲ Ζ τὸν Η πολλαπλασιάσας tov A ποιείτω. 
not ἐπεὶ ot I, Δ τοὶς Ζ, Η ἐν τῷ αὐτῷ λόγῳ εἰσίν, καὶ éx μὲν τῶν TD, Δ ἐστιν ὁ Κ, ἐκ δὲ τῶν Z, 
Η ὁ ΛΔ, οἱ K, A [ἄρα] ὅμοιοι ἐπίπεδοί εἰσιν ἀριϑμοί: τῶν Κ, A ἄρα εἷς μέσος ἀνάλογόν ἐστιν 
ἀριϑμός. ἔστω ὁ Μ. ὁ Μ ἄρα ἐστὶν ὁ ἐκ τῶν Δ, Ζ, ὡς ἐν τῷ πρὸ τούτου ϑεωρήματι ἐδείχϑη. 
not ἐπεὶ ὁ Δ τὸν μὲν I πολλαπλασιάσας τὸν K πεποίηκεν, τὸν δὲ Ζ πολλαπλασιάσας tov M 
πεποίηκεν, ἔστιν ἄρα ὡς ὁ Τ᾽ πρὸς τὸν Ζ, οὕτως ὁ Κ πρὸς τὸν Μ. ἀλλ᾽ ὡς ὁ Κ πρὸς τὸν M, 
ὁ Μ πρὸς tov A. οἱ Κ, Μ, A ἄρα ἑξῆς εἰσιν ἀνάλογον ἐν τῷ τοῦ I πρὸς τὸν Ζ λόγῷ. καὶ 
ἐπεί ἐστιν ὡς ὁ Τ᾽ πρὸς τὸν Δ, οὕτως ὁ Ζ πρὸς τὸν Η, ἐναλλὰξ ἄρα ἐστὶν ὡς ὁ TI πρὸς τὸν Z, 
οὕτως ὁ Δ πρὸς τὸν H. διὰ τὰ αὐτὰ δὴ καὶ ὡς ὁ Δ πρὸς τὸν Η, οὕτως ὁ E πρὸς τὸν Θ. οἱ K, 
Μ, A ἄρα ἑξῆς εἰσιν ἀνάλογον ἔν τε τῷ τοῦ 1 πρὸς τὸν Ζ λόγῳ χαὶ τῷ τοῦ Δ πρὸς τὸν Η καὶ 
ἔτι τῷ τοῦ E πρὸς τὸν Θ. ἑκατερος δὴ τῶν E, © τὸν Μ πολλαπλασιάσας ἑκάτερον τῶν Ν, & 
ποιείτω. καὶ ἐπεὶ στερεός ἐστιν ὁ A, πλευραὶ δὲ αὐτοῦ εἰσιν οἱ T, Δ, E, ὁ E ἄρα τὸν ἐκ τῶν T, A 


ς 


πολλαπλασιάσας τὸν A πεποίηκεν. ὁ δὲ éx THVT, Δ ἐστιν ὁ Κ' ὁ E ἄρα τὸν K πολλαπλασιάσας 


A oe <6. 


tov A πεποίηκεν. διὰ τὰ αὐτὰ δὴ καὶ ὁ Θ τὸν A πολλαπλασιάσας τὸν B πεποίηκεν. nal ἐπεὶ ὁ 
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Two numbers fall (between) two similar solid numbers in mean proportion. And a solid (number) 
has to a similar solid (number) a cubed 142 ratio with respect to (that) a corresponding side (has) 
to a corresponding side. 


Let A and B be two similar solid numbers, and let C’, D, E be the sides of A, and Εἰ, G, H (the 
sides) of B. And since similar solid (numbers) are those having proportional sides [Def. 7.21], 
thus as ( is to D, so F (is) to G, and as D (is) to E, so G (is) to H. I say that two numbers 
fall (between) A and B in mean proportion, and (that) A has to B a cubed ratio with respect to 
(that) C (has) to F, and D to G, and, further, F to H. 


For let C make K (by) multiplying D, and let F make L (by) multiplying G. And since C’, D are 
in the same ratio as F', G, and K is the (number created) from (multiplying) C, D, and L the 
(number created) from (multiplying) Γ᾽, G, [thus] Καὶ and L are similar plane numbers [Def. 7.21]. 
Thus, there exits one number in mean proportion to K and L [Prop. 8.18]. Let it be Μ. Thus, 
M is the (number created) from (multiplying) D, Ε', as shown in the theorem before this (one). 
And since D has made Kk (by) multiplying C, and has made M (by) multiplying F’, thus as C is 
to F, so Καὶ (is) to M [Prop. 7.17]. But, as Καὶ (is) to M, (so) M (is) to L. Thus, kK, M, L are 
continuously proportional in the ratio of C to F. And since as (Οἱ is to D, so F (is) to G, thus, 
alternately, as C is to Γ᾽, so D (is) to G [Prop. 7.13]. And so, for the same (reasons), as D (is) 
to G, so E (is) to H. Thus, kK, Μ, L are continuously proportional in the ratio of C to Γ΄, and of 
D to G, and, further, of F to H. So let E, H make N, O, respectively, (by) multiplying M. And 
since A is solid, and C, D, F are its sides, EF has thus made A (by) multiplying the (number cre- 


1421 iterally, “triple”. 
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E τὸν K πολλαπλασιάσας tov A πεποίηκεν, ἀλλὰ μὴν καὶ τὸν Μ πολλαπλασιάσας tov N 
πεποίηκεν, ἔστιν ἄρα ὡς ὁ Κ πρὸς τὸν Μ, οὕτως ὁ A πρὸς τὸν N. ὡς δὲ ὁ Κ πρὸς τὸν Μ, 
οὕτως 6 τε TL πρὸς τὸν Ζ καὶ ὁ Δ πρὸς τὸν Η χαὶ ἔτι ὁ Ε πρὸς τὸν Θ’ καὶ ὡς ἄρα ὁ T πρὸς 
τὸν Ζ καὶ ὁ Δ πρὸς τὸν Η zai ὁ E πρὸς τὸν ©, οὕτως ὁ A πρὸς τὸν N. πάλιν, ἐπεὶ ἑκάτερος 
τῶν E, © τὸν Μ πολλαπλασιάσας ἑκάτερον τῶν Ν, & πεποίηκεν, ἔστιν ἄρα ὡς ὁ E πρὸς τὸν 
Θ, οὕτως ὁ Ν πρὸς τὸν Ξ. ἀλλ᾽ ὡς ὁ E πρὸς τὸν Θ, οὕτως ὅ τε 1 πρὸς τὸν Z uot ὁ Δ πρὸς 
τὸν Η’ χαὶ ὡς ἄρα ὁ Τ᾽ πρὸς τὸν Z χαὶ ὁ Δ πρὸς τὸν H χαὶ 6 E πρὸς τὸν Θ, οὕτως 6 te A 
πρὸς τὸν Ν χαὶ ὁ Ν πρὸς τὸν Ξ. πάλιν, ἐπεὶ 6 © τὸν Μ πολλαπλασιάσας τὸν ΞΞ πεποίηκεν, 
ἀλλὰ μὴν καὶ τὸν Λ πολλαπλασιάσας τὸν Β πεποίηκεν, ἔστιν ἄρα ὡς ὁ Μ πρὸς τὸν Λ, οὕτως ὁ 
Ξ πρὸς τὸν Β. ἀλλ᾽ ὡς ὁ Μ πρὸς τὸν A, οὕτως 6 τε Τ᾽ πρὸς τὸν Ζ καὶ ὁ Δ πρὸς τὸν Η καὶ ὁ 
E πρὸς τὸν ©. καὶ ὡς ἄρα ὁ T πρὸς τὸν Ζ χαὶ ὁ Δ πρὸς τὸν Η χαὶ ὁ E πρὸς τὸν Θ, οὕτως 
οὐ μόνον ὁ & πρὸς τὸν B, ἀλλὰ καὶ ὁ A πρὸς τὸν Ν χαὶ ὁ Ν πρὸς τὸν Ξ. οἱ A, N, Ξ, Β ἄρα 
ἑξῆς εἰσιν ἀνάλογον ἐν τοῖς εἰρημένοις τῶν πλευρῶν λόγοις. 

Λέγω, ὅτι καὶ ὁ A πρὸς τὸν Β τριπλασίονα λόγον ἔχει ἤπερ ἣ ὁμόλογος πλευρὰ πρὸς τὴν 
ὁμόλογον πλευράν, τουτέστιν ἤπερ ὁ TL ἀριϑμὸς πρὸς τὸν Ζ ἢ ὁ Δ πρὸς τὸν Η καὶ ἔτι ὁ E 
πρὸς τὸν Θ. ἐπεὶ γὰρ τέσσαρες ἀριϑμοὶ ἑξῆς ἀνάλογόν εἰσιν οἱ A, N, Ξ, Β, 6 A ἄρα πρὸς 
τὸν Β τριπλασίονα λόγον ἔχει ἤπερ ὁ Α πρὸς τὸν Ν. ἀλλ᾽ ὡς ὁ Α πρὸς τὸν Ν, οὕτως ἐδείχϑη 
ὅ τε 1 πρὸς τὸν Ζ nat ὁ Δ πρὸς τὸν H χαὶ ἔτι ὁ E πρὸς τὸν ©. χαὶ ὁ A ἄρα πρὸς τὸν B 
τριπλασίονα λόγον ἔχει ἤπερ ἣ ομόλογος πλευρὰ πρὸς τὴν ὁμόλογον πλευράν, τουτέστιν ἤπερ 
OT ἀριϑμὸς πρὸς τὸν Z καὶ ὁ Δ πρὸς τὸν Η καὶ ἔτι ὁ E πρὸς τὸν O° ὅπερ ἔδει δεῖξαι. 
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-ated) from (multiplying) C, ἢ. And Καὶ is the (number created) from (multiplying) C, D. Thus, Ε 
has made A (by) multiplying Κ΄. And so, for the same (reasons), H has made B (by) multiplying 
L. And since E has made A (by) multiplying kK, but has, in fact, also made N (by) multiplying 
M, thus as Καὶ is to M, so A (is) to N [Prop. 7.17]. And as K (is) to M, so C (is) to Εἰ, and D to 
G, and, further, Καὶ to H. And thus as C (is) to F’,, and D to G, and E to H, so A (is) to N. Again, 
since E, H have made N, O, respectively, (by) multiplying M, thus as FE is to H, so N (is) to Ὁ 
[Prop. 7.18]. But, as F (is) to H, so C (is) to F', and D to G. And thus as C (is) to Ε΄, and D to 
G, and E to H, so (is) Ato N, and N to O. Again, since H has made O (by) multiplying Μ, but 
has, in fact, also made B (by) multiplying L, thus as Μ (is) to L, so O (is) to B [Prop. 7.17]. But, 
as Μ (is) to L, so C (is) to F, and D to G, and EF to H. And thus as C (is) to Εἰ, and D to G, and 
E to H, so not only (is) O to B, but also A to N, and N to O. Thus, A, N, O, B are continuously 
proportional in the aforementioned ratios of the sides. 


So I say that A also has to B a cubed ratio with respect to (that) a corresponding side (has) to 
a corresponding side—that is to say, with respect to (that) the number C (has) to F,, or D to G, 
and, further, Εἰ to H. For since A, N, O, B are four continuously proportional numbers, A thus 
has to B a cubed ratio with respect to (that) A (has) to N [Def. 5.10]. But, as A (is) to N, so it 
was shown (is) C to F’, and D to G, and, further, Ε to H. And thus A has to B a cubed ratio with 
respect to (that) a corresponding side (has) to a corresponding side—that is to say, with respect 
to (that) the number C (has) to F’, and D to G, and, further, F to H. (Which is) the very thing it 
was required to show. 
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"Exy δύο ἀριϑμῶν εἷς μέσος ἀνάλογον ἐμπίπτῃ ἀριϑμός, ὅμοιοι ἐπίπεδοι ἔσονται οἱ ἀριϑμοί. 


Δύο γὰρ ἀριϑμῶν τῶν A, Β εἷς μέσος ἀνάλογον ἐμπιπτέτω ἀριϑμὸς ὁ Γ΄ λέγω, ὅτι οἱ A, Β 
ὅμοιοι ἐπίπεδοί εἰσιν ἀριϑμοί. 


Εἰλήφϑωσαν [γὰρ] ἐλάχιστοι ἀριϑμοὶ τῶν τὸν αὐτὸν λόγον ἐχόντων τοῖς A, 1" οἱ A, E> ἰσάκις 
ἄρα ὁ Δ tov A μετρεῖ καὶ ὁ E τὸν 1. ὁσάκις δὴ ὁ Δ τὸν A μετρεῖ, τοσαῦται μονάδες ἔστωσαν 
ἐν τῷ Z ὁ Z ἄρα τὸν Δ πολλαπλασιάσας τὸν A πεποίηκεν. ὥστε ὁ A ἐπίπεδός ἐστιν, πλευραὶ δὲ 
αὐτοῦ οἱ Δ, Ζ. πάλιν, ἐπεὶ οἱ Δ, Ε ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν λόγον ἐχόντων τοῖς I’, Β, ἰσάκις 
ἄρα ὁ Δ τὸν Τ᾽ μετρεῖ καὶ ὁ E τὸν Β. ὁσάκις δὴ ὁ E τὸν Β μετρεῖ, τοσαῦται μονάδες ἔστωσαν 
ἐν τῷ H. ὁ E ἄρα τὸν Β μετρεῖ κατὰ τὰς ἐν τῷ Η μονάδας: ὁ Η ἄρα τὸν E πολλαπλασιάσας τὸν 
Β πεποίηκεν. ὁ Β ἄρα ἐπίπεδος ἐστι, πλευραὶ δὲ αὐτοῦ εἰσιν οἱ E, Η. ot A, Β ἄρα ἐπίπεδοί εἰσιν 
ἀριϑμοί. λέγω SH, ὅτι καὶ ὅμοιοι. ἐπεὶ γὰρ ὁ Ζ τὸν μὲν Δ πολλαπλασιάσας τὸν A πεποίηκεν, 
τὸν δὲ E πολλαπλασιάσας τὸν T° πεποίηκεν, ἔστιν ἄρα ὡς ὁ Δ πρὸς τὸν E, οὕτως ὁ A πρὸς τὸν 
I, τουτέστιν ὁ 1 πρὸς τὸν Β. πάλιν, ἐπεὶ ὁ E ἑκάτερον τῶν Ζ, Η πολλαπλασιάσας τοὺς I, B 
πεποίηκεν, ἔστιν ἄρα ὡς ὁ Ζ πρὸς τὸν Η, οὕτως ὁ 1 πρὸς τὸν Β. ὡς δὲ ὁ 1 πρὸς τὸν Β, οὕτως 
ὁ Δ πρὸς τὸν Ε; χαὶ ὡς ἄρα ὁ Δ πρὸς τὸν E, οὕτως ὁ Ζ πρὸς τὸν Η᾿ καὶ ἐναλλὰξ ὡς ὁ Δ 
πρὸς τὸν Z, οὕτως ὁ E πρὸς τὸν Η. οἱ A, Β ἄρα ὅμοιοι ἐπίπεδοι ἀριϑμοί εἰσιν’ αἱ γὰρ πλευραὶ 
αὐτῶν ἀνάλογόν εἰσιν ὅπερ ἔδει δεῖξαι. 
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If one number falls between two numbers in mean proportion then the numbers will be similar 
plane (numbers). 


For let one number (Οἱ fall between the two numbers A and B in mean proportion. I say that A 
and B are similar plane numbers. 


[For] let the least numbers, D and FE, having the same ratio as A and (Οἱ have been taken 
[Prop. 7.33]. Thus, D measures A as many times as Εἰ (measures) C’ [Prop. 7.20]. So as many 
times as D measures A, so many units let there be in Γ΄. Thus, F has made A (by) multiplying 
D [Def. 7.15]. Hence, A is plane, and D, F (are) its sides. Again, since D and EF are the least 
of those (numbers) having the same ratio as C and B, D thus measures C' as many times as F 
(measures) B [Prop. 7.20]. So as many times as / measures B, so many units let there be in 
G. Thus, & measures B according to the units in G. Thus, G has made B (by) multiplying EF 
[Def. 7.15]. Thus, B is plane, and F, G are its sides. Thus, A and B are (both) plane numbers. 
So I say that (they are) also similar. For since Γ' has made A (by) multiplying D, and has made 
C (by) multiplying Ε, thus as D is to E, so A (is) to C—that is to say, C to B [Prop. 7.17].‘*° 
Again, since EF has made C, B (by) multiplying F’, G, respectively, thus as Γ΄ is to G, so C (is) to 
B [Prop. 7.17]. And as C (is) to B, so D (is) to E. And thus as D (is) to Κ᾽, so F' (is) to G. And, 
alternately, as D (is) to F', so Εἰ (is) to G [Prop. 7.13]. Thus, A and B are similar plane numbers. 
For their sides are proportional [Def. 7.21]. (Which is) the very thing it was required to show. 


143This part of the proof is defective, since it is not demonstrated that F x E = C. Furthermore, it is not necessary 
to show that D: Ε' :: A: C, because this is true by hypothesis. 
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᾿ὰν δύο ἀριϑμῶν δύο μέσοι ἀνάλογον ἐμπίπτωσιν ἀριϑμοί, ὅμοιοι στερεοί εἰσιν οἱ ἀριϑμοί. 


Δύο γὰρ ἀριϑμῶν τῶν A, Β δύο μέσοι ἀνάλογον ἐμπιπτέτωσαν ἀριϑμοὶ οἱ 1), Δ’ λέγω, ὅτι οἱ 
Δ, Β ὅμοιοι στερεοί εἰσιν. 


Εἰλήφϑωσαν γὰρ ἐλάχιστοι ἀριϑμοὶ τῶν τὸν αὐτὸν λόγον ἐχόντων τοῖς A, I, Δ τρεῖς οἱ Ε, Z, 
Η: οἱ ἄρα ἄκροι αὐτῶν οἱ E, Η πρῶτοι πρὸς ἀλλήλους εἰσίν. καὶ ἐπεὶ τῶν E, Η εἷς μέσος 
ἀνάλογον ἐμπέπτωκεν ἀριϑμὸς ὁ Ζ, οἱ Ε, Η ἄρα ἀριϑμοὶ ὅμοιοι ἐπίπεδοί εἰσιν. ἔστωσαν οὖν 
τοῦ μὲν E πλευραὶ ot ©, K, τοῦ δὲ Η οἱ A, Μ. φανερὸν ἄρα ἐστὶν éx τοῦ πρὸ τούτου, ὅτι οἱ 
Ε, Z, Η ἑξῆς εἰσιν ἀνάλογον ἔν τε τῷ τοῦ © πρὸς τὸν A λόγῳ καὶ τῷ τοῦ K πρὸς τὸν M. καὶ 
ἐπεὶ οἱ E, Ζ, H ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν λόγον ἐχόντων τοῖς A, T, Δ, καί ἐστιν ἴσον τὸ 
πλῆϑος τῶν E, Ζ, Η τῷ πλήϑει τῶν A, T, Δ, Sv ἴσου ἄρα ἐστὶν ὡς ὁ E πρὸς τὸν Η, οὕτως 6 
A πρὸς τὸν Δ. οἱ δὲ E, H πρῶτοι, οἱ δὲ πρῶτοι nol ἐλάχιστοι, οἱ δὲ ἐλάχιστοι μετροῦσι τοὺς 
τὸν αὐτὸν λόγον ἔχοντας αὐτοῖς ἰσάκις ὅ τε μείζων τὸν μείζονα καὶ ὁ ἐλάσσων τὸν ἐλάσσονα, 
τουτέστιν ὅ τε ἡγούμενος τὸν ἡγούμενον χαὶ ὁ ἑπόμενος τὸν ἑπόμενον: ἰσάκις ἄρα ὁ E τὸν A 
μετρεῖ καὶ ὁ Η τὸν Δ. ὁσάκις δὴ ὁ E τὸν A μετρεῖ, τοσαῦται μονάδες ἔστωσαν ἐν τῷ Ν. oO N 
ἄρα tov E πολλαπλασιάσας tov A πεποίηκεν. ὁ δὲ E ἐστιν ὁ ἐκ τῶν Θ, KO Ν ἄρα τὸν ἐκ τῶν 
©, Κ πολλαπλασιάσας tov A πεποίηκεν. στερεὸς ἄρα ἐστὶν 6 A, πλευραὶ δὲ αὐτοῦ εἰσιν οἱ Θ, 
Κ, Ν. πάλιν, ἐπεὶ οἱ E, Ζ, Η ἐλάχιστοί εἰσι τῶν τὸν αὐτὸν λόγον ἐχόντων τοῖς 1", Δ, B, ἰσάκις 
ἄρα ὁ E τὸν I μετρεῖ καὶ ὁ Η τὸν Β. ὁσάκις δὴ ὁ E τὸν T μετρεῖ, τοσαῦται μονάδες ἔστωσαν 
ἐν τῷ Ξ. ὁ Η ἄρα τὸν Β μετρεῖ κατὰ τὰς ἐν τῷ Ξ μονάδας: ὁ Ξ ἄρα τὸν Η πολλαπλασιάσας 
τὸν Β πεποίηκεν. ὁ δὲ Η ἐστιν ὁ ἐκ τῶν A, Μ’ ὁ & ἄρα τὸν ἐκ τῶν A, Μ πολλαπλασιάσας τὸν 
Β πεποίηκεν. στερεὸς ἄρα ἐστὶν ὁ B, πλευραὶ δὲ αὐτοῦ εἰσιν ot A, Μ, & οἱ Δ, Β ἄρα στερεοί 
εἰσιν. 


Lan N 


Λέγω [Sy], ὅτι καὶ ὅμοιοι. ἐπεὶ γὰρ ot N, & tov E πολλαπλασιάσαντες τοὺς A, Τ᾿ πεποιήκασιν, 
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Proposition 21 
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If two numbers fall between two numbers in mean proportion then the (latter) are similar solid 
(numbers). 


For let the two numbers C' and D fall between the two numbers A and B in mean proportion. I 
say that A and B are similar solid (numbers). 


Let the three least numbers Κ᾽, Ε', G having the same ratio as A, C’, D have been taken [Prop. 8.2]. 
Thus, the outermost of them, Εἰ and G, are prime to one another [Prop. 8.3]. And since one 
number, fF’, has fallen (between) £ and G in mean proportion, F and G are thus similar plane 
numbers [Prop. 8.20]. Therefore, let H, Καὶ be the sides of F, and L, M (the sides) of G. Thus, it 
is clear from the (proposition) before this (one) that Κ᾽, Ε΄, G are continuously proportional in the 
ratio of H to L, and of Καὶ to M. And since EF, F’, G are the least (numbers) having the same ratio 
as A, C, D, and the multitude of Ε,, Ε', G is equal to the multitude of A, C, D, thus, via equality, 
as Εὶ is to G, so A (is) to D [Prop. 7.14]. And FE and G (are) prime (to one another), and prime 
(numbers) are also the least (of those numbers having the same ratio as them) [Prop. 7.21], and 
the least (numbers) measure those (numbers) having the same ratio as them an equal number of 
times, the greater (measuring) the greater, and the lesser the lesser—that is to say, the leading 
(measuring) the leading, and the following the following [Prop. 7.20]. Thus, Εἰ measures A the 
same number of times as G (measures) D. So as many times as £ measures A, so many units let 
there be in NV. Thus, N has made A (by) multiplying F [Def. 7.15]. And FE is the (number created) 
from (multiplying) H and kK. Thus, N has made A (by) multiplying the (number created) from 
(multiplying) H and Kk. Thus, A is solid, and its sides are H, Καὶ, N. Again, since FE, F’, G are the 
least (numbers) having the same ratio as C, D, B, thus EF measures Οὐ the same number of times 
as G (measures) B [Prop. 7.20]. So as many times as Εἰ measures C’, so many units let there be in 
O. Thus, G measures B according to the units in O. Thus, O has made B (by) multiplying G. And 
G is the (number created) from (multiplying) L and /.Thus, O has made B (by) multiplying the 
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ἔστιν ἄρα ὡς ὁ Ν πρὸς τὸν &, 6 A πρὸς τὸν T, τουτέστιν ὁ E πρὸς τὸν Ζ. ἀλλ᾽ ὡς ὁ E πρὸς 
tov Z, ὁ © πρὸς τὸν A χαὶ ὁ K πρὸς τὸν Μ’ καὶ ὡς ἄρα ὁ Θ πρὸς τὸν A, οὕτως 6 K πρὸς 
τὸν Μ χαὶ ὁ Ν πρὸς τὸν Ξ. ual εἰσιν οἱ μὲν Θ, K, N πλευραὶ tod A, οἱ δὲ Ξ, A, Μ πλευραὶ 
τοῦ Β. ot A, Β ἄρα ἀριϑμοὶ ὅμοιοι στερεοί εἰσιν’ ὅπερ ἔδει δεῖξαι. 
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(number created) from (multiplying) L and Μ΄. Thus, Β is solid, and its sides are L, M, O. Thus, 
A and B are (both) solid. 


[So] I say that (they are) also similar. For since N, O have made A, (' (by) multiplying FE, thus as 
N is to O, so A (is) to C—that is to say, EF to F [Prop. 7.18]. But, as EF (is) to F’, so H (is) to L, 
and Καὶ to M. And thus as H (is) to L, so K (is) to M, and N to O. And H, K, N are the sides of 
A, and L, M, Ο 15 the sides of B. Thus, A and B are similar solid numbers [Def. 7.21]. (Which 


is) the very thing it was required to show. 


144The Greek text has “O, L, M”, which is obviously a mistake. 
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"Ey τρεῖς ἀριϑμοὶ ἑξῆς ἀνάλογον ὦσιν, ὁ δὲ πρῶτος τετράγωνος 7, καὶ ὁ τρίτος τετράγωνος 
ἔσται. 


Ἔστωσαν τρεῖς ἀριϑμοὶ ἑξῆς ἀνάλογον οἱ A, Β, 1, ὁ δὲ πρῶτος ὁ A τετράγωνος ἔστω" λέγω, 
ὅτι καὶ ὁ τρίτος ὁ T° τετράγωνός ἐστιν. 


"Exel γὰρ τῶν A, T εἷς μέσος ἀνάλογόν ἐστιν ἀριϑμὸς ὁ Β, οἱ A, Τ' ἄρα ὅμοιοι ἐπίπεδοί εἰσιν. 
τετράγωνος δὲ ὁ Δ’ τετράγωνος ἄρα καὶ ὁ I ὅπερ ἔδει δεῖξαι. 
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Proposition 22 


If three numbers are continuously proportional, and the first is square, then the third will also be 
square. 


Let A, B, C be three continuously proportional numbers, and let the first A be square. I say that 
the third C is also square. 


For since one number, B, is in mean proportion to A and C, A and C are thus similar plane 


(numbers) [Prop. 8.20]. And A is square. Thus, C is also square [Def. 7.21]. (Which is) the very 
thing it was required to show. 
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"Ey τέσσαρες ἀριϑμοὶ ἑξῆς ἀνάλογον ὦσιν, ὁ δὲ πρῶτος κύβος ἢ, καὶ ὁ τέταρτος χύβος ἔσται. 


Ἔστωσαν τέσσαρες ἀριϑμοὶ ἑξῆς ἀνάλογον οἱ Δ, Β, I, Δ, ὁ δὲ A κύβος ἔστω: λέγω, ὅτι καὶ ὁ 
Δ χύβος ἐστίν. 


᾿πεὶ γὰρ τῶν A, Δ δύο μέσοι ἀνάλογόν εἰσιν ἀριϑμοὶ οἱ Β, T, οἱ A, Δ ἄρα ὅμοιοί εἰσι στερεοὶ 
ἀριϑμοί. κύβος δὲ ὁ Δ’ χύβος ἄρα uxt ὁ Δ’ ὅπερ ἔδει δεῖξαι. 
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Proposition 23 


If four numbers are continuously proportional, and the first is cube, then the fourth will also be 
cube. 


Let A, B, C, D be four continuously proportional numbers, and let A be cube. I say that D is also 
cube. 


For since two numbers, B and C, are in mean proportion to A and D, A and D are thus similar 
solid numbers [Prop. 8.21]. And A (is) cube. Thus, D (is) also cube [Def. 7.21]. (Which is) the 
very thing it was required to show. 
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"Exv δύο ἀριϑμοὶ πρὸς ἀλλήλους λόγον ἔχωσιν, ὃν τετράγωνος ἀριϑμὸς πρὸς τετράγωνον 
ἀριϑμόν, ὁ δὲ πρῶτος τετράγωνος ἢ, καὶ ὁ δεύτερος τετράγωνος ἔσται. 


Δύο γὰρ ἀριϑμοὶ οἱ A, Β πρὸς ἀλλήλους λόγον ἐχέτωσαν, ὃν τετράγωνος ἀριϑμὸς ὁ T° πρὸς 
τετράγωνον ἀριϑμὸν τὸν Δ, ὁ dé A τετράγωνος ἔστω: λέγω, ὅτι καὶ ὁ Β τετράγωνός ἐστιν. 


Ἐπεὶ γὰρ οἱ T, Δ τετράγωνοί εἰσιν, οἱ T, Δ ἄρα ὅμοιοι ἐπίπεδοί εἰσιν. τῶν TD, Δ ἄρα εἷς μέσος 
ἀνάλογον ἐμπίπτει ἀριϑμός. καί ἐστιν ὡς ὁ I πρὸς τὸν Δ, ὁ A πρὸς τὸν Β’ καὶ τῶν A, B 
ἄρα εἷς μέσος ἀνάλογον ἐμπίπτει ἀριϑμός. καί ἐστιν ὁ A τετράγωνος: καὶ ὁ Β ἄρα τετράγωνός 


ἐστιν᾽ ὅπερ ἔδει δεῖξαι. 
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Proposition 24 


If two numbers have to one another the ratio which a square number (has) to a(nother) square 
number, and the first is square, then the second will also be square. 


For let two numbers, A and B, have to one another the ratio which the square number Οἱ (has) 
to the square number D. And let A be square. I say that B is also square. 


For since Οἱ and D are square, C' and D are thus similar plane (numbers). Thus, one number falls 
(between) C and D in mean proportion [Prop. 8.18]. And as C is to D, (so) A (is) to B. Thus, 
one number also falls (between) A and B in mean proportion [Prop. 8.8]. And A is square. Thus, 
B is also square [Prop. 8.22]. (Which is) the very thing it was required to show. 
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᾿ὰν δύο ἀριϑμοὶ πρὸς ἀλλήλους λόγον ἔχωσιν, ὃν κύβος ἀριϑμὸς πρὸς κύβον ἀριϑμόν, ὁ δὲ 
πρῶτος γύβος ἢ, καὶ ὁ δεύτερος κύβος ἔσται. 


Δύο γὰρ ἀριϑμοὶ οἱ A, Β πρὸς ἀλλήλους λόγον ἐχέτωσαν, ὃν κύβος ἀριϑμὸς ὁ Τ᾽ πρὸς ubBov 
ἀριϑμὸν τὸν Δ, κύβος δὲ ἔστω ὁ Δ΄ λέγω [δή], ὅτι καὶ ὁ Β κύβος ἐστίν. 


Ἐπεὶ γὰρ οἱ Τ᾽, Δ κύβοι εἰσίν, οἱ T, Δ ὅμοιοι στερεοί ciow τῶν T, Δ ἄρα δύο μέσοι ἀνάλογον 
ἐμπίπτουσιν ἀριϑμοί. ὅσοι δὲ εἰς τοὺς 1, A μεταξὺ κατὰ τὸ συνεχὲς ἀνάλογον ἐμπίπτουσιν, 
τοσοῦτοι καὶ εἰς τοὺς τὸν αὐτὸν λόγον ἔχοντας αὐτοῖς" ὥστε καὶ τῶν A, Β δύο μέσοι ἀνάλογον 
ἐμπίπτουσιν ἀριϑμοί. ἐμπιπτέτωσαν οἱ E, Ζ. ἐπεὶ οὖν τέσσαρες ἀριϑμοὶ οἱ A, Ε, Z, Β ἑξῆς 
2 dé / > t > td = 4 vw Ν ς -« , 

ἀνάλογόν εἰσιν, καί ἐστι κύβος ὁ A, κύβος ἄρα uxt ὁ Β’ ὅπερ ἔδει δεῖξαι. 
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Proposition 25 


If two numbers have to one another the ratio which a cube number (has) to a(nother) cube 
number, and the first is cube, then the second will also be cube. 


For let two numbers, A and B, have to one another the ratio which the cube number C (has) to 
the cube number D. And let A be cube. [So] I say that B is also cube. 


For since C and D are cube (numbers), Οἱ and D are (thus) similar solid (numbers). Thus, two 
numbers fall (between) (Οἱ and D in mean proportion [Prop. 8.19]. And as many (numbers) as fall 
in between C and D in continued proportion, so many also (fall) in (between) those (numbers) 
having the same ratio as them (in continued proportion) [Prop. 8.8]. And hence two numbers fall 
(between) A and B in mean proportion. Let Ε' and F (50) fall. Therefore, since the four numbers 
A, E, F, B are continuously proportional, and A is cube, Β (is) thus also cube [Prop. 8.23]. 
(Which is) the very thing it was required to show. 
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Οἱ ὅμοιοι ἐπίπεδοι ἀριϑμοὶ πρὸς ἀλλήλους λόγον ἔχουσιν, ὃν τετράγωνος ἀριϑμὸς πρὸς 
τετράγωνον ἀριϑμόν. 


Ἔστωσαν ὅμοιοι ἐπίπεδοι ἀριϑμοὶ οἱ A, Β’ λέγω, ὅτι ὁ πρὸς τὸν Β λόγον ἔχει, ὃν τετράγωνος 
ἀριϑμὸς πρὸς τετράγωνον ἀριϑμόν. 


Ἐπεὶ γὰρ οἱ A, Β ὅμοιοι ἐπίπεδοί εἰσιν, τῶν A, Β ἄρα εἷς μέσος ἀνάλογον ἐμπίπτει ἀριϑμός. 
ἐμπιπτέτω καὶ ἔστω OT, καὶ εἰλήφϑωσαν ἐλάχιστοι ἀριϑμοὶ τῶν τὸν αὐτὸν λόγον ἐχόντων τοῖς 
A, T, Β οἱ Δ, E, Ζ: οἱ ἄρα ἄκροι αὐτῶν οἱ Δ, Z τετράγωνοί εἰσιν. καὶ ἐπεί ἐστιν ὡς ὁ Δ πρὸς 
τὸν Ζ, οὕτως ὁ A πρὸς τὸν B, καί εἰσιν οἱ Δ, Z τετράγωνοι, ὁ A ἄρα πρὸς τὸν Β λόγον ἔχει, 
ὃν τετράγωνος ἀριϑμὸς πρὸς τετράγωνον ἀριϑμόν᾽: ὅπερ ἔδει δεῖξαι. 
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Proposition 26 


Similar plane numbers have to one another the ratio which (some) square number (has) to 
a(nother) square number. 


Let A and B be similar plane numbers. I say that A has to B the ratio which (some) square 
number (has) to a(nother) square number. 


For since A and B are similar plane numbers, one number thus falls (between) A and B in mean 
proportion [Prop. 8.18]. Let it (so) fall, and let it be C. And let the least numbers, D, E, F, 
having the same ratio as A, C’, B have been taken [Prop. 8.2]. The outermost of them, D and F, 
are thus square [Prop. 8.2 corr.]. And since as D is to F’, so A (is) to B, and D and F are square, 
A thus has to B the ratio which (some) square number (has) to a(nother) square number. (Which 
is) the very thing it was required to show. 
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Οἱ ὅμοιοι στερεοὶ ἀριϑμοὶ πρὸς ἀλλήλους λόγον ἔχουσιν, ὃν κύβος ἀριϑμὸς πρὸς χύβον 
ἀριϑμόν. 


Ἔστωσαν ὅμοιοι στερεοὶ ἀριϑμοὶ οἱ A, Br λέγω, ὅτι ὁ A πρὸς τὸν Β λόγον ἔχει, ὃν κύβος 
ἀριϑμὸς πρὸς κύβον ἀριϑμόν. 


Ἐπεὶ γὰρ οἱ A, Β ὅμοιοι στερεοί εἰσιν, τῶν A, Β ἄρα δύο μέσοι ἀνάλογον ἐμπίπτουσιν ἀριϑμοί. 
ἐμπιπτέτωσαν οἱ I, Δ, καὶ εἰλήφϑωσαν ἐλάχιστοι ἀριϑμοὶ τῶν τὸν αὐτὸν λόγον ἐχόντων τοῖς A, 
T, Δ, Β ἴσοι αὐτοῖς τὸ πλῆϑος οἱ E, Ζ, Η, Θ’ οἱ ἄρα ἄκροι αὐτῶν οἱ E, © κύβοι εἰσίν. καί 
ἐστιν ὡς ὁ E πρὸς τὸν Θ, οὕτως ὁ A πρὸς τὸν Br καὶ ὁ A ἄρα πρὸς τὸν Β λόγον ἔχει, ὃν 
κύβος ἀριϑμὸς πρὸς χύβον ἀριϑμόν: ὅπερ ἔδει δεῖξαι. 
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Similar solid numbers have to one another the ratio which (some) cube number (has) to a(nother) 
cube number. 


Let A and B be similar solid numbers. I say that A has to B the ratio which (some) cube number 
(has) to a(nother) cube number. 


For since A and B are similar solid (numbers), two numbers thus fall (between) A and B in 
mean proportion [Prop. 8.19]. Let C and D have (so) fallen. And let the least numbers, F, F, 
G, H, having the same ratio as A, C, D, B, (and) equal in multitude to them, have been taken 
[Prop. 8.2]. Thus, the outermost of them, Εἰ and H, are cube [Prop. 8.2 corr.]. And as E is to H, 
so A (is) to B. And thus A has to B the ratio which (some) cube number (has) to a(nother) cube 
number. (Which is) the very thing it was required to show. 
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ELEMENTS BOOK 9 


Applications of number theory «: 


145The propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 


XTOTXEIQN 9΄ 


Ἐὰν δύο ὅμοιοι ἐπίπεδοι ἀριϑμοὶ πολλαπλασιάσαντες ἀλλήλους ποιῶσί τινα, ὁ γενόμενος 
τετράγωνος ἔσται. 


Ἔστωσαν δύο ὅμοιοι ἐπίπεδοι ἀριϑμοὶ οἱ A, Β, καὶ ὁ A τὸν Β πολλαπλασιάσας τὸν Τ᾿ ποιείτω" 
λέγω, ὅτι ὁ Τ᾽ τετράγωνός ἐστιν. 


Ὁ γὰρ Α ἑαυτὸν πολλαπλασιάσας τὸν Δ ποιείτω. ὁ Δ ἄρα τετράγωνός ἐστιν. ἐπεὶ οὖν ὁ 
A ἑαυτὸν μὲν πολλαπλασιάσας τὸν Δ πεποίηκεν, τὸν δὲ Β πολλαπλασιάσας τὸν T° πεποίηκεν, 
ἔστιν ἄρα ὡς ὁ A πρὸς τὸν Β, οὕτως ὁ Δ πρὸς τὸν T. καὶ ἐπεὶ οἱ A, Β ὅμοιοι ἐπίπεδοί εἰσιν 
ἀριϑμοί, τῶν Α, Β ἄρα εἷς μέσος ἀνάλογον ἐμπίπτει ἀριϑμός. ἐὰν δὲ δύο ἀριϑμῶν μεταξὺ κατὰ 
τὸ συνεχὲς ἀνάλογον ἐμπίπτωσιν ἀριϑμοί, ὅσοι εἰς αὐτοὺς ἐμπίπτουσι, τοσοῦτοι καὶ εἰς τοὺς 
τὸν αὐτὸν λόγον ἔχοντας" ὥστε καὶ τῶν Δ, T εἷς μέσος ἀνάλογον ἐμπίπτει ἀριϑμός. χαί ἐστι 
τετράγωνος ὁ Δ’ τετράγωνος ἄρα ual ὁ T° ὅπερ ἔδει δεῖξαι. 
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Proposition 1 


If two similar plane numbers make some (number by) multiplying one another then the created 
(number) will be square. 


Let A and B be two similar plane numbers, and let A make C (by) multiplying B. I say that C is 
square. 


For let A make D (by) multiplying itself. D is thus square. Therefore, since A has made D 
(by) multiplying itself, and has made C (by) multiplying B, thus as A is to B, so D (is) to C 
[Prop. 7.17]. And since A and B are similar plane numbers, one number thus falls (between) 
A and B in mean proportion [Prop. 8.18]. And if (some) numbers fall between two numbers 
in continued proportion, then as many (numbers) as fall in (between) them (in continued pro- 
portion), so many also (fall) in (between numbers) having the same ratio (as them in continued 
proportion) [Prop. 8.8]. And hence one number falls (between) D and (Οἱ in mean proportion. 
And D is square. Thus, C' (is) also square [Prop. 8.22]. (Which is) the very thing it was required 
to show. 
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5 


Ἐὰν δύο ἀριϑμοὶ πολλαπλασιάσαντες ἀλλήλους ποιῶσι τετράγωνον, ὅμοιοι ἐπίπεδοί εἰσιν 
ἀριϑμοί. 


Ἔστωσαν δύο ἀριϑμοὶ οἱ A, Β, καὶ ὁ A τὸν Β πολλαπλασιάσας τετράγωνον τὸν T° ποιείτω" 
λέγω, ὅτι οἱ A, B ὅμοιοι ἐπίπεδοί εἰσιν ἀριϑμοί. 


Ὁ γὰρ A ἑαυτὸν πολλαπλασιάσας τὸν Δ ποιείτω: ὁ Δ ἄρα τετράγωνός ἐστιν. καὶ ἐπεὶ ὁ A 
ἑαυτὸν μὲν πολλαπλασιάσας τὸν Δ πεποίηκεν, τὸν δὲ Β πολλαπλασιάσας τὸν Τ᾽ πεποίηκεν, ἔστιν 
ἄρα ὡς ὁ A πρὸς τὸν B, ὁ Δ πρὸς τὸν I. καὶ ἐπεὶ ὁ Δ τετράγωνός ἐστιν, ἀλλὰ καὶ ὁ T, οἱ 
Δ, T ἄρα ὅμοιοι ἐπίπεδοί εἰσιν. τῶν Δ, Γ' ἄρα εἷς μέσος ἀνάλογον ἐμπίπτει. καί ἐστιν ὡς ὁ Δ 
πρὸς τὸν Τ᾽, οὕτως 6 A πρὸς τὸν Β’ καὶ τῶν A, Β ἄρα εἷς μέσος ἀνάλογον ἐμπίπτει. ἐὰν δὲ δύο 
ἀριϑμῶν εἷς μέσος ἀνάλογον ἐμπίπτῃ, ὅμοιοι ἐπίπεδοί εἰσιν [oi] ἀριϑμοί: οἱ ἄρα A, Β ὅμοιοί 
εἰσιν ἐπίπεδοι: ὅπερ ἔδει δεῖξαι. 
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Proposition 2 


If two numbers make a square (number by) multiplying one another then they are similar plane 
numbers. 


Let A and B be two numbers, and let A make the square (number) Οἱ (by) multiplying B. I say 
that A and B are similar plane numbers. 


For let A make D (by) multiplying itself. Thus, D is square. And since A has made D (by) multi- 
plying itself, and has made C (by) multiplying B, thus as A is to B, so D (is) to C [Prop. 7.17]. 
And since D is square, and also C, D and C are thus similar plane numbers. Thus, one (number) 
falls (between) D and C in mean proportion [Prop. 8.18]. And as D is to C, so A (is) to B. 
Thus, one (number) also falls (between) A and B in mean proportion [Prop. 8.8]. And if one 
(number) falls (between) two numbers in mean proportion then [the] numbers are similar plane 
(numbers) [Prop. 8.20]. Thus, A and B are similar plane (numbers). (Which is) the very thing it 
was required to show. 
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᾿Ἐὰν χύβος ἀριϑμὸς ἑαυτὸν πολλαπλασιάσας ποιῇ τινα, ὁ γενόμενος χύβος ἔσται. 
Κύβος γὰρ ἀριϑμὸς ὁ A ἑαυτὸν πολλαπλασιάσας τὸν Β ποιείτω" λέγω, ὅτι ὁ Β χύβος ἐστίν. 


Εἰλήφϑω γὰρ τοῦ A πλευρὰ ὁ T, καὶ ὁ T ἑαυτὸν πολλαπλασιάσας τὸν Δ ποιείτω. φανερὸν δή 
ἐστιν, ὅτι ὁ 1 τὸν Δ πολλαπλασιάσας tov A πεποίηκεν. καὶ ἐπεὶ ὁ Τ᾽ ἑαυτὸν πολλαπλασιάσας 
τὸν Δ πεποίηχεν, ὁ T ἄρα τὸν Δ μετρεῖ κατὰ τὰς ἐν αὑτῷ μονάδας. ἀλλὰ μὴν καὶ ἣ μονὰς 
τὸν I’ μετρεῖ κατὰ τὰς ἐν αὐτῷ μονάδας: ἔστιν ἄρα ὡς ἣ μονὰς πρὸς τὸν I’, ὁ I πρὸς τὸν Δ. 
πάλιν, ἐπεὶ ὁ Τ᾿ τὸν Δ πολλαπλασιάσας tov A πεποίηκεν, ὁ Δ ἄρα τὸν A μετρεῖ κατὰ τὰς ἐν 
τῷ I μονάδας. μετρεῖ δὲ καὶ ἣ μονὰς τὸν Τ᾽ κατὰ τὰς ἐν αὐτῷ μονάδας: ἔστιν ἄρα ὡς ἣ μονὰς 
πρὸς τὸν T, ὁ Δ πρὸς τὸν A. ἀλλ᾽ ὡς ἣ μονὰς πρὸς τὸν T, ὁ Τ᾿ πρὸς τὸν Δ’ καὶ ὡς ἄρα ἣ 
μονὰς πρὸς τὸν IT’, οὕτως ὁ Τ᾽ πρὸς τὸν Δ καὶ ὁ Δ πρὸς τὸν A. τῆς ἄρα μονάδος καὶ τοῦ A 
ἀριϑμοῦ δύο μέσοι ἀνάλογον κατὰ τὸ συνεχὲς ἐμπεπτώχασιν ἀριϑμοὶ οἱ T, Δ. πάλιν, ἐπεὶ ὁ A 
ἑαυτὸν πολλαπλασιάσας τὸν Β πεποίηκεν, ὁ A ἄρα τὸν Β μετρεῖ κατὰ τὰς ἐν αὐτῷ μονάδας; 
μετρεῖ δὲ καὶ ἣ μονὰς τὸν A κατὰ τὰς ἐν αὐτῷ μονάδας: ἔστιν ἄρα ὡς ἣ μονὰς πρὸς τὸν A, ὁ 
A πρὸς τὸν Β. τῆς δὲ μονάδος καὶ tod A δύο μέσοι ἀνάλογον ἐμπεπτώχασιν ἀριϑμοί: καὶ τῶν 
A, Β ἄρα δύο μέσοι ἀνάλογον ἐμπεσοῦνται ἀριϑμοί. ἐὰν δὲ δύο ἀριϑμῶν δύο μέσοι ἀνάλογον 
ἐμπίπτωσιν, ὁ δὲ πρῶτος χύβος ἢ, καὶ ὁ δεύτερος κύβος ἔσται. καί ἐστιν 6 A κύβος: καὶ ὁ Β 
ἄρα κύβος ἐστίν: ὅπερ ἔδει δεῖξαι. 
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Proposition 3 


If a cube number makes some (number by) multiplying itself then the created (number) will be 
cube. 


For let the cube number A make B (by) multiplying itself. I say that B is cube. 


For let the side C of A have been taken. And let C make D by multiplying itself. So it is clear 
that C has made A (by) multiplying D. And since C has made D (by) multiplying itself, C thus 
measures D according to the units in it [Def. 7.15]. But, in fact, a unit also measures ( according 
to the units in it [Def. 7.20]. Thus, as a unit is to C, so C (is) to D. Again, since C has made A 
(by) multiplying D, D thus measures A according to the units in C. And a unit also measures C’ 
according to the units in it. Thus, as a unit is to C, so D (is) to A. But, as a unit (is) to C, soC 
(is) to D. And thus as a unit (is) to C, so C (is) to D, and D to A. Thus, two numbers, C and 
D, have fallen (between) a unit and the number A in successive mean proportion. Again, since 
A has made B (by) multiplying itself, A thus measures B according to the units in it. And a unit 
also measures A according to the units in it. Thus, as a unit is to A, so A (is) to B. And two 
numbers have fallen (between) a unit and A in mean proportion. Thus two numbers will also fall 
(between) A and B in mean proportion [Prop. 8.8]. And if two (numbers) fall (between) two 
numbers in mean proportion, and the first (number) is cube, then the second will also be cube 
[Prop. 8.23]. And A is cube. Thus, B is also cube. (Which is) the very thing it was required to 
show. 
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"Ey χύβος ἀριϑμὸς κύβον ἀριϑμὸν πολλαπλασιάσας ποιῇ τινα, ὁ γενόμενος κύβος ἔσται. 


Κύβος γὰρ ἀριϑμὸς ὁ A κύβον ἀριϑμὸν τὸν Β πολλαπλασιάσας τὸν I ποιείτω λέγω, ὅτι ὁ 1 
γχύβος ἐστίν. 


ν 2 ἀν, 


Ὁ γὰρ A ἑαυτὸν πολλαπλασιάσας τὸν Δ ποιείτω: ὁ Δ ἄρα κύβος ἐστίν. καὶ ἐπεὶ ὁ A ἑαυτὸν 
μὲν πολλαπλασιάσας τὸν Δ πεποίηκεν, τὸν δὲ Β πολλαπλασιάσας τὸν Τ᾽ πεποίηκεν, ἔστιν ἄρα 
ὡς ὁ A πρὸς τὸν B, οὕτως ὁ Δ πρὸς τὸν I. καὶ ἐπεὶ οἱ A, B χύβοι εἰσίν, ὅμοιοι στερεοί εἰσιν 
οἱ A, Β. τῶν A, Β ἄρα δύο μέσοι ἀνάλογον ἐμπίπτουσιν ἀριϑμοί: ὥστε καὶ τῶν Δ, I δύο μέσοι 
ἀνάλογον ἐμπεσοῦνται ἀριϑμοί. καί ἐστι κύβος ὁ Δ’ κύβος ἄρα καὶ ὁ I ὅπερ ἔδει δεῖξαι. 
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Proposition 4 


If a cube number makes some (number by) multiplying a(nother) cube number then the created 
(number) will be cube. 


For let the cube number A make Οἱ (by) multiplying the cube number B. I say that C is cube. 


For let A make D (by) multiplying itself. Thus, D is cube [Prop. 9.3]. And since A has made 
D (by) multiplying itself, and has made C (by) multiplying B, thus as A is to B, so D (is) to 
C [Prop. 7.17]. And since A and B are cube, A and B are similar solid (numbers). Thus, two 
numbers fall (between) A and B in mean proportion [Prop. 8.19]. Hence, two numbers will also 
fall (between) D and Οἱ in mean proportion [Prop. 8.8]. And D is cube. Thus, C' (is) also cube 
[Prop. 8.23]. (Which is) the very thing it was required to show. 
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᾿Ἐὰν κύβος ἀριϑμὸς ἀριϑμόν τινα πολλαπλασιάσας κύβον ποιῇ, καὶ ὁ πολλαπλασιασϑεὶς κύβος 
ἔσται. 


Κύβος γὰρ ἀριϑμος ὁ A ἀριϑμόν τινα τὸν Β πολλαπλασιάσας χύβον τὸν T° ποιείτω" λέγω, ὅτι 
ὁ Β χύβος ἐστίν. 


Ὁ γὰρ A ἑαυτὸν πολλαπλασιάσας τὸν Δ ποιείτω: κύβος ἄρα ἐστίν ὁ Δ. καὶ ἐπεὶ ὁ A ἑαυτὸν μὲν 
πολλαπλασιάσας τὸν Δ πεποίηκεν, τὸν δὲ Β πολλαπλασιάσας τὸν 1 πεποίηκεν, ἔστιν ἀρα ὡς ὁ 
A πρὸς τὸν B, ὁ Δ πρὸς τὸν I. καὶ ἐπεὶ οἱ A, TV χύβοι εἰσίν, ὅμοιοι στερεοί εἰσιν. τῶν Δ, TP 
ἄρα δύο μέσοι ἀνάλογον ἐμπίπτουσιν ἀριϑμοί. καί ἐστιν ὡς ὁ Δ πρὸς τὸν 1", οὕτως ὁ A πρὸς 
τὸν B: καὶ τῶν A, Β ἄρα δύο μέσοι ἀνάλογον ἐμπίπτουσιν ἀριϑμοί. καί ἐστι κύβος ὁ Δ’ κύβος 
ἄρα ἐστὶ καὶ ὁ Br ὅπερ ἔδει δεῖξαι. 
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Proposition 5 


If a cube number makes a(nother) cube number (by) multiplying some (number) then the (num- 
ber) multiplied will also be cube. 


For let the cube number A make the cube (number) C (by) multiplying some number B. I say 
that B is cube. 


For let A make D (by) multiplying itself. D is thus cube [Prop. 9.3]. And since A has made D 
(by) multiplying itself, and has made C (by) multiplying B, thus as A is to B, so D (is) to C 
[Prop. 7.17]. And since D and C are (both) cube, they are similar solid (numbers). Thus, two 
numbers fall (between) D and C in mean proportion [Prop. 8.19]. And as D is to C, so A (is) 
to B. Thus, two numbers also fall (between) A and B in mean proportion [Prop. 8.8]. And A is 
cube. Thus, B is also cube [Prop. 8.23]. (Which is) the very thing it was required to show. 
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΄ 


Cc 


B tH 
Oh 
"Ey ἀριϑμὸς ἑαυτὸν πολλαπλασιάσας κύβον ποιῇ, καὶ αὐτὸς κύβος ἔσται. 
᾿Αριϑμὸς γὰρ ὁ A ἑαυτὸν πολλαπλασιάσας κύβον τὸν Β ποιείτω" λέγω, ὅτι καὶ 6 A κύβος ἐστίν. 


Ὁ γὰρ A τὸν Β πολλαπλασιάσας τὸν Τ᾽ ποιείτω. ἐπεὶ οὖν 6 A ἑαυτὸν μὲν πολλαπλασιάσας τὸν 
Β πεποίηκεν, τὸν δὲ Β πολλαπλασιάσας τὸν Τ᾽ πεποίηκεν, ὁ 1 ἄρα χύβος ἐστίν. καὶ ἐπεὶ ὁ A 
ἑαυτὸν πολλαπλασιάσας τὸν Β πεποίηκεν, ὁ A ἄρα τὸν Β μετρεῖ κατὰ τὰς ἐν αὑτῷ μονάδας. 
μετρεῖ δὲ καὶ ἣ μονὰς τὸν A κατὰ τὰς ἐν αὐτῷ μονάδας. ἔστιν ἄρα ὡς ἣ μονὰς πρὸς τὸν A, 
οὕτως ὁ A πρὸς τὸν Β. καὶ ἐπεὶ ὁ A tov Β πολλαπλασιάσας τὸν Τ᾽ πεποίηκεν, ὁ Β ἄρα τὸν 1" 
μετρεῖ κατὰ τὰς ἐν τῷ A μονάδας. μετρεὶ δὲ καὶ ἣ μονὰς τὸν A κατὰ τὰς ἐν αὐτῷ μονάδας. 
ἔστιν ἄρα ὡς ἣ μονὰς πρὸς τὸν A, οὕτως ὁ Β πρὸς τὸν T. ἀλλ᾽ ὡς ἣ μονὰς πρὸς τὸν A, οὕτως 
ὁ A πρὸς τὸν Β' καὶ ὡς ἄρα ὁ A πρὸς τὸν B, ὁ B πρὸς τὸν I. καὶ ἐπεὶ οἱ Β, Τ᾽ κύβοι εἰσίν, 
ὅμοιοι στερεοί εἰσιν. τῶν B, 1 ἄρα δύο μέσοι ἀνάλογόν εἰσιν ἀριϑμοί. καί ἐστιν ὡς ὁ Β πρὸς 
τὸν 1᾿, ὁ A πρὸς τὸν Β. καὶ τῶν A, Β ἄρα δύο μέσοι ἀνάλογόν εἰσιν ἀριϑμοί. καί ἐστιν κύβος 
ὁ B: χύβος ἄρα ἐστὶ καὶ ὁ Av ὅπερ ἔδει δεὶξαι. 
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Proposition 6 


Ci | 
If a number makes a cube (number by) multiplying itself then it itself will also be cube. 
For let the number A make the cube (number) B (by) multiplying itself. I say that A is also cube. 


For let A make C (by) multiplying B. Therefore, since A has made B (by) multiplying itself, and 
has made Οὐ (by) multiplying B, C is thus cube. And since A has made B (by) multiplying itself, 
A thus measures B according to the units in (A). And a unit also measures A according to the 
units in it. Thus, as a unit is to A, so A (is) to B. And since A has made Οἱ (by) multiplying B, B 
thus measures (Οὐ according to the units in A. And a unit also measures A according to the units 
in it. Thus, as a unit is to A, so B (is) to C. But, as a unit (is) to A, so A (is) to B. And thus 
as A (is) to B, (so) B (is) to C. And since B and C are cube, they are similar solid (numbers). 
Thus, there exist two numbers in mean proportion (between) PB and C [Prop. 8.19]. And as B is 
to C, (so) A (is) to B. Thus, there also exist two numbers in mean proportion (between) A and 
B [Prop. 8.8]. And B is cube. Thus, A is also cube [Prop. 8.23]. (Which is) the very thing it was 
required to show. 
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ζ 


"Ey σύνϑετος ἀριϑμὸς ἀριϑμόν τινα πολλαπλασιάσας ποιῇ τινα, ὁ γενόμενος στερεὸς ἔσται. 


Σύνϑετος γὰρ ἀριϑμὸς ὁ A ἀριϑμόν τινα τὸν Β πολλαπλασιάσας τὸν I ποιείτω" λέγω, ὅτι ὁ 1 
στερεός ἐστιν. 


᾿Ἔπεὶ γὰρ 6 A σύνϑετός ἐστιν, ὑπὸ ἀριϑμοῦ τινος μετρηϑήσεται. μετρείσϑω ὑπὸ τοῦ A, καὶ 
ὁσάκις ὁ Δ tov A μετρεῖ, τοσαῦται μονάδες ἔστωσαν ἐν τῷ E. ἐπεὶ οὖν ὁ Δ τὸν A μετρεῖ κατὰ 
τὰς ἐν τῷ E μονάδας, ὁ E ἄρα τὸν Δ πολλαπλασιάσας τὸν A πεποίηκεν. καὶ ἐπεὶ 6 A τὸν 
Β πολλαπλασιάσας τὸν 1᾽ πεποίηκεν, ὁ δὲ A ἐστιν ὁ ἐκ τῶν Δ, E, ὁ ἄρα ἐκ τῶν Δ, E τὸν B 
πολλαπλασιάσας τὸν Τ᾽ πεποίηκεν. ὁ TL ἄρα στερεός ἐστιν, πλευραὶ δὲ αὐτοῦ εἰσιν οἱ A, E, Β᾽’ 


ὅπερ ἔδει δεῖξαι. 
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Proposition 7 


If a composite number makes some (number by) multiplying some (other) number then the 
created (number) will be solid. 


For let the composite number A make (Οἱ (by) multiplying some number B. I say that C is solid. 


For since A is a composite (number), it will be measured by some number. Let it be measured 
by D, and as many times as D measures A, so many units let there be in Ε΄. Therefore, since ἢ 
measures A according to the units in Κ᾽, Εἰ has thus made A (by) multiplying D [Def. 7.15]. And 
since A has made (Οἱ (by) multiplying B, and A is the (number created) from (multiplying) D, EF, 
the (number created) from (multiplying) D, E has thus made C (by) multiplying B. Thus, C is 
solid, and its sides are D, E, B. (Which is) the very thing it was required to show. 
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αν ἀπὸ μονάδος ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον ὦσιν, ὁ μὲν τρίτος ἀπὸ τῆς μονάδος 
τετράγωνος ἔσται nol οἱ ἕνα διαλείποντες, ὁ δὲ τέταρτος χύβος καὶ οἱ δύο διαλείποντες πάντες, 
ὁ δὲ ἕβδομος κύβος ἅμα καὶ τετράγωνος καὶ οἱ πέντε διαλείποντες. 


Ἔστωσαν ἀπὸ μονάδος ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον οἱ A, Β, T, Δ, E, Ζ: λέγω, ὅτι ὁ μὲν 
τρίτος ἀπὸ τῆς μονάδος ὁ Β τετράγωνός ἐστι χαὶ οἱ ἕνα διαλείποντες πάντες, ὁ δὲ τέταρτος ὁ 
Τ᾽ κύβος καὶ οἱ δύο διαλείποντες πάντες, ὁ δὲ ἕβδομος ὁ Ζ κύβος ἅμα nal τετράγωνος καὶ οἱ 
πέντε διαλείποντες πάντες. 


"Enel γάρ ἐστιν ὡς ἣ μονὰς πρὸς τὸν A, οὕτως ὁ A πρὸς τὸν Β, ἰσάκις ἄρα ἣ μονὰς τὸν A 
ἀριϑμὸν μετρεῖ καὶ ὁ A τὸν Β. ἣ δὲ μονὰς τὸν A ἀριϑμὸν μετρεῖ κατὰ τὰς ἐν αὐτῷ μονάδας; 
nat ὁ A ἄρα τὸν Β μετρεῖ κατὰ τὰς ἐν τῷ A μονάδας. ὁ A ἄρα ἑαυτὸν πολλαπλασιάσας τὸν 
B πεποίηκεν: τετράγωνος ἄρα ἐστὶν ὁ B. χαὶ ἐπεὶ οἱ B, 1, Δ ἑξῆς ἀνάλογόν εἰσιν, ὁ δὲ Β 
τετράγωνός ἐστιν, καὶ ὁ Δ ἄρα τετράγωνός ἐστιν. διὰ τὰ αὐτὰ δὴ καὶ ὁ Ζ τετράγωνός ἐστιν. 
ὁμοίως δὴ δείξομεν, ὅτι καὶ οἱ ἕνα διαλείποντες πάντες τετράγωνοί εἰσιν. λέγω δή, ὅτι καὶ ὁ 
τέταρτος ἀπὸ τῆς μονάδος ὁ Τ᾽ κύβος ἐστὶ καὶ οἱ δύο διαλείποντες πάντες. ἐπεὶ γάρ ἐστιν ὡς 
nH μονὰς πρὸς τὸν A, οὕτως ὁ Β πρὸς τὸν 1), ἰσάκις ἄρα ἣ μονὰς τὸν A ἀριϑμὸν μετρεῖ καὶ 
ὁ Β τὸν I. ἡἣ δὲ μονὰς τὸν A ἀριϑμὸν μετρεῖ κατὰ τὰς ἐν τῷ A μονάδας: καὶ ὁ Β ἄρα τὸν I 
μετρεῖ κατὰ τὰς ἐν τῷ A μονάδας: ὁ A ἄρα τὸν Β πολλαπλασιάσας τὸν Τ᾽ πεποίηκεν. ἐπεὶ οὖν 
ὁ A ἑαυτὸν μὲν πολλαπλασιάσας τὸν Β πεποίηκεν, τὸν δὲ Β πολλαπλασιάσας τὸν Τ᾽ πεποίηκεν, 
χκύβος ἄρα ἐστὶν ὁ T. καὶ ἐπεὶ οἱ T, Δ, E, Z ἑξῆς ἀνάλογόν εἰσιν, ὁ δὲ T κύβος ἐστὶν, καὶ ὁ 
Z ἄρα κύβος ἐστίν. ἐδείχϑη δὲ καὶ τετράγωνος: ὁ ἄρα ἕβδομος ἀπὸ τῆς μονάδος χύβος τέ 
ἐστι καὶ τετράγωνος. ὁμοίως δὴ δείξομεν, ὅτι καὶ οἱ πέντε διαλείποντες πάντες χύβοι τέ εἰσι καὶ 
τετράγωνοι: ὅπερ ἔδει δεῖξαι. 
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Proposition 8 


Mmmuoow>d 


If any multitude whatsoever of numbers is continuously proportional, (starting) from a unit, then 
the third from the unit will be square, and (all) those (numbers after that) which leave an interval 
of one (number), and the fourth (will be) cube, and all those (numbers after that) which leave 
an interval of two (numbers), and the seventh (will be) both cube and square, and (all) those 
(numbers after that) which leave an interval of five (numbers). 


Let any multitude whatsoever of numbers, A, B, C, D, E, Εν, be continuously proportional, 
(starting) from a unit. I say that the third from the unit, B, is square, and all those (numbers 
after that) which leave an interval of one (number). And the fourth (from the unit), C,, (is) cube, 
and all those (numbers after that) which leave an interval of two (numbers). And the seventh 
(from the unit), Ε΄, (is) both cube and square, and all those (numbers after that) which leave an 
interval of five (numbers). 


For since as the unit is to A, so A (is) to B, the unit thus measures the number A the same 
number of times as A (measures) B [Def. 7.20]. And the unit measures the number A according 
to the units in it. Thus, A also measures B according to the units in A. A has thus made B (by) 
multiplying itself [Def. 7.15]. Thus, B is square. And since B, C’, D are continuously proportional, 
and B is square, D is thus also square [Prop. 8.22]. So, for the same (reasons), F' is also square. 
So, similarly, we can also show that all those (numbers after that) which leave an interval of one 
(number) are square. So I also say that the fourth (number) from the unit, C,, is cube, and all 
those (numbers after that) which leave an interval of two (numbers). For since as the unit is 
to A, so B (is) to C, the unit thus measures the number A the same number of times that B 
(measures) C’. And the unit measures the number A according to the units in A. And thus B 
measures C’ according to the units in A. A has thus made C (by) multiplying B. Therefore, since 
A has made B (by) multiplying itself, and has made C (by) multiplying B, C is thus cube. And 
since Οὐ, D, Ε, F are continuously proportional, and C is cube, ΓΕ is thus also cube [Prop. 8.23]. 
And it was also shown (to be) square. Thus, the seventh (number) from the unit is (both) cube 
and square. So, similarly, we can show that all those (numbers after that) which leave an interval 
of five (numbers) are (both) cube and square. (Which is) the very thing it was required to show. 
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"Exy ἀπὸ μονάδος ὁποσοιοῦν ἑξῆς κατὰ τὸ συνεχὲς ἀριϑμοὶ ἀνάλογον ὦσιν, ὁ δὲ μετὰ τὴν 
μονάδα τετράγωνος ἢ, καὶ οἱ λοιποὶ πάντες τετράγωνοι ἔσονται. καὶ ἐὰν ὁ μετὰ τὴν μονάδα 
γχύβος ἢ, καὶ οἱ λοιποὶ πάντες κύβοι ἔσονται. 


Ἔστωσαν ἀπὸ μονάδος ἑξῆς ἀνάλογον ὁσοιδηποτοῦν ἀριϑμοὶ οἱ A, B, T, A, E, Ζ, ὁ δὲ μετὰ 
τὴν μονάδα ὁ A τετράγωνος ἔστω: λέγω, ὅτι καὶ οἱ λοιποὶ πάντες τετράγωνοι ἔσονται. 


Ὅτι μὲν οὖν ὁ τρίτος ἀπὸ τῆς μονάδος ὁ Β τετράγωνός ἐστι χαὶ οἱ ἕνα διαπλείποντες πάντες, 
δέδεικται: λέγω [δή], ὅτι καὶ οἱ λοιποὶ πάντες τετράγωνοί εἰσιν. ἐπεὶ γὰρ ot A, B, Τ᾽ ἑξῆς 
ἀνάλογόν εἰσιν, καί ἐστιν ὁ A τετράγωνος, καὶ ὁ I [ἄρα] τετράγωνος ἐστιν. πάλιν, ἐπεὶ [καὶ] οἱ 
Β, T, Δ ἑξῆς ἀνάλογόν εἰσιν, καί ἐστιν ὁ Β τετράγωνος, unt ὁ Δ [ἄρα] τετράγωνός ἐστιν. ὁμοίως 
δὴ δείξομεν, ὅτι καὶ οἱ λοιποὶ πάντες τετράγωνοί εἰσιν. 


᾿Αλλὰ δὴ ἔστω 6 A χύβος: λέγω, ὅτι καὶ οἱ λοιποὶ πάντες χύβοι εἰσίν. 


Ὅτι μὲν οὖν ὁ τέταρτος ἀπὸ τῆς μονάδος ὁ Τ᾽ κύβος ἐστὶ καὶ οἱ δύο διαλείποντες πάντες, 
δέδεικται: λέγω [δή], ὅτι καὶ οἱ λοιποὶ πάντες χύβοι εἰσίν. ἐπεὶ γάρ ἐστιν ὡς ἣ μονὰς πρὸς τὸν 
A, οὕτως ὁ A πρὸς τὸν Β, ἰσάκις ἀρα ἣ μονὰς τὸν A μετρεῖ καὶ ὁ A τὸν Β. ἣ δὲ μονὰς τὸν 
A μετρεῖ κατὰ τὰς ἐν αὐτῷ μονάδας: καὶ ὁ ἄρα τὸν Β μετρεῖ κατὰ τὰς ἐν αὑτῷ μονάδας: ὁ 
A ἄρα ἑαυτὸν πολλαπλασιάσας τὸν Β πεποίηκεν. καί ἐστιν ὁ A κύβος. ἐὰν δὲ κύβος ἀριϑμὸς 
ἑαυτὸν πολλαπλασιάσας TOL τινα, ὁ γενόμενος κύβος ἐστίν: καὶ ὁ Β ἄρα χύβος ἐστίν. καὶ ἐπεὶ 
τέσσαρες ἀριϑμοὶ οἱ A, B, TV, Δ ἑξῆς ἀνάλογόν εἰσιν, καί ἐστιν 6 A χύβος, καὶ ὁ A ἄρα κύβος 
ἐστίν. διὰ τὰ αὐτὰ δὴ καὶ ὁ Ε κύβος ἐστίν, καὶ ὁμοίως οἱ λοιποὶ πάντες κύβοι εἰσίν: ὅπερ ἔδει 


δεῖξαι. 
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Proposition 9 


- RTT 


If any multitude whatsoever of numbers is continuously proportional, (starting) from a unit, and 
the (one) after the unit is square, then all the remaining (numbers) will also be square. And if 
the (one) after the unit is cube, then all the remaining (numbers) will also be cube. 


Let any multitude whatsoever of numbers, A, B, C, ἢ), E, Εν, be continuously proportional, 
(starting) from a unit. And let the (one) after the unit, A, be square. I say that all the remaining 
(numbers) will also be square. 


In fact, it has (already) been shown that the third (number) from the unit, B, is square, and all 
those (numbers after that) which leave an interval of one (number) [Prop. 9.8]. [So] I say that all 
the remaining (numbers) are also square. For since A, B, C are continuously proportional, and 
A (is) square, C’ is [thus] also square [Prop. 8.22]. Again, since B, C’, D are [also] continuously 
proportional, and B is square, D is [thus] also square [Prop. 8.22]. So, similarly, we can show 
that all the remaining (numbers) are also square. 


And so let A be cube. I say that all the remaining (numbers) are also cube. 


In fact, it has (already) been shown that the fourth (number) from the unit, C’, is cube, and 
all those (numbers after that) which leave an interval of two (numbers) [Prop. 9.8]. [So] I say 
that all the remaining (numbers) are also cube. For since as the unit is to A, so A (is) to B, 
the unit thus measures A the same number of times as A (measures) B. And the unit measures 
A according to the units in it. Thus, A also measures B according to the units in (A). A has 
thus made B (by) multiplying itself. And A is cube. And if a cube number makes some (number 
by) multiplying itself then the created (number) is cube [Prop. 9.3]. Thus, B is also cube. And 
since the four numbers A, B, C, D are continuously proportional, and A is cube, D is thus also 
cube [Prop. 8.23]. So, for the same (reasons), F is also cube, and, similarly, all the remaining 
(numbers) are cube. (Which is) the very thing it was required to show. 
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Ἐὰν ἀπὸ μονάδος ὁποσοιοῦν ἀριϑμοὶ [ἑξῆς] ἀνάλογον ὦσιν, ὁ δὲ μετὰ τὴν μονάδα μὴ ἢ 
τετράγωνος, οὐδ᾽ ἄλλος οὐδεὶς τετράγωνος ἔσται χωρὶς τοῦ τρίτου ἀπὸ τῆς μονάδος καὶ τῶν 
ἕνα διαλειπόντων πάντων. καὶ ἐὰν ὁ μετὰ τὴν μονάδα χύβος μὴ ἢ, οὐδὲ ἄλλος οὐδεὶς κύβος 
ἔσται χωρὶς τοῦ τετάρτου ἀπὸ τῆς μονάδος καὶ τῶν δύο διαλειπόντων πάντων. 


Ἔστωσαν ἀπὸ μονάδος ἑξῆς ἀνάλογον ὁσοιδηποτοῦν ἀριϑμοὶ οἱ A, B, 1, A, BE, Ζ, ὁ μετὰ τὴν 
μονάδα ὁ A μὴ ἔστω τετράγωνος: λέγω, ὅτι οὐδὲ ἄλλος οὐδεὶς τετράγωνος ἔσται χωρὶς τοῦ 
τρίτου ἀπὸ τὴς μονάδος [καὶ τῶν ἕνα διαλειπόντων]. 


Εἰ γὰρ δυνατόν, ἔστω ὁ Τ᾽ τετράγωνος. ἔστι δὲ καὶ ὁ Β τετράγωνος: ot B, 1 ἄρα πρὸς ἀλλήλους 
λόγον ἔχουσιν, ὃν τετράγωνος ἀριϑμὸς πρὸς τετράγωνον ἀριϑμόν. nol ἐστιν ὡς ὁ Β πρὸς τὸν 
IT, 6 A πρὸς tov Β’ οἱ A, Β ἄρα πρὸς ἀλλήλους λόγον ἔχουσιν, ὃν τετράγωνος ἀριϑμὸς πρὸς 
τετράγωνον ἀριϑμόν: ὥστε οἱ A, Β ὅμοιοι ἐπίπεδοί εἰσιν. καί ἐστι τετράγωνος ὁ B: τετράγωνος 
ἄρα ἐστὶ καὶ ὁ Δ’ ὅπερ οὐχ ὑπέκειτο. οὐκ ἄρα ὁ Τ᾽ τετράγωνός ἐστιν. ὁμοίως δὴ δείξομεν, ὅτι 
οὐδ᾽ ἄλλος οὐδεὶς τετράγωνός ἐστι χωρὶς τοῦ τρίτου ἀπὸ τῆς μονάδος καὶ τῶν ἕνα διαλειπόντων. 


᾿Αλλὰ δὴ μὴ ἔστω 6 A χύβος. λέγω, ὅτι οὐδ᾽ ἄλλος οὐδεὶς κύβος ἔσται χωρὶς τοῦ τετράρτου 
ἀπὸ τῆς μονάδος καὶ τῶν δύο διαλειπόντων. 


Εἰ γὰρ δυνατόν, ἔστω ὁ Δ κύβος. ἔστι δὲ καὶ ὁ TV κύβος: τέταρτος γάρ ἐστιν ἀπὸ τῆς μονάδος. 
nat ἐστιν ὡς ὁ Τ᾽ πρὸς τὸν Δ, ὁ Β πρὸς τὸν 1" χαὶ ὁ Β ἄρα πρὸς τὸν 1" λόγον ἔχει, ὃν κύβος 
πρὸς uvBov. χαί ἐστιν ὁ Τ᾽ κύβος: καὶ ὁ Β ἄρα χύβος ἐστίν. καὶ ἐπεί ἐστιν ὡς ἣ μονὰς πρὸς 
τὸν A, ὁ A πρὸς τὸν B, ἣ δὲ μονὰς τὸν A μετρεῖ κατὰ τὰς ἐν αὐτῷ μονάδας, καὶ ὁ A ἄρα τὸν 
Β μετρεῖ κατὰ τὰς ἐν αὑτῷ μονάδας: ὁ A ἄρα ἑαυτὸν πολλαπλασιάσας κύβον τὸν Β πεποίηκεν. 
ἐὰν δὲ ἀριϑμὸς ἑαυτὸν πολλαπλασιάσας κύβον ποιῇ, καὶ αὐτὸς κύβος ἔσται. κύβος ἄρα ual ὁ 
A’ ὅπερ οὐχ ὑπόκειται. οὐχ ἄρα ὁ Δ χύβος ἐστίν. ὁμοίως δὴ δείξομεν, ὅτι οὐδ᾽ ἄλλος οὐδεὶς 
κύβος ἐστὶ χωρὶς τοῦ τετάρτου ἀπὸ τῆς μονάδος καὶ τῶν δύο διαλειπόντων: ὅπερ ἔδει δεῖξαι. 
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Proposition 10 


If any multitude whatsoever of numbers is [continuously] proportional, (starting) from a unit, 
and the (one) after the unit is not square, then no other (number) will be square either, apart 
from the third from the unit, and all those (numbers after that) which leave an interval of one 
(number). And if the (number) after the unit is not cube, then no other (number) will be cube 
either, apart from the fourth from the unit, and all those (numbers after that) which leave an 
interval of two (numbers). 


Let any multitude whatsoever of numbers, A, B, C, D, E, Εν, be continuously proportional, 
(starting) from a unit. And let the (number) after the unit, A, not be square. I say that no other 
(number) will be square either, apart from the third from the unit [and (all) those (numbers after 
that) which leave an interval of one (number) ]. 


For, if possible, let C' be square. And B is also square [Prop. 9.8]. Thus, B and C have to one 
another (the) ratio which (some) square number (has) to (some other) square number. And 
as B is to C, (so) A (is) to B. Thus, A and B have to one another (the) ratio which (some) 
square number has to (some other) square number. Hence, A and B are similar plane (numbers) 
[Prop. 8.26]. And B is square. Thus, A is also square. The very opposite thing was assumed. 
C is thus not square. So, similarly, we can show that no other (number is) square either, apart 
from the third from the unit, and (all) those (numbers after that) which leave an interval of one 
(number). 


And so let A not be cube. I say that no other (number) will be cube either, apart from the fourth 
from the unit, and (all) those (numbers after that) which leave an interval of two (numbers). 


For, if possible, let D be cube. And C is also cube [Prop. 9.8]. For it is the fourth (number) from 
the unit. And as C is to D, (so) B (is) to C. And B thus has to C the ratio which (some) cube 
(number has) to (some other) cube (number). And C is cube. Thus, B is also cube [Props. 7.13, 
8.25]. And since as the unit is to A, (so) A (is) to B, and the unit measures A according to the 
units init, A thus also measures B according to the units in (A). Thus, A has made the cube 
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Proposition 10 


(number) B (by) multiplying itself. And if a number makes a cube (number by) multiplying 
itself then it itself will be cube [Prop. 9.6]. Thus, A (is) also cube. The very opposite thing was 
assumed. Thus, D is not cube. So, similarly, we can show that no other (number) is cube either, 
apart from the fourth from the unit, and (all) those (numbers after that) which leave an interval 
of two (numbers). (Which is) the very thing it was required to show. 
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᾿ὰν ἀπὸ μονάδος ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον ὦσιν, ὁ ἐλάττων τὸν μείζονα μετρεῖ κατά 
τινα τῶν ὑπαρχόντων ἐν τοῖς ἀνάλογον ἀριϑμοῖς. 


Ἔστωσαν ἀπὸ μονάδος τῆς A ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον οἱ Β, T, A, Ε" λέγω, ὅτι τῶν 
Β, 1, Δ, E ὁ ἐλάχιστος ὁ Β τὸν E μετρεῖ κατά τινα τῶν 1", Δ. 


"Exel γάρ ἐστιν ὡς ἣ A μονὰς πρὸς τὸν B, οὕτως ὁ Δ πρὸς τὸν E, ἰσάκις ἄρα ἡ A μονὰς τὸν B 
ἀριϑμὸν μετρεῖ καὶ ὁ Δ τὸν ΗΕ" ἐναλλὰξ ἄρα ἰσάκις ἣ A μονὰς τὸν Δ μετρεῖ καὶ ὁ Β τὸν E. 7 
δὲ A μονὰς τὸν Δ μετρεῖ κατὰ τὰς ἐν αὐτῷ μονάδας: καὶ ὁ Β ἄρα τὸν E μετρεῖ κατὰ τὰς ἐν τῷ 
Δ μονάδας: ὥστε ὁ ἐλάσσων ὁ Β τὸν μείζονα τὸν E μετρεῖ κατά τινα ἀριϑμὸν τῶν ὑπαρχόντων 
ἐν τοῖς ἀνάλογον ἀριϑμοῖς. 


Πόρισμα 


Καὶ φανερόν, ὅτι ἣν ἔχει τάξιν ὁ μετρῶν ἀπὸ μονάδος, τὴν αὐτὴν ἔχει καὶ ὁ καϑ΄ ὃν μετρεῖ ἀπὸ 
τοῦ μετρουμένου ἐπὶ τὸ πρὸ αὐτοῦ. ὅπερ ἔδει δεῖξαι. 
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If any multitude whatsoever of numbers is continuously proportional, (starting) from a unit, then 
a lesser (number) measures a greater according to some existing (number) among the propor- 
tional numbers. 


Let any multitude whatsoever of numbers, B, C, D, EF, be continuously proportional, (starting) 
from the unit A. I say that, for B, C, D, Ε, the least (number), B, measures Εἰ according to some 
(one) of C, D. 


For since as the unit A is to B, so D (is) to Ε,, the unit A thus measures the number B the same 
number of times as D (measures) Ε΄. Thus, alternately, the unit A measures D the same number 
of times as B (measures) Εἰ [Prop. 7.15]. And the unit A measures D according to the units in 
it. Thus, B also measures F according to the units in D. Hence, the lesser (number) B measures 
the greater Εἰ according to some existing number among the proportional numbers (namely, D). 


Corollary 


And (it is) clear that what(ever relative) place the measuring (number) has from the unit, the 
(number) according to which it measures has the same (relative) place from the measured (num- 
ber), in (the direction of the number) before it. (Which is) the very thing it was required to 
show. 
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Ἐὰν ἀπὸ μονάδος ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον ὦσιν, ὑφ᾽ ὅσων ἂν ὁ ἔσχατος πρώτων 
ἀριϑμῶν μετρῆται, ὑπὸ τῶν αὐτῶν καὶ ὁ παρὰ τὴν μονάδα μετρηϑήσεται. 


Ἔστωσαν ἀπὸ μονάδος ὁποσοιδηποτοῦν ἀριϑμοὶ ἀνάλογον οἱ A, Β, 1), Δ’ λέγω, ὅτι ὑφ᾽ ὅσων 
ἂν ὁ Δ πρώτων ἀριϑμῶν μετρῆται, ὑπὸ τῶν αὐτῶν καὶ ὁ A μετρηϑήσεται. 


Μετρείσϑω γὰρ ὁ Δ ὑπό τινος πρώτου ἀριϑμοῦ τοῦ Ε" λέγω, ὅτι ὁ E τὸν A μετρεῖ. μὴ γάρ’ 
nat ἐστιν ὁ E πρῶτος, ἅπας δὲ πρῶτος ἀριϑμὸς πρὸς ἅπαντα, ὃν μὴ μετρεῖ, πρῶτός ἐστιν’ οἱ 
Ε, A ἄρα πρῶτοι πρὸς ἀλλήλους εἰσίν. καὶ ἐπεὶ ὁ E τὸν Δ μετρεῖ, μετρείτω αὐτὸν κατὰ τὸν 
Z ὁ E ἄρα τὸν Z πολλαπλασιάσας τὸν Δ πεποίηκεν. πάλιν, ἐπεὶ ὁ A τὸν Δ μετρεῖ κατὰ τὰς 
ἐν τῷ I μονάδας, ὁ A ἄρα τὸν I πολλαπλασιάσας τὸν Δ πεποίηκεν. ἀλλὰ μὴν καὶ ὁ E τὸν 
Z πολλαπλασιάσας τὸν Δ πεποίηκεν: ὁ ἄρα ἐκ τῶν A, I ἴσος ἐστὶ τῷ ἐκ τῶν Ε, Ζ. ἔστιν ἄρα 
ὡς ὁ A πρὸς τὸν E, ὁ Ζ πρὸς τὸν T. οἱ δὲ A, E πρῶτοι, οἱ δὲ πρῶτοι nal ἐλάχιστοι, οἱ δὲ 
ἐλάχιστοι μετροῦσι τοὺς τὸν αὐτὸν λόγον ἔχοντας ἰσάκις ὅ τε ἡγούμενος τὸν ἡγούμενον ual ὁ 
ἑπόμενος τὸν ἑπόμενον: μετρεῖ ἄρα ὁ E τὸν I. μετρείτω αὐτὸν κατὰ τὸν Η’ ὁ E ἄρα τὸν Η 
πολλαπλασιάσας τὸν I πεποίηκεν. ἀλλὰ μὴν διὰ τὸ πρὸ τούτου xat ὁ A τὸν Β πολλαπλασιάσας 
τὸν Τ᾽ πεποίηκεν. ὁ ἄρα ἐκ τῶν A, Β ἴσος ἐστὶ τῷ ἐκ τῶν E, H. ἔστιν ἄρα ὡς ὁ A πρὸς τὸν 
Ε, ὁ Η πρὸς τὸν Β. οἱ δὲ A, E πρῶτοι, οἱ δὲ πρῶτοι καὶ ἐλάχιστοι, οἱ δὲ ἐλάχιστοι ἀριϑμοὶ 
μετροῦσι τοὺς τὸν αὐτὸν λόγον ἔχοντας αὐτοῖς ἰσάκις ὅ τε ἡγούμενος τὸν ἡγούμενον ual ὁ 
ἑπόμενος τὸν ἑπόμενον: μετρεῖ ἄρα ὁ E τὸν Β. μετρείτω αὐτὸν κατὰ τὸν Θ’ ὁ E ἄρα τὸν Θ 
πολλαπλασιάσας τὸν Β πεποίηκεν. ἀλλὰ μὴν καὶ ὁ A ἑαυτὸν πολλαπλασιάσας τὸν B πεποίηκεν᾽ 
ὁ ἄρα ἐκ τῶν EB, © ἴσος ἐστὶ τῷ ἀπὸ τοῦ A. ἔστιν ἄρα ὡς ὁ E πρὸς τὸν A, ὁ A πρὸς τὸν Θ. 
οἱ δὲ A, E πρῶτοι, οἱ δὲ πρῶτοι χαὶ ἐλάχιστοι, οἱ δὲ ἐλάχιστοι μετροῦσι τοὺς τὸν αὐτὸν λόγον 
ἔχοντας ἰσάκις ὅ ἡγούμενος τὸν ἡγούμενον χκαὶ ὁ ἑπόμενος τὸν ἑπόμενον: μετρεῖ ἄρα ὁ E τὸν 
A ὡς ἡγούμενος ἡγούμενον. ἀλλὰ μὴν καὶ οὐ μετρεῖ’ ὅπερ ἀδύνατον. οὐκ ἄρα οἱ E, A πρῶτοι 
πρὸς ἀλλήλους εἰσίν. σύνϑετοι ἄρα. οἱ δὲ σύνϑετοι ὑπὸ [πρώτου] ἀριϑμοῦ τινος μετροῦνται. καὶ 
ἐπεὶ ὁ E πρῶτος ὑπόκειται, ὁ δὲ πρῶτος ὑπὸ ἑτέρου ἀριϑμοῦ οὐ μετρεῖται ἢ ὑφ᾽ ἑαυτοῦ, ὁ E 
ἄρα τοὺς A, E μετρεῖ’ ὥστε ὁ E τὸν A μετρεῖ. μετρεῖ δὲ καὶ τὸν Δ’ ὁ E ἄρα τοὺς A, Δ μετρεῖ. 
ὁμοίως δὴ δείξομεν, ὅτι ὑφ᾽ ὅσων ἂν ὁ Δ πρώτων ἀριϑμῶν μετρῆται, ὑπὸ τῶν αὐτῶν καὶ ὁ A 
μετρηϑήσεται᾽ ὅπερ ἔδει δεῖξαι. 
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If any multitude whatsoever of numbers is continuously proportional, (starting) from a unit, then 
however many prime numbers the last (number) is measured by, the (number) next to the unit 
will also be measured by the same (prime numbers). 


Let any multitude whatsoever of numbers, A, B, C’, D, be (continuously) proportional, (starting) 
from a unit. I say that however many prime numbers D is measured by, A will also be measured 
by the same (prime numbers). 


For let D be measured by some prime number L.. I say that Εἰ measures A. For (suppose it does) 
not. F is prime, and every prime number is prime to every number which it does not measure 
[Prop. 7.29]. Thus, F and A are prime to one another. And since EF measures D, let it measure it 
according to Γ΄. Thus, Εἰ has made D (by) multiplying Γ΄. Again, since A measures D according 
to the units in C [Prop. 9.11 corr.], A has thus made D (by) multiplying C. But, in fact, FE has 
also made D (by) multiplying Γ΄. Thus, the (number created) from (multiplying) A, C is equal to 
the (number created) from (multiplying) Κ᾽, Ε΄. Thus, as A is to Κ᾽, (so) F (is) to C [Prop. 7.19]. 
And A and EF (are) prime (to one another), and (numbers) prime (to one another are) also the 
least (of those numbers having the same ratio as them) [Prop. 7.21], and the least (numbers) 
measure those (numbers) having the same ratio as them an equal number of times, the leading 
(measuring) the leading, and the following the following [Prop. 7.20]. Thus, & measures C. 
Let it measure it according to G. Thus, EF has made C (by) multiplying G. But, in fact, via the 
(proposition) before this, A has also made C (by) multiplying B [Prop. 9.11 corr.]. Thus, the 
(number created) from (multiplying) A, B is equal to the (number created) from (multiplying) 
E,G. Thus, as A is to E, (so) G (is) to B [Prop. 7.19]. And A and E (are) prime (to one another), 
and (numbers) prime (to one another are) also the least (of those numbers having the same ratio 
as them) [Prop. 7.21], and the least (numbers) measure those (numbers) having the same ratio 
as them an equal number of times, the leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, # measures B. Let it measure it according to H. Thus, Εἰ has made 
B (by) multiplying H. But, in fact, A has also made B (by) multiplying itself [Prop. 9.8]. Thus, 
the (number created) from (multiplying) Κ᾽, H is equal to the (square) on A. Thus, as F is to A, 
(so) A (is) to H [Prop. 7.19]. And A and F are prime (to one another), and (numbers) prime (to 
one another are) also the least (of those numbers having the same ratio as them) [Prop. 7.21], 
and the least (numbers) measure those (numbers) having the same ratio as them an equal num- 
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-ber of times, the leading (measuring) the leading, and the following the following [Prop. 7.20]. 
Thus, Εἰ measures A, as the leading (measuring the) leading. But, in fact, (£) also does not 
measure (A). The very thing (is) impossible. Thus, Εἰ and A are not prime to one another. 
Thus, (they are) composite (to one another). And (numbers) composite (to one another) are 
(both) measured by some [prime] number [Def. 7.14]. And since EF is assumed (to be) prime, 
and a prime (number) is not measured by another number (other) than itself [Def. 7.11], Ε thus 
measures (both) A and &. Hence, & measures A. And it also measures D. Thus, & measures 
(both) A and D. So, similarly, we can show that however many prime numbers D is measured by, 
A will also be measured by the same (prime numbers). (Which is) the very thing it was required 
to show. 
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"Exy ἀπὸ μονάδος ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον ὦσιν, ὁ δὲ μετὰ τὴν μονάδα πρῶτος ἢ, ὁ 
μέγιστος ὑπ᾽ οὐδενὸς [ἄλλου] μετρηϑήσεται παρὲξ τῶν ὑπαρχόντων ἐν τοῖς ἀνάλογον ἀριϑμοῖς. 


ἼἬἜστωσαν ἀπὸ μονάδος ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον ot A, B, I, A, ὁ δὲ μετὰ τὴν μονάδα 
ὁ A πρῶτος ἔστω: λέγω, ὅτι ὁ μέγιστος αὐτῶν ὁ A ὑπ᾽ οὐδενὸς ἄλλου μετρηϑήσεται παρὲξ τῶν 
A, B, 1. 


Εἰ γὰρ δυνατόν, μετρείσϑω ὑπὸ tod E, καὶ ὁ E μηδενὶ τῶν A, B, Τ᾽ ἔστω ὁ αὐτός. φανερὸν 
δή, ὅτι ὁ E πρῶτος οὔκ ἐστιν. εἰ γὰρ ὁ E πρῶτός ἐστι καὶ μετρεῖ τὸν Δ, καὶ τὸν A μετρήσει 
πρῶτον ὄντα μὴ ὧν αὐτῷ ὁ αὐτός: ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα ὁ E πρῶτός ἐστιν. σύνϑετος 
ἄρα. πᾶς δὲ σύνϑετος ἀριϑμὸς ὑπὸ πρώτου τινὸς ἀριϑμοῦ μετρεῖται. ὁ E ἄρα ὑπὸ πρώτου 
τινὸς ἀριϑμοῦ μετρεῖται. λέγω δή, ὅτι ὑπ᾽ οὐδενὸς ἄλλου πρώτου μετρηϑήσεται πλὴν τοῦ A. εἰ 
γὰρ ὑφ᾽ ἑτέρου μετρεῖται ὁ Ε, ὁ δὲ E τὸν Δ μετρεῖ, κἀκεῖνος ἄρα τὸν Δ μετρήσει: ὥστε καὶ 
τὸν A μετρήσει πρῶτον ὄντα μὴ ὧν αὐτῷ ὁ αὐτός: ὅπερ ἐστὶν ἀδύνατον. 6 A ἄρα τὸν E μετρεῖ. 
nat ἐπεὶ ὁ E τὸν Δ μετρεῖ, μετρείτω αὐτὸν κατὰ τὸν Ζ. λέγω, ὅτι ὁ Ζ οὐδενὶ τῶν A, B, Τ᾽ ἐστιν 
ὁ αὐτός. εἰ γὰρ ὁ Z ἑνὶ τῶν A, B, Τ᾿ ἐστιν ὁ αὐτὸς καὶ μετρεῖ τὸν A κατὰ tov Ἐ, καὶ εἷς ἄρα 
τῶν A, B, Τ᾿ τὸν Δ μετρεῖ κατά τὸν E. ἀλλὰ εἷς τῶν A, Β, Τ᾿ τὸν Δ μετρεῖ κατά τινα τῶν A, B, 
Τ᾽ καὶ ὁ E ἄρα ἑνὶ τῶν A, Β, Τ᾽ ἐστιν ὁ αὐτός: ὅπερ οὐχ ὑπόκειται. οὐκ ἄρα ὁ Z Evi τῶν A, 
Β, Τ᾽ ἐστιν ὁ αὐτός. ὁμοίως δὴ δείξομεν, ὅτι μετρεῖται ὁ Ζ ὑπὸ τοῦ A, δεικνύντες πάλιν, ὅτι 
ὁ Ζ οὔκ ἐστι πρῶτος. εἰ γὰρ, καὶ μετρεῖ τὸν Δ, καὶ τὸν A μετρήσει πρῶτον ὄντα μὴ Ov αὐτῷ 
ὁ αὐτός: ὅπερ ἐστὶν ἀδύνατον: οὐκ ἄρα πρῶτός ἐστιν ὁ Ζ' σύνϑετος ἄρα. ἅπας δὲ σύνϑετος 
ἀριϑμὸς ὑπὸ πρώτου τινὸς ἀριϑμοῦ μετρεῖται: ὁ Ζ ἄρα ὑπὸ πρώτου τινὸς ἀριϑμοῦ μετρεῖται. 
λέγω δή, ὅτι ὑφ᾽ ἑτέρου πρώτου οὐ μετρηϑήσεται πλὴν τοῦ A. εἰ γὰρ ἕτερός τις πρῶτος τὸν Z 
μετρεῖ, ὁ δὲ Z τὸν Δ μετρεῖ, κἀκεῖνος ἄρα τὸν Δ μετρήσει: ὥστε καὶ τὸν A μετρήσει πρῶτον 
ὄντα μὴ OV αὐτῷ ὁ αὐτός: ὅπερ ἐστὶν ἀδύνατον. ὁ A ἄρα τὸν Z μετρεῖ. καὶ ἐπεὶ ὁ E τὸν A 
μετρεῖ κατὰ τὸν Z, ὁ E ἄρα τὸν Ζ πολλαπλασιάσας τὸν Δ πεποίηκεν. ἀλλὰ μὴν καὶ ὁ A τὸν 
Τ᾽ πολλαπλασιάσας τὸν Δ πεποίηκεν: ὁ ἄρα ἐκ τῶν A, Τ᾽ ἴσος ἐστὶ τῷ ἐκ τῶν E, Z. ἀνάλογον 
ἄρα ἐστὶν ὡς ὁ A πρὸς τὸν E, οὕτως ὁ Ζ πρὸς τὸν I. ὁ δὲ A τὸν E μετρεῖ’ καὶ ὁ Ζ ἄρα τὸν 
Τ᾽ μετρεῖ. μετρείτω αὐτὸν κατὰ τὸν H. ὁμοίως δὴ δείξομεν, ὅτι ὁ Η οὐδενὶ τῶν A, Β ἐστιν ὁ 
αὐτός, καὶ ὅτι μετρεῖται ὑπὸ τοῦ A. καὶ ἐπεὶ ὁ Z τὸν Τ᾽ μετρεῖ κατὰ τὸν H, ὁ Ζ ἄρα τὸν H 
πολλαπλασιάσας τὸν Τ᾽ πεποίηκεν. ἀλλὰ μὴν καὶ ὁ A tov Β πολλαπλασιάσας τὸν Τ᾽ πεποίηκεν᾽ 
ὁ ἄρα ἐκ τῶν A, Β ἴσος ἐστὶ τῷ ἐκ τῶν Ζ, Η. ἀνάλογον ἄρα ὡς ὁ A πρὸς τὸν Ζ, ὁ Η πρὸς τὸν 
Β. μετρεῖ δὲ 6 A τὸν Z: μετρεῖ ἄρα καὶ ὁ Η τὸν Β. μετρείτω αὐτὸν κατὰ τὸν Θ. ὁμοίως δὴ 
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If any multitude whatsoever of numbers is continuously proportional, (starting) from a unit, and 
the (number) after the unit is prime, then the greatest (number) will be measured by no [other] 
(numbers) except (numbers) existing among the proportional numbers. 


Let any multitude whatsoever of numbers, A, B, C, D, be continuously proportional, (starting) 
from a unit. And let the (number) after the unit, A, be prime. I say that the greatest of them, D, 
will be measured by no other (numbers) except A, B, C. 


For, if possible, let it be measured by EF, and let F not be the same as one of A, B, C. So it 
is clear that & is not prime. For if F is prime, and measures D, then it will also measure A, 
(despite A) being prime (and) not being the same as it [Prop. 9.12]. The very thing is impossible. 
Thus, £ is not prime. Thus, (it is) composite. And every composite number is measured by 
some prime number [Prop. 7.31]. Thus, Εἰ is measured by some prime number. So I say that 
it will be measured by no other prime number than A. For if Κ᾽ is measured by another (prime 
number), and Εἰ measures D, then this (prime number) will thus also measure D. Hence, it will 
also measure A, (despite A) being prime (and) not being the same as it [Prop. 9.12]. The very 
thing is impossible. Thus, A measures E’. And since Εἰ measures D, let it measure it according to 
F. 1 say that Γ΄ is not the same as one of A, B, C. For if F is the same as one of A, B, C,, and 
measures D according to F, then one of A, B, C thus also measures D according to ΚΕ΄. But one 
of A, B, C (only) measures D according to some (one) of A, B, C [Prop. 9.11]. And thus F is 
the same as one of A, B, C’. The very opposite thing was assumed. Thus, Γ΄ is not the same as 
one of A, B, (΄. Similarly, we can show that Γ' is measured by A, (by) again showing that Γ' is 
not prime. For if (fF is prime), and measures D, then it will also measure A, (despite A) being 
prime (and) not being the same as it [Prop. 9.12]. The very thing is impossible. Thus, F’ is not 
prime. Thus, (it is) composite. And every composite number is measured by some prime number 
[Prop. 7.31]. Thus, Γ΄ is measured by some prime number. So I say that it will be measured by 
no other prime number than A. For if some other prime (number) measures Ε΄, and Γ' measures 
D, then this (prime number) will thus also measure D. Hence, it will also measure A, (despite 
A) being prime (and) not being the same as it [Prop. 9.12]. The very thing is impossible. Thus, 
A measures Γ΄. And since EF measures D according to Ε΄, E has thus made D (by) multiplying F’. 
But, in fact, A has also made D (by) multiplying C [Prop. 9.11 corr.]. Thus, the (number created) 
from (multiplying) A, C' is equal to the (number created) from (multiplying) EL, F’.Thus, propor- 
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δείξομεν, ὅτι ὁ © τῷ A οὐκ ἔστιν ὁ αὐτός. καὶ ἐπεὶ ὁ Η τὸν Β μετρεῖ κατὰ τὸν ©, ὁ Η ἄρα 
τὸν © πολλαπλασιάσας τὸν Β πεποίηκεν. ἀλλὰ μὴν καὶ ὁ A ἑαυτὸν πολλαπλασιάσας τὸν B 
πεποίηκεν᾽ ὁ ἄρα ὑπὸ ©, Η ἴσος ἐστὶ τῷ ἀπὸ τοῦ A τετραγώνῳ. ἔστιν ἄρα ὡς ὁ Θ πρὸς τὸν A, 
ὁ A πρὸς τὸν Η. μετρεῖ δὲ ὁ A τὸν Η’ μετρεῖ ἄρα καὶ ὁ Θ τὸν A πρῶτον ὄντα μὴ ὧν αὐτῷ ὁ 
αὐτός: ὅπερ ἄτοπον. οὐκ ἄρα ὁ μέγιστος ὁ Δ ὑπὸ ἑτέρου ἀριϑμοῦ μετρηϑήσεται παρὲξ τῶν A, 
B, Τ᾽ ὅπερ ἔδει δεῖξαι. 
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-tionally as A is to E, so F' (is) to C [Prop. 7.19]. And A measures Εἰ. Thus, Γ΄ also measures C’. 
Let it measure it according to G. So, similarly, we can show that G is not the same as one of A, B, 
and that it is measured by A. And since F' measures C' according to G, Γ' has thus made Οἱ (by) 
multiplying G. But, in fact, A has also made Οἱ (by) multiplying B [Prop. 9.11 corr.]. Thus, the 
(number created) from (multiplying) A, B is equal to the (number created) from (multiplying) 
F, G. Thus, proportionally, as A (is) to F’, so G (is) to B [Prop. 7.19]. And A measures F’. Thus, 
G also measures B. Let it measure it according to H. So, similarly, we can show that H is not the 
same as A. And since G measures B according to H, G has thus made B (by) multiplying H. But, 
in fact, A has also made B (by) multiplying itself [Prop. 9.8]. Thus, the (number created) from 
(multiplying) H, G is equal to the square on A. Thus, as H is to A, (so) A (is) to G [Prop. 7.19]. 
And A measures G. Thus, H also measures A, (despite A) being prime (and) not being the same 
as it. The very thing (is) absurd. Thus, the greatest (number) D cannot be measured by another 
(number) except (one of) A, B, C. (Which is) the very thing it was required to show. 
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"Ey ἐλάχιστος ἀριϑμὸς ὑπὸ πρώτων ἀριϑμῶν μετρῆται, ὑπ᾽ οὐδενὸς ἄλλου πρώτου ἀριϑμοῦ 
μετρηϑήσεται παρὲξ τῶν ἐξ ἀρχῆς μετρούντων. 


᾿Ἔλάχιστος γὰρ ἀριϑμὸς 6 A ὑπὸ πρώτων ἀριϑμῶν τῶν Β, 1), Δ μετρείσϑω: λέγω, ὅτι ὁ A ὑπ᾽ 
οὐδενὸς ἄλλου πρώτου ἀριϑμοῦ μετρηϑήσεται παρὲξ τῶν Β, T, Δ. 


Εἰ γὰρ δυνατόν, μετρείσϑω ὑπὸ πρώτου τοῦ E, καὶ ὁ E μηδενὶ τῶν Β, TV, Δ ἔστω ὁ αὐτός. 
nal ἐπεὶ ὁ E τὸν A μετρεῖ, μετρείτω αὐτὸν κατὰ τὸν Ζ' ὁ E ἄρα τὸν Ζ πολλαπλασιάσας 
tov A πεποίηκεν. καὶ μετρεῖται ὁ A ὑπὸ πρώτων ἀριϑμῶν τῶν B, I, Δ. ἐὰν δὲ δύο ἀριϑμοὶ 
πολλαπλασιάσαντες ἀλλήλους ποιῶσί τινα, τὸν δὲ γενόμενον ἐξ αὐτῶν μετρῇ τις πρῶτος ἀριϑμός, 
καὶ ἕνα τῶν ἐξ ἀρχῆς μετρήσει: οἱ Β, ΓΤ, Δ ἄρα ἕνα τῶν E, Z μετρήσουσιν. τὸν μὲν οὖν 
E οὐ μετρήσουσιν: ὁ γὰρ E πρῶτός ἐστι καὶ οὐδενὶ τῶν B, VT, Δ ὁ αὐτός. τὸν Z ἄρα 
μετροῦσιν ἐλάσσονα ὄντα τοῦ Δ΄ ὅπερ ἀδύνατον. ὁ γὰρ A ὑπόκειται ἐλάχιστος ὑπὸ τῶν B, T, 
Δ μετρούμενος. οὐκ ἄρα τὸν μετρήσει πρῶτος ἀριϑμὸς παρὲξ τῶν B, 1), Δ’ ὅπερ ἔδει δεῖξαι. 
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If a least number is measured by (some) prime numbers then it will not be measured by any other 
prime number except (one of) the original measuring (numbers). 


For let A be the least number measured by the prime numbers B, (Οὐ, D. I say that A will not be 
measured by any other prime number except (one of) B, C, D. 


For, if possible, let it be measured by the prime (number) Ε΄. And let Ε' not be the same as one 
of B, C, D. And since E measures A, let it measure it according to Ε΄. Thus, & has made A 
(by) multiplying F. And A is measured by the prime numbers B, C, D. And if two numbers 
make some (number by) multiplying one another, and some prime number measures the number 
created from them, then (the prime number) will also measure one of the original (numbers) 
[Prop. 7.30]. Thus, B, C, D will measure one of EF, Εἰ. In fact, they do not measure Κ᾽. For F is 
prime, and not the same as one of B, C, D. Thus, they (all) measure F’, which is less than A. The 
very thing (is) impossible. For A was assumed (to be) the least (number) measured by B, C, D. 
Thus, no prime number can measure A except (one of) B, C, D. (Which is) the very thing it was 
required to show. 
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Rav τρεῖς ἀριϑμοὶ ἑξῆς ἀνάλογον ὦσιν ἐλάχιστοι τῶν τὸν αὐτὸν λόγον ἐχόντων αὐτοῖς, δύο 
ὁποιοιοῦν συντεϑέντες πρὸς τὸν λοιπὸν πρῶτοί εἰσιν. 


57 ~ > Ν ς —~ > rg 2 rg ~ x > ἧς / 2 / > ~ 4 
Eotwoay τρεῖς ἀριϑμοὶ ἑξῆς ἀνάλογον ἐλάχιστοι τῶν TOV αὐτὸν λόγον ἐχόντων αὐτοῖς οἱ A, B, 
1" λέγω, ὅτι τῶν A, Β, Τ᾿ δύο ὁποιοιοῦν συντεϑέντες πρὸς τὸν λοιπὸν πρῶτοι εἰσιν, οἱ μὲν A, B 
πρὸς τὸν I’, οἱ δὲ Β, Τ᾽ πρὸς τὸν A καὶ ἔτι ot A, Τ᾿ πρὸς τὸν Β. 


Εἰλήφϑωσαν γὰρ ἐλάχιστοι ἀριϑμοὶ τῶν τὸν αὐτὸν λόγον ἐχόντων τοῖς A, B, Τ᾽ δύο οἱ ΔΕ, EZ. 
φανερὸν δή, ὅτι ὁ μὲν ΔΕ ἑαυτὸν πολλαπλασιάσας τὸν Α πεποίηκεν, τὸν δὲ ΕΖ πολλαπλασιάσας 
τὸν Β πεποίηκεν, καὶ ἔτι ὁ EZ ἑαυτὸν πολλαπλασιάσας τὸν I’ πεποίηκεν. καὶ ἐπεὶ οἱ ΔΕ, EZ 
ἐλάχιστοί εἰσιν, πρῶτοι πρὸς ἀλλήλους εἰσιν. ἐὰν δὲ δύο ἀριϑμοὶ πρῶτοι πρὸς ἀλλήλους ὦσιν, 
καὶ συναμφότερος πρὸς ἑκάτερον πρῶτός ἐστιν’ καὶ ὁ AZ ἄρα πρὸς ἑκάτερον τῶν ΔΕ, EZ 
πρῶτός ἐστιν. ἀλλὰ μὴν καὶ ὁ AE πρὸς τὸν EZ πρῶτός ἐστιν: οἱ AZ, ΔΕ ἄρα πρὸς τὸν ΕΖ 
πρῶτοί εἰσιν. ἐὰν δὲ δύο ἀριϑμοὶ πρός τινα ἀριϑμὸν πρῶτοι ὦσιν, καὶ ὁ ἐξ αὐτῶν γενόμενος 
πρὸς τὸν λοιπὸν πρῶτός ἐστιν’ ὥστε ὁ ἐκ τῶν ZA, ΔΕ πρὸς τὸν EZ πρῶτός ἐστιν’ ὥστε καὶ 
ὁ éx τῶν ZA, ΔΕ πρὸς τὸν ἀπὸ τοῦ EZ πρῶτός ἐστιν. [ἐὰν γὰρ δύο ἀριϑμοὶ πρῶτοι πρὸς 
ἀλλήλους ὦσιν, ὁ ἐκ τοῦ ἑνὸς αὐτῶν γενόμενος πρὸς τὸν λοιπὸν πρῶτός ἐστιν]. ἀλλ᾽ ὁ ἐκ τῶν 
ZA, AE ὁ ἀπὸ τοῦ ΔΕ ἐστι μετὰ τοῦ ἐκ τῶν AE, EZ: ὁ ἄρα ἀπὸ tod AE μετὰ τοῦ ἐκ τῶν ΔΗ, 
ΕΖ πρὸς τὸν ἀπὸ τοῦ EZ πρῶτός ἐστιν. nal ἐστιν ὁ μὲν ἀπὸ τοῦ AE ὁ A, ὁ δὲ ἐκ τῶν ΔΗ, 
ΕΖ ὁ Β, 6 δὲ ἀπὸ τοῦ ΕΖ ὁ 1" οἱ A, Β ἄρα συντεϑέντες πρὸς τὸν T° πρῶτοί εἰσιν. ὁμοίως δὴ 
δείξομεν, ὅτι καὶ οἱ B, Τ᾿ πρὸς τὸν A πρῶτοί εἰσιν. λέγω SH, ὅτι καὶ οἱ A, Τ᾿ πρὸς τὸν Β πρῶτοί 
εἰσιν. ἐπεὶ γὰρ ὁ ΔΖ πρὸς ἑκάτερον τῶν ΔΗ, EZ πρῶτός ἐστιν, καὶ ὁ ἀπὸ τοῦ ΔΖ πρὸς τὸν 
ἐκ τῶν ΔΗ, EZ πρῶτός ἐστιν. ἀλλὰ τῷ ἀπὸ τοῦ ΔΖ ἴσοι εἰσὶν οἱ ἀπὸ τῶν AE, EZ μετὰ τοῦ 
δὶς ἐκ τῶν ΔΕ, EZ: καὶ οἱ ἀπὸ τῶν AE, EZ ἄρα μετὰ τοῦ δὶς ὑπὸ τῶν AE, ΕΖ πρὸς τὸν ὑπὸ 
τῶν ΔΗ, EZ πρῶτοί [εἰσι]. διελόντι οἱ ἀπὸ τῶν AE, EZ μετὰ τοῦ ἅπαξ ὑπὸ AE, EZ πρὸς τὸν 
ὑπὸ ΔΕ, ΕΖ πρῶτοί εἰσιν. ἔτι διελόντι οἱ ἀπὸ τῶν ΔΗ, EZ ἄρα πρὸς τὸν ὑπὸ AE, EZ πρῶτοί 
εἰσιν. καί ἐστιν ὁ μὲν ἀπὸ TOD ΔΕ ὁ A, ὁ δὲ ὑπὸ τῶν ΔΕ, EZ ὁ Β, ὁ δὲ ἀπὸ τοῦ ΕΖ OT. οἱ 
A, Τ᾽ ἄρα συντεϑέντες πρὸς τὸν Β πρῶτοί εἰσιν’ ὅπερ ἔδει δεῖξαι. 
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If three continuously proportional numbers are the least of those (numbers) having the same ratio 
as them, then two (of them) added together in any way are prime to the remaining (one). 


Let A, B, C be three continuously proportional numbers (which are) the least of those (numbers) 
having the same ratio as them. I say that two of A, B, C added together in any way are prime to 
the remaining (one), (that is) A and B (prime) to C, B and C to A, and, further, A and C to B. 


Let the two least numbers, DE and EF’, having the same ratio as A, B, C’, have been taken 
[Prop. 8.2]. So it is clear that DE has made A (by) multiplying itself, and has made B (by) 
multiplying EF, and, further, EF has made C’ (by) multiplying itself [Prop. 8.2]. And since 
DE, EF are the least (of those numbers having the same ratio as them), they are prime to one 
another [Prop. 7.22]. And if two numbers are prime to one another then the sum (of them) is also 
prime to each [Prop. 7.28]. Thus, DF is also prime to each of DE, EF’. But, in fact, DE is also 
prime to EF’. Thus, DF, DE are (both) prime to EF’. And if two numbers are (both) prime to 
some number then the (number) created from (multiplying) them is also prime to the remaining 
(number) [Prop. 7.24]. Hence, the (number created) from (multiplying) FD, DE is prime to 
EF. Hence, the (number created) from (multiplying) FD, DE is also prime to the (square) on 
EF [Prop. 7.25]. [For if two numbers are prime to one another then the (number) created from 
(squaring) one of them is prime to the remaining (number).] But the (number created) from 
(multiplying) FD, DE is the (square) on DE plus the (number created) from (multiplying) DE, 
EF [Prop. 2.3]. Thus, the (square) on DE plus the (number created) from (multiplying) DE, 
EF is prime to the (square) on EF’. And the (square) on DE is A, and the (number created) 
from (multiplying) DE, EF (is) B, and the (square) on EF (is) C. Thus, A, B summed is prime 
to C. So, similarly, we can show that B, C (summed) is also prime to A. So I say that A, C 
(summed) is also prime to B. For since DF is prime to each of DE, EF then the (square) on 
DF is also prime to the (number created) from (multiplying) DE, EF [Prop. 7.25]. But, the 
(sum of the squares) on DE, EF plus twice the (number created) from (multiplying) DE, EF 
is equal to the (square) on DF [Prop. 2.4]. And thus the (sum of the squares) on DE, EF plus 
twice the (rectangle contained) by DE, EF [is] prime to the (rectangle contained) by DE, EF. 
By separation, the (sum of the squares) on DE, E'F plus once the (rectangle contained) by DE, 
EF is prime to the (rectangle contained) by DE, EF.'*° Again, by separation, the (sum of the 
squares) on DE, FF is prime to the (rectangle contained) by DE, EF’. And the (square) on DE 


M46Since if a 3 measures a? + 6? + 2a (3 then it also measures a? + 3? + a G, and vice versa. 
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is A, and the (rectangle contained) by DE, EF (is) B, and the (square) on EF (is) C. Thus, A, 
C summed is prime to B. (Which is) the very thing it was required to show. 
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᾿ὰν δύο ἀριϑμοὶ πρῶτοι πρὸς ἀλλήλους ὦσιν, οὐκ ἔσται ὡς ὁ πρῶτος πρὸς τὸν δεύτερον, 
οὕτως ὁ δεύτερος πρὸς ἄλλον τινά. 


Δύο γὰρ ἀριϑμοὶ ot Δ, Β πρῶτοι πρὸς ἀλλήλους ἔστωσαν: λέγω, ὅτι οὐκ ἔστιν ὡς ὁ A πρὸς 
τὸν Β, οὕτως ὁ Β πρὸς ἄλλον τινά. 


Εἰ γὰρ δυνατόν, ἔστω ὡς 6 A πρὸς τὸν Β, ὁ Β πρὸς τὸν T. οἱ δὲ A, Β πρῶτοι, οἱ δὲ πρῶτοι 
nal ἐλάχιστοι, οἱ δὲ ἐλάχιστοι ἀριϑμοὶ μετροῦσι τοὺς τὸν αὐτὸν λόγον ἔχοντας ἰσάκις ὅ τε 
ἡγούμενος τὸν ἡγούμενον καὶ ὁ ἑπόμενος τὸν ἑπόμενον: μετρεῖ ἄρα ὁ A τὸν Β ὡς ἡγούμενος 
ἡγούμενον. μετρεῖ δὲ καὶ ἑαυτόν: ὁ A ἄρα τοὺς A, Β μετρεῖ πρώτους ὄντας πρὸς ἀλλήλους; 
ὅπερ ἄτοπον. οὐκ ἄρα ἔσται ὡς ὁ A πρὸς τὸν Β, οὕτως ὁ Β πρὸς τὸν 1" ὅπερ ἔδει δεῖξαι. 
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If two numbers are prime to one another then as the first is to the second, so the second (will) 
not (be) to some other (number). 


For let the two numbers A and B be prime to one another. 1 say that as A is to B, so B is not to 
some other (number). 


For, if possible, let it be that as A (is) to B, (so) B (is) to C. And A and B (are) prime (to one 
another). And (numbers) prime (to one another are) also the least (of those numbers having 
the same ratio as them) [Prop. 7.21]. And the least numbers measure those (numbers) having 
the same ratio (as them) an equal number of times, the leading (measuring) the leading, and 
the following the following [Prop. 7.20]. Thus, A measures B, as the leading (measuring) the 
leading. And (A) also measures itself. Thus, A measures A and B, which are prime to one 
another. The very thing (is) absurd. Thus, as A (is) to B, so B cannot be to C’. (Which is) the 
very thing it was required to show. 
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Ἔν ὦσιν ὁσοιδηποτοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον, οἱ δὲ ἄκροι αὐτῶν πρῶτοι πρὸς ἀλλήλους 
ὦσιν, οὐκ ἔσται ὡς ὁ πρῶτος πρὸς τὸν δεύτερον, οὕτως ὁ ἔσχατος πρὸς ἄλλον τινά. 


Ἔστωσαν ὁσοιδηποτοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον οἱ A, B, 1), A, οἱ δὲ ἄκροι αὐτῶν οἱ A, A 
πρῶτοι πρὸς ἀλλήλους ἔστωσαν: λέγω, ὅτι οὐκ ἔστιν ὡς ὁ A πρὸς τὸν Β, οὕτως ὁ A πρὸς ἄλλον 
τινά. 


Εἰ γὰρ δυνατόν, ἔστω ὡς ὁ A πρὸς τὸν B, οὕτως ὁ Δ πρὸς τὸν E. ἐναλλὰξ ἄρα ἐστὶν ὡς ὁ A 
πρὸς τὸν Δ, 6 Β πρὸς τὸν E. οἱ δὲ A, Δ πρῶτοι, οἱ δὲ πρῶτοι καὶ ἐλάχιστοι, οἱ δὲ ἐλάχιστοι 
ἀριϑμοὶ μετροῦσι τοὺς τὸν αὐτὸν λόγον ἔχοντας ἰσάκις ὅ τε ἡγούμενος τὸν ἡγούμενον καὶ ὁ 
ἑπόμενος τὸν ἑπόμενον. μετρεῖ ἄρα ὁ A τὸν Β. καί ἐστιν ὡς ὁ A πρὸς τὸν Β, ὁ Β πρὸς τὸν 1. 
καὶ ὁ Β ἄρα τὸν Τ᾽ μετρεῖ ὥστε καὶ 6 A τὸν Τ᾽ μετρεῖ. καὶ ἐπεί ἐστιν ὡς 6 Β πρὸς τὸν T, ὁ 
Τ᾽ πρὸς τὸν Δ, μετρεῖ δὲ ὁ Β τὸν T, μετρεῖ ἄρα καὶ ὁ T τὸν Δ. ἀλλ᾽ ὁ A τὸν Τ᾽ ἐμέτρει: ὥστε 
ὁ A χαὶ τὸν Δ μετρεῖ. μετρεῖ δὲ καὶ ἑαυτόν. ὁ A ἄρα τοὺς A, Δ μετρεῖ πρώτους ὄντας πρὸς 
ἀλλήλους: ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα ἔσται ὡς ὁ A πρὸς τὸν B, οὕτως ὁ Δ πρὸς ἄλλον τινά" 
ὅπερ ἔδει δεὶξαι. 
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If any multitude whatsoever of numbers is continuously proportional, and the outermost of them 
are prime to one another, then as the first (is) to the second, so the last will not be to some other 
(number). 


Let A, B, C, D be any multitude whatsoever of continuously proportional numbers. And let the 
outermost of them, A and D, be prime to one another. I say that as A is to B, so D (is) not to 
some other (number). 


For, if possible, let it be that as A (is) to B, so D (is) to E. Thus, alternately, as A is to D, (so) B 
(is) to Εὶ [Prop. 7.13]. And A and D are prime (to one another). And (numbers) prime (to one 
another are) also the least (of those numbers having the same ratio as them) [Prop. 7.21]. And 
the least numbers measure those (numbers) having the same ratio (as them) an equal number of 
times, the leading (measuring) the leading, and the following the following [Prop. 7.20]. Thus, A 
measures B. And as A is to B, (so) B (is) to C. Thus, B also measures C. And hence A measures 
C [Def. 7.20]. And since as B is to C, (so) C (is) to D, and B measures Οὐ, C thus also measures 
D (Def. 7.20]. But, A was measuring C’. And hence A measures D. And (A) also measures itself. 
Thus, A measures A and D, which are prime to one another. The very thing is impossible. Thus, 
as A (is) to B, so D cannot be to some other (number). (Which is) the very thing it was required 
to show. 
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Δύο ἀριϑμῶν δοϑέντων ἐπισχέψασϑαι, εἰ δυνατόν ἐστιν αὐτοῖς τρίτον ἀνάλογον προσευρεῖν. 


Ἔστωσαν οἱ δοϑέντες δύο ἀριϑμοὶ οἱ A, B, καὶ δέον ἔστω ἐπισκέψασϑαι, εἰ δυνατόν ἐστιν 
αὐτοῖς τρίτον ἀνάλογον προσευρεῖν. 


Οἱ δὴ A, Β ἤτοι πρῶτοι πρὸς ἀλλήλους εἰσὶν 7 οὔ. καὶ εἰ πρῶτοι πρὸς ἀλλήλους εἰσίν, δέδεικται, 
ὅτι ἀδύνατόν ἐστιν αὐτοῖς τρίτον ἀνάλογον προσευρεῖν. 


᾿Αλλὰ δὴ μὴ ἔστωσαν οἱ A, Β πρῶτοι πρὸς ἀλλήλους, καὶ ὁ Β ἑαυτον πολλαπλασιάσας τὸν 1 
ποιείτω. ὁ A δὴ τὸν Τ᾽ ἤτοι μετρεῖ ἢ οὐ μετρεῖ. μετρείτω πρότερον κατὰ τὸν Δ’ ὁ A ἄρα τὸν A 
πολλαπλασιάσας τὸν Τ᾽ πεποίηκεν. ἀλλα μὴν καὶ ὁ Β ἑαυτὸν πολλαπλασιάσας τὸν Τ᾽ πεποίηκεν" 
ὁ ἄρα ἐκ τῶν A, Δ ἴσος ἐστὶ τῷ ἀπὸ τοῦ Β. ἔστιν ἄρα ὡς ὁ A πρὸς τὸν B, ὁ Β πρὸς τὸν A’ 
τοῖς A, B ἄρα τρίτος ἀριϑμὸς ἀνάλογον προσηύρηται ὁ Δ. 


᾿Αλλὰ δὴ μὴ μετρείτω ὁ A τὸν Τ᾿ λέγω, ὅτι τοῖς A, Β ἀδύνατόν ἐστι τρίτον ἀνάλογον προσευρεῖν 
ἀριϑμόν. εἰ γὰρ δυνατόν, προσηυρήσϑω ὁ Δ. ὁ ἄρα ἐκ τῶν A, Δ ἴσος ἐστὶ τῷ ἀπὸ τοῦ Β. ὁ 
δὲ ἀπὸ τοῦ Β ἐστιν ὁ 1" ὁ ἄρα ἐκ τῶν A, Δ ἴσος ἐστὶ τῷ I. ὥστε 6 A τὸν Δ πολλαπλασιάσας 
τὸν Τ᾽ πεποίηκεν: ὁ A ἄρα τὸν I’ μετρεῖ κατὰ τὸν Δ. ἀλλα μὴν ὑπόκειται καὶ μὴ μετρῶν" ὅπερ 
ἄτοπον. οὐκ ἄρα δυνατόν ἐστι τοῖς A, Β τρίτον ἀνάλογον προσευρεῖν ἀριϑμὸν, ὅταν ὁ A τὸν I 
μὴ μετρῇ᾽ ὅπερ ἔδει δεῖξαι. 
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For two given numbers, to investigate whether it is possible to find a third (number) proportional 
to them. 


Let A and B be the two given numbers. And let it be required to investigate whether it is possible 
to find a third (number) proportional to them. 


So A and B are either prime to one another or not. And if they are prime to one another it 
has (already) been show that it is impossible to find a third (number) proportional to them 
[Prop. 9.16]. 


And so let A and B not be prime to one another. And let B make C (by) multiplying itself. So A 
either measures or does not measure C’. Let it first of all measure (C) according to D. Thus, A 
has made C (by) multiplying D. But, in fact, B has also made C (by) multiplying itself. Thus, the 
(number created) from (multiplying) A, D is equal to the (square) on B. Thus, as A is to B, (so) 
B (is) to D [Prop. 7.19]. Thus, a third number has been found proportional to A, B, (namely) D. 


And so let A not measure (΄. I say that it is impossible to find a third number proportional to 
A, B. For, if possible, let it have been found, (and let it be) D. Thus, the (number created) 
from (multiplying) A, D is equal to the (square) on B [Prop. 7.19]. And the (square) on B is C. 
Thus, the (number created) from (multiplying) A, D is equal to C. Hence, A has made (Οἱ (by) 
multiplying D. Thus, A measures C’ according to D. But (A) was, in fact, also assumed (to be) 
not measuring (C’). The very thing (is) absurd. Thus, it is not possible to find a third number 
proportional to A, B when A does not measure C’. (Which is) the very thing it was required to 
show. 
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Τριῶν ἀριϑμῶν δοϑέντων ἐπισκέψασθαι, πότε δυνατόν ἐστιν αὐτοῖς τέταρτον ἀνάλογον προ- 
σευρεῖν. 


Ἔστωσαν οἱ δοϑέντες τρεῖς ἀριϑμοὶ οἱ A, Β, I, καὶ δέον ἔστω επισκέψασϑαι, πότε δυνατόν 
ἐστιν αὐτοῖς τέταρτον ἀνάλογον προσευρεῖν. 


Ἤτοι οὖν οὔκ εἰσιν ἑξῆς ἀνάλογον, καὶ οἱ ἄκροι αὐτῶν πρῶτοι πρὸς ἀλλήλους εἰσίν, 7} ἑξῆς 
εἰσιν ἀνάλογον, καὶ οἱ ἄκροι αὐτῶν οὔκ εἰσι πρῶτοι πρὸς ἀλλήλους, ἢ οὕτε ἑξῆς εἰσιν ἀνάλογον, 
οὔτε οἱ ἄκροι αὐτῶν πρῶτοι πρὸς ἀλλήλους εἰσίν, ἢ καὶ ἑξῆς εἰσιν ἀνάλογον, καὶ οἱ ἄκροι αὐτῶν 
πρῶτοι πρὸς ἀλλήλους εἰσίν. 


Εἰ μὲν οὖν οἱ A, Β, Τ᾽ ἑξῆς εἰσιν ἀνάλογον, καὶ οἱ ἄχροι αὐτῶν οἱ A, I πρῶτοι πρὸς ἀλλήλους 
εἰσίν, δέδεικται, ὅτι ἀδύνατόν ἐστιν αὐτοῖς τέταρτον ἀνάλογον προσευρεῖν ἀριϑμόν. μὴ ἔστωσαν 
δὴ οἱ A, B, Τ᾽ ἑξῆς ἀνάλογον τῶν ἀκρῶν πάλιν ὄντων πρώτων πρὸς ἀλλήλους. λέγω, ὅτι καὶ 
οὕτως ἀδύνατόν ἐστιν αὐτοῖς τέταρτον ἀνάλογον προσευρεῖν. εἰ γὰρ δυνατόν, προσευρήσϑω ὁ 
Δ, ὥστε εἶναι ὡς tov A πρὸς τὸν B, τὸν Τ᾽ πρὸς τὸν Δ, καὶ γεγονέτω ὡς ὁ Β πρὸς τὸν Τ᾽, ὁ A 
πρὸς τὸν E. καὶ ἐπεί ἐστιν ὡς μὲν ὁ A πρὸς τὸν Β, ὁ Τ᾽ πρὸς τὸν Δ, ὡς δὲ ὁ Β πρὸς τὸν T, 
ὁ Δ πρὸς τὸν E, δι᾽ ἴσου ἄρα ὡς 6 A πρὸς τὸν T, ὁ Τ' πρὸς τὸν E. οἱ δὲ A, Τ᾽ πρῶτοι, οἱ δὲ 
πρῶτοι χαὶ ἐλάχιστοι, οἱ δὲ ἐλάχιστοι μετροῦσι τοὺς τὸν αὐτὸν λόγον ἔχοντας ὅ τε ἡγούμενος 
τὸν ἡγούμενον χαὶ ὁ ἑπόμενος τὸν ἑπόμενον. μετρεῖ ἄρα ὁ A τὸν I ὡς ἡγούμενος ἡγούμενον. 
μετρεῖ δὲ καὶ ἑαυτόν: ὁ A ἄρα τοὺς A, I μετρεῖ πρώτους ὄντας πρὸς ἀλλήλους ὅπερ ἐστὶν 
ἀδύνατον. οὐκ ἄρα τοῖς A, B, Τ᾽ δυνατόν ἐστι τέταρτον ἀνάλογον προσευρεῖν. 


᾿Αλλά δὴ πάλιν ἔστωσαν οἱ A, Β, Τ᾽ ἑξῆς ἀνάλογον, οἱ δὲ A, T μὴ ἔστωσαν πρῶτοι πρὸς 
ἀλλήλους. λέγω, ὅτι δυνατόν ἐστιν αὐτοῖς τέταρτον ἀνάλογον προσευρεῖν. ὁ γὰρ B τὸν 1 
πολλαπλασιάσας τὸν Δ ποιείτω: ὁ A ἄρα τὸν Δ ἤτοι μετρεῖ Ἦἢ οὐ μετρεῖ. μετρείτω αὐτὸν 
πρότερον γχατὰ τὸν Ε’ ὁ A ἄρα τὸν E πολλαπλασιάσας τὸν Δ πεποίηκεν. ἀλλὰ μὴν καὶ ὁ Β τὸν 
Τ᾽ πολλαπλασιάσας τὸν Δ πεποίηκεν ὁ ἄρα ἐκ τῶν A, E ἴσος ἐστὶ τῷ ἐκ τῶν B, 1. ἀνάλογον ἄρα 
[ἐστὶν] ὡς ὁ A πρὸς τὸν B, ὁ Τ᾽ πρὸς τὸν E: τοὶς A, Β, 1 ἄρα τέταρτος ἀνάλογον προσηύρηται 
ὁ E, 
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For three given numbers, to investigate when it is possible to find a fourth (number) proportional 
to them. 


Let A, B, Ο be the three given numbers. And let it be required to investigate when it is possible 
to find a fourth (number) proportional to them. 


In fact, (A, B, C) are either not continuously proportional and the outermost of them are prime 
to one another, or are continuously proportional and the outermost of them are not prime to one 
another, or are neither continuously proportional nor are the outermost of them prime to one 
another, or are continuously proportional and the outermost of them are prime to one another. 


In fact, if A, B, C are continuously proportional, and the outermost of them, A and C, are prime 
to one another, (then) it has (already) been shown that it is impossible to find a fourth number 
proportional to them [Prop. 9.17]. So let A, B, C not be continuously proportional, (with) the 
outermost of them again being prime to one another. I say that, in this case, it is also impossible 
to find a fourth (number) proportional to them. For, if possible, let it have been found, (and let it 
be) D. Hence, it will be that as A (is) to B, (so) C (is) to D. And let it be contrived that as B (is) 
to C, (so) D (is) to Ε΄. And since as A is to B, (so) C (is) to D, and as B (is) to C, (so) D (is) to E, 
thus, via equality, as A (is) to C, (so) C (is) to Καὶ [Prop. 7.14]. And A and C (are) prime (to one 
another). And (numbers) prime (to one another are) also the least (numbers having the same 
ratio as them) [Prop. 7.21]. And the least (numbers) measure those numbers having the same 
ratio as them (the same number of times), the leading (measuring) the leading, and the following 
the following [Prop. 7.20]. Thus, A measures C’, (as) the leading (measuring) the leading. And it 
also measures itself. Thus, A measures A and (, which are prime to one another. The very thing 
is impossible. Thus, it is not possible to find a fourth (number) proportional to A, B, C. 


147The proof of this proposition is incorrect. There are, in fact, only two cases. Either A, B, C are continuously 
proportional, with A and C prime to one another, or not. In the first case, it is impossible to find a fourth proportional 
number. In the second case, it is possible to find a fourth proportional number provided that A measures B times 
C. Of the four cases considered by Euclid, the proof given in the second case is incorrect, since it only demonstrates 
that if A: B::C: D then a number F cannot be found such that Β : C :: D: E. The proofs given in the other three 
cases are correct. 
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᾿Αλλὰ δὴ μὴ μετρείτω 6 A τὸν Δ’ λέγω, ὅτι ἀδύνατόν ἐστι τοῖς A, Β, Τ᾿ τέταρτον ἀνάλογον 
προσευρεῖν ἀριϑμόν. εἰ γὰρ δυνατόν, προσευρήσϑω ὁ Ε΄ ὁ ἄρα ἐκ τῶν A, E ἴσος ἐστὶ τῷ 
ἐκ τῶν B, 1. ἀλλὰ ὁ ex τῶν Β, Τ᾽ ἐστιν ὁ Δ’ χαὶ ὁ ἐκ τῶν A, E ἄρα ἴσος ἐστὶ τῷ Δ. 6 A 
ἄρα τὸν E πολλαπλασιάσας τὸν Δ πεποίηκεν: 6 A ἄρα τὸν Δ μετρεῖ κατὰ τὸν Ε΄ ὥστε μετρεῖ 
ὁ A τὸν Δ. ἀλλὰ uxt οὐ μετρεῖ ὅπερ ἄτοπον. οὐκ ἄρα δυνάτον ἐστι τοῖς A, B, TF τέταρτον 
ἀνάλογον προσευρεῖν ἀριϑμόν, ὅταν ὁ A τὸν Δ μὴ μετρῇ. ἀλλὰ δὴ οἱ A, Β, T μήτε ἑξῆς 
ἔστωσαν ἀνάλογον ENTE οἱ ἄκροι πρῶτοι πρὸς ἀλλήλους. καὶ ὁ Β τὸν T° πολλαπλασιάσας τὸν 
Δ ποιείτω. ὁμοίως δὴ δειχϑήσεται, ὅτι εἰ μὲν μετρεῖ ὁ A τὸν Δ, δυνατόν ἐστιν αὐτοῖς ἀνάλογον 
προσευρεῖν, εἰ δὲ οὐ μετρεῖ, ἀδύνατον ὅπερ ἔδει δεῖξαι. 
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And so let A, B, C again be continuously proportional, and let A and C' not be prime to one 
another. I say that it is possible to find a fourth (number) proportional to them. For let B 
make D (by) multiplying C. Thus, A either measures or does not measure D. Let it, first of all, 
measure (D) according to Κ᾿. Thus, A has made D (by) multiplying EF. But, in fact, B has also 
made D (by) multiplying C. Thus, the (number created) from (multiplying) A, FE is equal to the 
(number created) from (multiplying) B, Οὐ. Thus, proportionally, as A [is] to B, (so) C (is) to Ε 
[Prop. 7.19]. Thus, a fourth (number) proportional to A, B, C has been found, (namely) F. 


And so let A not measure D. I say that it is impossible to find a fourth number proportional to A, 
B, C. For, if possible, let it have been found, (and let it be) E. Thus, the (number created) from 
(multiplying) A, F is equal to the (number created) from (multiplying) B, C. But, the (number 
created) from (multiplying) B, C is D. And thus the (number created) from (multiplying) A, Ε 
is equal to D. Thus, A has made D (by) multiplying Κ᾿. Thus, A measures D according to E. 
Hence, A measures D. But, it also does not measure (D). The very thing (is) absurd. Thus, it 
is not possible to find a fourth number proportional to A, B, C when A does not measure D. 
And so (let) A, B, C (be) neither continuously proportional, nor (let) the outermost of them 
(be) prime to one another. And let B make D (by) multiplying C’. So, similarly, it can be show 
that if A measures D then it is possible to find a fourth (number) proportional to (A, B, C), and 
impossible if (A) does not measure (D). (Which is) the very thing it was required to show. 
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Οἱ πρῶτοι ἀριϑμοὶ πλείους εἰσὶ παντὸς τοῦ προτεϑέντος πλήϑους πρώτων ἀριϑμῶν. 


Ἔστωσαν οἱ προτεϑέντες πρῶτοι ἀριϑμοὶ οἱ A, B, 1" λέγω, ὅτι τῶν A, Β, TV πλείους εἰσὶ πρῶτοι 
ἀριϑμοί. 

Εἰλήφϑω γὰρ ὁ ὑπὸ τῶν A, B, Τ᾽ ἐλάχιστος μετρούμενος καὶ ἔστω AE, καὶ προσκείσϑω τῷ AE 
μονὰς ἡἣ ΔΖ. ὁ δὴ ΕΖ ἤτοι πρῶτός ἐστιν ἢ οὔ. ἔστω πρότερον πρῶτος: εὐρημένοι ἄρα εἰσὶ 
πρῶτοι ἀριϑμοὶ οἱ A, Β, 1, ΕΖ πλείους τῶν A, Β, T. 


᾿Αλλὰ δὴ μὴ ἔστω ὁ ΕΖ πρῶτος: ὑπὸ πρώτου ἄρα τινὸς ἀριϑμοῦ μετρεῖται. μετρείσϑω ὑπὸ 
πρώτου τοῦ H: λέγω, ὅτι ὁ Η οὐδενὶ τῶν A, B, T° ἐστιν ὁ αὐτός. εἰ γὰρ δυνατόν, ἔστω. οἱ δὲ 
A, B, Τ᾽ τὸν ΔΕ μετροῦσιν: καὶ ὁ Η ἄρα τὸν AE μετρήσει. μετρεῖ δὲ καὶ τὸν EZ: καὶ λοιπὴν 
τὴν ΔΖ μονάδα μετρήσει ὁ H ἀριϑμὸς ὦν: ὄπερ ἄτοπον. οὐκ ἄρα ὁ Η ἑνὶ τῶν A, B, Τ᾽ ἐστιν 
ὁ αὐτός. καὶ ὑπόκειται πρῶτος. εὑρημένοι ἄρα εἰσὶ πρῶτοι ἀριϑμοὶ πλείους τοῦ προτεϑέντος 
πλήϑους τῶν A, Β, 1 οἱ A, Β, Τ᾿, Η: ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 9 
Proposition 20 


At Gt 


E D F 


(+> Ἢ 


The (set of all) prime numbers is more numerous than any assigned multitude of prime numbers. 


Let A, B, C be the assigned prime numbers. I say that the (set of all) primes numbers is more 
numerous than A, B, C. 


For let the least number measured by A, B, C have been taken, and let it be DE [Prop. 7.36]. 
And let the unit DF have been added to DE. So EF is either prime or not. Let it, first of all, be 
prime. Thus, the (set of) prime numbers A, B, C, EF’, (which is) more numerous than A, B, C, 
has been found. 


And so let EF not be prime. Thus, it is measured by some prime number [Prop. 7.31]. Let it 
be measured by the prime (number) G. I say that G is not the same as any of A, B, C. For, if 
possible, let it be (the same). And A, B, C (all) measure DE. Thus, G will also measure DE. And 
it also measures EF’. (So) G will also measure the remainder, unit DF’, (despite) being a number 
[Prop. 7.28]. The very thing (is) absurd. Thus, G is not the same as one of A, B, C. And it was 
assumed (to be) prime. Thus, the (set of) prime numbers A, B, C, G, (which is) more numerous 
than the assigned multitude (of prime numbers), A, B, C, has been found. (Which is) the very 
thing it was required to show. 
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ΣΤΟΙΧΗΙΩΝ 9΄ 


ux 


A B LT A Η 


᾿Ἐὰν ἄρτιοι ἀριϑμοὶ ὁποσοιοῦν συντεϑῶσιν, ὁ ὅλος ἄρτιός ἐστιν. 
Συγχείσϑωσαν γὰρ ἄρτιοι ἀριϑμοὶ ὁποσοιοῦν οἱ AB, BI, TA, ΔΕ; λέγω, ὅτι ὅλος ὁ AE ἄρτιός 
ἐστιν. 


"Exel γὰρ ἕκαστος τῶν AB, BI, ΓΔ, ΔΕ ἄρτιός ἐστιν, ἔχει μέρος ἥμισυ: ὥστε καὶ ὅλος ὁ AE 
ἔχει μέρος ἥμισυ. ἄρτιος δὲ ἀριϑμός ἐστιν ὁ δίχα διαιρούμενος: ἄρτιος ἄρα ἐστὶν ὁ ΛΕ" ὅπερ 


ἔδει δεῖξαι. 
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ELEMENTS BOOK 9 


Proposition 21 
A B C D E 
_ At tt 


If any multitude whatsoever of even numbers is added together then the whole is even. 


For let any multitude whatsoever of even numbers, AB, BC, C'D, DE, lie together. I say that the 
whole, AL, is even. 


For since everyone of AB, BC, CD, DE is even, it has a half part [Def. 7.6]. And hence the whole 


AE has a half part. And an even number is one (which can be) divided in two [Def. 7.6]. Thus, 
AE is even. (Which is) the very thing it was required to show. 
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XTOTXEIQN 9΄ 


χβ΄ 


I ' ' ' 1 
᾿ὰν περισσοὶ ἀριϑμοὶ ὁποσοιοῦν συντεϑῶσιν, τὸ δὲ πλῆϑος αὐτῶν ἄρτιον ἢ, ὁ ὅλος ἄρτιος 
ἔσται. 


Συγχείσϑωσαν γὰρ περισσοὶ ἀριϑμοὶ ὁσοιδηποτοῦν ἄρτιοι τὸ πλῆϑος οἱ AB, BI, TA, AE: 
λέγω, ὅτι ὅλος ὁ ΛΕ ἄρτιός ἐστιν. 


"Enel γὰρ ἕκαστος τῶν AB, BI, ΓΔ, ΔΕ περιττός ἐστιν, ἀφαιρεϑείσης μονάδος ἀφ᾽ ἑκάστου 
ἕκαστος τῶν λοιπῶν ἄρτιος ota ὥστε καὶ ὁ συγκείμενος ἐξ αὐτῶν ἄρτιος ἔσται. ἔστι δὲ καὶ τὸ 


ς 


πλῆϑος τῶν μονάδων ἄρτιον. καὶ ὅλος ἄρα ὁ AE ἄρτιός ἐστιν’ ὅπερ ἔδει δεῖξαι. 


650 


ELEMENTS BOOK 9 


Proposition 22 


A B C D Ε 


.- τη τ τ' Ὶ 


If any multitude whatsoever of odd numbers is added together, and the multitude of them is even, 
then the whole will be even. 


For let any even multitude whatsoever of odd numbers, AB, BC, CD, DE, lie together. I say that 
the whole, AF, is even. 


For since everyone of AB, BC, CD, DE is odd then, a unit being subtracted from each, ev- 
eryone of the remainders will be (made) even [Def. 7.7]. And hence the sum of them will be 
even [Prop. 9.21]. And the multitude of the units is even. Thus, the whole AF is also even 
[Prop. 9.21]. (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩΝ 9΄ 


a 6 


ἰώ Χ \ 2 Noe ων ~ N N > > ὦ N a NG κι τις g Ser: 
Rav περισσοὶ ἀριϑμοὶ ὁποσοιοῦν συντεϑῶσιν, TO δὲ πλῆϑος αὐτῶν περισσὸν ἢ, καὶ ὁ ὅλος 
περισσὸς ἔσται. 


Συγκείσϑωσαν γὰρ ὁποσοιοῦν περισσοὶ ἀριϑμοί, ὧν τὸ πλῆϑος περισσὸν ἔστω, οἱ AB, BI, PA: 
λέγω, ὅτι καὶ ὅλος ὁ ΑΔ περισσός ἐστιν. 


᾿Αφῃρήσϑω ἀπὸ τοῦ ΓΔ μονὰς ἣ ΔΕ; λοιπὸς ἄρα ὁ TE ἄρτιός ἐστιν. ἔστι δὲ καὶ 6 ΓᾺ ἄρτιος: 


ὁ 
nat ὅλος ἄρα ὁ ΛΕ ἄρτιός ἐστιν. καί ἐστι μονὰς 7 AE. περισσὸς ἄρα ἐστὶν ὁ ΑΔ’ ὅπερ ἔδει 


δεῖξαι. 
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ELEMENTS BOOK 9 


Proposition 23 
A ΒΕ Ε D 
+++ 


If any multitude whatsoever of odd numbers is added together, and the multitude of them is odd, 
then the whole will also be odd. 


For let any multitude whatsoever of odd numbers, AB, BC, CD, lie together, and let the multi- 
tude of them be odd. I say that the whole, AD, is also odd. 


For let the unit DE have been subtracted from CD. The remainder C'E is thus even [Def. 7.7]. 


And CA is also even [Prop. 9.22]. Thus, the whole AF is also even [Prop. 9.21]. And DE isa 
unit. Thus, AD is odd [Def. 7.7]. (Which is) the very thing it was required to show. 
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XTOIXEION 9΄ 
κδ΄ 


Α 1 B 


᾿Ἐὰν ἀπὸ ἀρτίου ἀριϑμοῦ ἄρτιος ἀφαιρεϑῇ, ὁ λοιπὸς ἄρτιος ἔσται. 
"And γὰρ ἀρτίου tod ΑΒ ἄρτιος ἀφῃρήσϑω ὁ BI™ λέγω, ὅτι ὁ λοιπὸς 6 TA ἄρτιός ἐστιν. 


Ἐπεὶ γὰρ ὁ ΑΒ ἄρτιός ἐστιν, ἔχει μέρος ἥμισυ. διὰ τὰ αὐτὰ δὴ καὶ 6 BI ἔχει μέρος ἥμισυ: 
ὥστε uat λοιπὸς [ὁ ΤᾺ ἔχει μέρος ἥμισυ] ἄρτιος [ἄρα] ἐστὶν ὁ AI™ ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 9 


Proposition 24 


A C B 


{]_ A] 


If an even (number) is subtracted from an(other) even number then the remainder will be even. 


For let the even (number) BC have been subtracted from the even number AB. I say that the 
remainder ΟἿΑ is even. 


For since AB is even, it has a half part [Def. 7.6]. So, for the same (reasons), BC also has a half 


part. And hence the remainder [CA has a half part]. [Thus,] AC is even. (Which is) the very 
thing it was required to show. 
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XTOTXEIQN 9΄ 


ue 


A rT A B 


"Ey ἀπὸ ἀρτίου ἀριϑμοῦ περισσὸς ἀφαιρεϑῇ, ὁ λοιπὸς περισσὸς ἔσται. 
᾿Απὸ γὰρ ἀρτίου τοῦ ΑΒ περισσὸς ἀφῃρήσϑω ὁ BI™ λέγω, ὅτι ὁ λοιπὸς 6 TA περισσός ἐστιν. 


᾿Αφῃρήσϑω γὰρ ἀπὸ tod BI μονὰς ἣ TA: ὁ ΔΒ ἄρα ἄρτιός ἐστιν. ἔστι δὲ καὶ ὁ ΑΒ ἄρτιος: καὶ 
λοιπὸς ἄρα ὁ ΛΔ ἄρτιός ἐστιν. καί ἐστι μονὰς ἣ TA: ὁ TA περισσός ἐστιν’ ὅπερ ἔδει δεῖξαι. 
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Proposition 25 


A ς ἢ Β 
Η- ΠΡ“ 


If an odd (number) is subtracted from an even number then the remainder will be odd. 


For let the odd (number) BC have been subtracted from the even number AB. I say that the 
remainder ΟἿΑ is odd. 


For let the unit CD have been subtracted from BC. DB is thus even [Def. 7.7]. And AB is also 


even. And thus the remainder AD is even [Prop. 9.24]. And CD is a unit. Thus, C'A is odd 
[Def. 7.7]. (Which is) the very thing it was required to show. 
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XTOTXEIQN 9΄ 


΄ 


us 


A 1 ΔΡ 


᾿ὰν ἀπὸ περισσοῦ ἀριϑμοῦ περισσὸς ἀφαιρεϑῇ, ὁ λοιπὸς ἄρτιος ἔσται. 


᾿Απὸ γὰρ περισσοῦ τοῦ ΑΒ περισσὸς ἀφῃρήσϑω ὁ BI™ λέγω, ὅτι ὁ λοιπὸς 6 TA ἄρτιός ἐστιν. 


Ἐπεὶ γὰρ ὁ ΑΒ περισσός ἐστιν, ἀφῃρήσϑω μονὰς ἣ ΒΔ: λοιπὸς ἄρα ὁ ΑΔ ἄρτιός ἐστιν. διὰ τὰ 
YK Ἂς ς 


αὐτὰ δὴ καὶ ὁ ΓΔ ἄρτιός ἐστιν’ ὥστε καὶ λοιπὸς ὁ ΓᾺ ἄρτιός ἐστιν’ ὅπερ ἔδει δεῖξαι. 
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Proposition 26 


A C D B 


[_ Ap + 


If an odd (number) is subtracted from an odd number then the remainder will be even. 


For let the odd (number) BC have been subtracted from the odd (number) AB. I say that the 
remainder ΟἿΑ is even. 


For since AB is odd, let the unit BD have been subtracted (from it). Thus, the remainder AD 


is even [Def. 7.7]. So, for the same (reasons), C'D is also even. And hence the remainder ΟἿΑ is 
even [Prop. 9.24]. (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΉΙΩΝ 9΄ 
nC 


AA 1 Β 


᾿ὰν ἀπὸ περισσοῦ ἀριϑμοῦ ἄρτιος ἀφαιρεϑῇ, ὁ λοιπὸς περισσὸς ἔσται. 
"And γὰρ περισσοῦ τοῦ ΑΒ ἄρτιος ἀφῃρήσϑω ὁ BI™ λέγω, ὅτι ὁ λοιπὸς 6 TA περισσός ἐστιν. 


᾿Αφῃρήσϑω [γὰρ] μονὰς ἡ ΑΔ’ ὁ ΔΒ ἄρα ἄρτιός ἐστιν. ἔστι δὲ καὶ ὁ BE ἄρτιος: καὶ λοιπὸς 
ἄρα ὁ TA ἄρτιός ἐστιν. περισσὸς ἄρα ὁ VA’ ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 9 


Proposition 27 
A D C B 
pf 


If an even (number) is subtracted from an odd number then the remainder will be odd. 


For let the even (number) BC have been subtracted from the odd (number) AB. I say that the 
remainder ΟἿΑ is odd. 


[For] let the unit AD have been subtracted (from AB). DB is thus even [Def. 7.7]. And BC is also 


even. Thus, the remainder CD is also even [Prop. 9.24]. CA (is) thus odd [Def. 7.7]. (Which is) 
the very thing it was required to show. 


661 


ΣΤΟΙΧΗΙΩΝ 9΄ 


χη 


᾿Ἐὰν περισσὸς ἀριϑμὸς ἄρτιον πολλαπλασιάσας ποιῇ τινα, ὁ γενόμενος ἄρτιος ἔσται. 


Περισσὸς γὰρ ἀριϑμὸς ὁ A ἄρτιον τὸν Β πολλαπλασιάσας τὸν T° ποιείτω" λέγω, ὅτι ὁ TL ἄρτιός 
ἐστιν. 


‘Exei γὰρ 6 A τὸν Β πολλαπλασιάσας τὸν 1 πεποίηκεν, ὁ T ἄρα σύγκειται ἐκ τοσούτων ἴσων 
τῷ Β, ὅσαι εἰσὶν ἐν τῷ A μονάδες. καί ἐστιν ὁ Β ἄρτιος: ὁ T ἄρα σύγκειται ἐξ ἀρτίων. ἐὰν δὲ 
ἄρτιοι ἀριϑμοὶ ὁποσοιοῦν συντεϑῶσιν, ὁ ὅλος ἄρτιός ἐστιν. ἄρτιος ἄρα ἐστὶν ὁ 1" ὅπερ ἔδει 


δεῖξαι. 
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ELEMENTS BOOK 9 


Proposition 28 


If an odd number makes some (number by) multiplying an even (number) then the created 
(number) will be even. 


For let the odd number A make Οἱ (by) multiplying the even (number) B. I say that C is even. 
For since A has made C (by) multiplying B, Ο is thus composed out of so many (magnitudes) 
equal to B, as many as (there) are units in A [Def. 7.15]. And B is even. Thus, ( is composed out 


of even (numbers). And if any multitude whatsoever of even numbers is added together then the 
whole is even [Prop. 9.21]. Thus, Οἱ is even. (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΕΙΩΝ 9΄ 
ny 


A 


BW 


[T-e 


᾿ὰν περισσὸς ἀριϑμὸς περισσὸν ἀριϑμὸν πολλαπλασιάσας ποιῇ τινα, ὁ γενόμενος περισσὸς 
ἔσται. 


Περισσὸς γὰρ ἀριϑμὸς 6 A περισσὸν τὸν Β πολλαπλασιάσας τὸν Τ᾽ ποιείτω" λέγω, ὅτι ὁ TL 
περισσός ἐστιν. 


Ἐπεὶ γὰρ 6 A τὸν Β πολλαπλασιάσας τὸν 1 πεποίηκεν, ὁ T ἄρα σύγκειται ἐκ τοσούτων ἴσων 


~ v4 > ᾿ς i J 40: / ,ὔ 2 . / ~ / ς ΒΩ ν» td 
τῷ B, ὅσαι εἰσὶν ἐν τῷ A μονάδες. καί ἐστιν ἑκάτερος τῶν A, B περισσός: ὁ T ἄρα σύγκειται ἐκ 
περισσῶν ἀριϑμῶν, ὧν TO πλῆϑος περισσόν ἐστιν. ὥστε ὁ Τ᾽ περισσός ἐστιν’ ὅπερ ἔδει δεῖξαι. 
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ELEMENTS BOOK 9 


Proposition 29 


If an odd number makes some (number by) multiplying an odd (number) then the created (num- 
ber) will be odd. 


For let the odd number A make Οἱ (by) multiplying the odd (number) B. I say that C is odd. 
For since A has made C (by) multiplying B, C' is thus composed out of so many (magnitudes) 
equal to B, as many as (there) are units in A [Def. 7.15]. And each of A, B is odd. Thus, C’ is com- 


posed out of odd (numbers), (and) the multitude of them is odd. Hence C is odd [Prop. 9.23]. 
(Which is) the very thing it was required to show. 
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XTOTXEIQN 9΄ 


χ' 


B tH 

[ +-——— 
᾿Ἐὰν περισσὸς ἀριϑμὸς ἄρτιον ἀριϑμὸν μετρῇ, καὶ τὸν ἥμισυν αὐτοῦ μετρήσει. 
Περισσὸς γὰρ ἀριϑμὸς ὁ A ἄρτιον τὸν Β μετρείτω: λέγω, ὅτι καὶ τὸν ἥμισυν αὐτοῦ μετρήσει. 
Ἐπεὶ γὰρ 6 A τὸν Β μετρεῖ, μετρείτω αὐτὸν κατὰ τὸν 1" λέγω, ὅτι 6 Τ' οὐκ ἔστι περισσός. εἰ 
γὰρ δυνατόν, ἔστω. καὶ ἐπεὶ ὁ A τὸν Β μετρεῖ κατὰ τὸν 1), ὁ A ἄρα τὸν T° πολλαπλασιάσας τὸν 
Β πεποίηκεν. ὁ Β ἄρα σύγκειται ἐκ περισσῶν ἀριϑμῶν, ὧν TO πλῆϑος περισσόν ἐστιν. ὁ Β ἄρα 
περισσός ἐστιν ὅπερ ἄτοπον᾽ ὑπόκειται γὰρ ἄρτιος. οὐκ ἄρα ὁ Τ᾿ περισσός ἐστιν’ ἄρτιος ἄρα 


2 Ν - ZA εν \ fae 3. a \ Ν ~ Ν ν -«. > τῳ 4 - 
ἐστὶν OL. ὥστε ὁ A τὸν Β μετρεῖ ἀρτιάκις. διὰ δὴ τοῦτο καὶ τὸν ἥμισυν αὐτοῦ μετρήσει ὅπερ 


ἔδει δεῖξαι. 
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ELEMENTS BOOK 9 


Proposition 30 


If an odd number measures an even number then it will also measure (one) half of it. 


For let the odd number A measure the even (number) B. I say that (A) will also measure (one) 
half of (B). 


For since A measures B, let it measure it according to C’. I say that C is not odd. For, if possible, 
let it be (odd). And since A measures B according to C, A has thus made B (by) multiplying 
C. Thus, B is composed out of odd numbers, (and) the multitude of them is odd. B is thus odd 
[Prop. 9.23]. The very thing (is) absurd. For (B) was assumed (to be) even. Thus, C is not odd. 
Thus, C is even. Hence, A measures B an even number of times. So, on account of this, (A) will 
also measure (one) half of (8B). (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩΝ 9΄ 


λα΄ 


᾿Ἐὰν περισσὸς ἀριϑμὸς πρός τινα ἀριϑμὸν πρῶτος 7, καὶ πρὸς τὸν διπλασίονα αὐτοῦ πρῶτος 
ἔσται. 
Περισσὸς γὰρ ἀριϑμὸς 6 A πρός τινα ἀριϑμὸν τὸν Β πρῶτος ἔστω, τοῦ δὲ Β διπλασίων ἔστω 


ς 


ὁ I™ λέγω, ὅτι ὁ A [καὶ] πρὸς τὸν Τ᾽ πρῶτός ἐστιν. 


Εἰ γὰρ μή εἰσιν [οἱ A, ΤΊ πρῶτοι, μετρήσει τις αὐτοὺς ἀριϑμός. μετρείτω, καὶ ἔστω ὁ Δ. καί 
ἐστιν ὁ A περισσός: περισσὸς ἄρα καὶ ὁ Δ. uai ἐπεὶ ὁ Δ περισσὸς Ov τὸν 1" μετρεῖ, καί ἐστιν 
oT ἄρτιος, καὶ τὸν ἥμισυν ἄρα τοῦ I μετρήσει [ὁ Δ]. τοῦ δὲ Τ᾽ ἥμισύ ἐστιν ὁ Β’ ὁ Δ ἄρα 
τὸν Β μετρεῖ. μετρεῖ δὲ καὶ τὸν A. ὁ A ἄρα τοὺς A, Β μετρεῖ πρώτους ὄντας πρὸς ἀλλήλους; 
ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα ὁ A πρὸς τὸν Τ᾽ πρῶτος οὔκ ἐστιν. οἱ A, Τ᾿ ἄρα πρῶτοι πρὸς 
ἀλλήλους εἰσίν: ὅπερ ἔδει δεῖξαι. 
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Proposition 31 


If an odd number is prime to some number then it will also be prime to its double. 


For let the odd number A be prime to some number B. And let C’ be double B. I say that A is 
[also] prime to C. 


For if [A and C] are not prime (to one another) then some number will measure them. Let it 
measure (them), and let it be D. And A is odd. Thus, D (is) also odd. And since D, which is odd, 
measures C’, and C is even, [D] will thus also measure half of Οἱ [Prop. 9.30]. And B is half of C. 
Thus, D measures B. And it also measures A. Thus, D measures (both) A and B, (despite) them 
being prime to one another. The very thing is impossible. Thus, A is not unprime to Οὐ. Thus, A 
and C are prime to one another. (Which is) the very thing it was required to show. 
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ΣΤΟΙΧΗΙΩ͂Ν 9΄ 


Tov ἀπὸ δύαδος διπλασιαζομένων ἀριϑμων ἕκαστος ἀρτιάκις ἄρτιός ἐστι μόνον. 


‘And γὰρ δύαδος τῆς A δεδιπλασιάσϑωσαν ὁσοιδηποτοῦν ἀριϑμοὶ οἱ Β, 1, Δ’ λέγω, ὅτι οἱ Β, 
T, Δ ἀρτιάκις ἄρτιοί εἰσι μόνον. 


Ὅτι μὲν οὖν ἕκαστος [τῶν Β, T, Δ] ἀρτιάκις ἄρτιός ἐστιν, φανερόν: ἀπὸ γὰρ δυάδος ἐστὶ 
διπλασιασϑείς. λέγω, ὅτι καὶ μόνον. ἐγκκείσϑω γὰρ μονάς. ἐπεὶ οὖν ἀπὸ μονάδος ὁποσοιοῦν 
ἀριϑμοὶ ἑξῆς ἀνάλογόν εἰσιν, ὁ δὲ μετὰ τὴν μονάδα ὁ A πρῶτός ἐστιν, ὁ μέγιστος τῶν A, B, 
T, Δ ὁ Δ ὑπ᾽ οὐδενὸς ἄλλου μετρηϑήσεται παρὲξ τῶν A, Β, T. καί ἐστιν ἕκαστος τῶν A, Β, Τ' 
ἄρτιος: ὁ Δ ἄρα ἀρτιάκις ἄρτιός ἐστι μόνον. ὁμοίως δὴ SeiZopev, ὅτι [καὶ] ἑκάτερος τῶν B, T 
ἀρτιάκις ἄρτιός ἐστι μόνον: ὅπερ ἔδει δεῖξαι. 
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Proposition 32 


Each of the numbers (which is continually) doubled, (starting) from a dyad, is an even-times-even 
(number) only. 


For let any multitude of numbers whatsoever, B, C, D, have been (continually) doubled, (start- 
ing) from the dyad A. I say that B, C, D are even-times-even (numbers) only. 


In fact, (it is) clear that each [of B, C, D] is an even-times-even (number). For they are doubled 
from a dyad [Def. 7.8]. I also say that (they are even-times-even numbers) only. For let a unit be 
laid down. Therefore, since any multitude of numbers whatsoever are continuously proportional, 
starting from a unit, and the (number) A after the unit is prime, the greatest of A, B, C, D, 
(namely) D, will not be measured by any other (numbers) except A, B, C' [Prop. 9.13]. And each 
of A, B, C is even. Thus, D is an even-time-even (number) only [Def. 7.8]. So, similarly, we can 
show that each of B, C is [also] an even-time-even (number) only. (Which is) the very thing it 
was required to show. 
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Α! 
᾿Ἐὰν ἀριϑμὸς τὸν ἥμισυν ἔχῃ περισσόν, ἀρτιάκις περισσός ἐστι μόνον. 
᾿Αριϑμὸς γὰρ ὁ Α τὸν ἥμισυν ἐχέτω περισσόν: λέγω, ὅτι ὁ Α ἀρτιάκις περισσός ἐστι μόνον. 
Ὅτι μὲν οὖν ἀρτιάκις περισσός ἐστιν, φανερόν: ὁ γὰρ ἥμισυς αὐτοῦ περισσὸς ὧν μετρεῖ αὐτὸν 
ἀρτιάκις, λέγω δή, ὅτι καὶ μόνον. εἰ γὰρ ἔσται ὁ A nal ἀρτιάκις ἄρτιος, μετρηϑήσεται ὑπὸ 


ἀρτίου κατὰ ἄρτιον ἀριϑμόν: ὥστε καὶ ὁ ἥμισυς αὐτοῦ μετρηϑήσεται ὑπὸ ἀρτίου ἀριϑμοῦ 
περισσὸς Wv' ὅπερ ἐστὶν ἄτοπον. ὁ A ἄρα ἀρτιάκις περισσός ἐστι μόνον: ὅπερ ἔδει δεῖξαι. 
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Proposition 33 


A &_ tS 
If a number has an odd half then it is an even-time-odd (number) only. 
For let the number A have an odd half. I say that A is an even-times-odd (number) only. 


In fact, (it is) clear that (A) is an even-times-odd (number). For its half, being odd, measures it 
an even number of times [Def. 7.9]. So I also say that (it is an even-times-odd number) only. For 
if A is also an even-times-even (number) then it will be measured by an even (number) according 
to an even number [Def. 7.8]. Hence, its half will also be measured by an even number, (despite) 
being odd. The very thing is absurd. Thus, A is an even-times-odd (number) only. (Which is) the 
very thing it was required to show. 
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A 


"Exy ἀριϑμὸς μήτε τῶν ἀπὸ δυάδος διπλασιαζομένων ἢ, μήτε τὸν ἥμισυν ἔχῃ περισσόν, ἀρτιάκις 
τε ἄρτιός ἐστι καὶ ἀρτιάκις περισσός. 
᾿Αριϑμὸς γὰρ ὁ A μήτε τῶν ἀπὸ δυάδος διπλασιαζομένων ἔστω μῆτε τὸν ἥμισυν ἐχέτω περισσόν: 


2 ΄,ἷ 


λέγω, ὅτι ὁ A ἀρτιάκις τέ ἐστιν ἄρτιος καὶ ἀρτιάκις περισσός. 


Ὅτι μὲν οὖν 6 A ἀρτιάκις ἐστὶν ἄρτιος, φανερόν: τὸν γὰρ ἥμισυν οὐκ ἔχει περισσόν. λέγω δῆ, 
ὅτι καὶ ἀρτιάκις περισσός ἐστιν. ἐὰν γὰρ τὸν A τέμνωμεν δίχα καὶ τὸν ἥμισυν αὐτοῦ δίχα καὶ 
τοῦτο ἀεὶ ποιῶμεν, καταντήσομεν εἴς τινα ἀριϑμὸν περισσόν, ὃς μετρήσει TOV A κατὰ ἄρτιον 
ἀριϑμόν. εἰ γὰρ οὔ, καταντήσομεν εἰς δυάδα, καὶ ἔσται ὁ A τῶν ἀπὸ δυάδος διπλασιαζομένων᾽" 
ὅπερ οὐχ ὑπόκειται. ὥστε ὁ A ἀρτιάκις περισσόν ἐστιν. ἐδείχϑη δὲ καὶ ἀρτιάκις ἄρτιος. ὁ A 
ἄρα ἀρτιάκις τε ἄρτιός ἐστι καὶ ἀρτιάκις περισσός: ὅπερ ἔδει δεῖξαι. 
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Proposition 34 


A’ 


If a number is neither (one) of the (numbers) doubled from a dyad, nor has an odd half, then it 
is (both) an even-times-even and an even-times-odd (number). 


For let the number A neither be (one) of the (numbers) doubled from a dyad, nor let it have an 
odd half. I say that A is (both) an even-times-even and an even-times-odd (number). 


In fact, (it is) clear that A is an even-times-even (number) [Def. 7.8]. For it does not have an 
odd half. So I say that it is also an even-times-odd (number). For if we cut A in half, and (then 
cut) its half in half, and we do this continually, then we will arrive at some odd number which 
will measure A according to an even number. For if not, we will arrive at a dyad, and A will be 
(one) of the (numbers) doubled from a dyad. The very opposite thing (was) assumed. Hence, 
A is an even-times-odd (number) [Def. 7.9]. And it was also shown (to be) an even-times-even 
(number). Thus, A is (both) an even-times-even and an even-times-odd (number). (Which is) 
the very thing it was required to show. 
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3 N De ς ~ 2 ν ¢¢g> 2 ΄ 2 ~ X 2 ΄ ~ ΄ \ ~ 
Εὰν wow ὁσοιδηποτοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον, ἀφαιρεϑῶσι δὲ ἀπό τε TOD δευτέρου χαὶ TOD 
ἐσχάτου ἴσοι τῷ πρώτῳ, ἔσται ὡς ἣ τοῦ δευτέρου ὑπεροχὴ πρὸς τὸν πρῶτον, οὕτως ἣ τοῦ 
ἐσχάτου ὑπεροχὴ πρὸς τοὺς πρὸ ἑαυτοῦ πάντας. 


Ἔστωσαν ὁποσοιδηποτοῦν ἀριϑμοὶ ἑξῆς ἀνάλογον οἱ A, BI, Δ, ΕΖ ἀφχόμενοι ἀπὸ ἐλαχίστου 
τοῦ A, καὶ ἀφῃρήσθω ἀπὸ tod BI’ καὶ τοῦ EZ tw A ἴσος ἑκάτερος τῶν ΒΗ, ZO: λέγω, ὅτι 
ἐστὶν ὡς ὁ HI’ πρὸς τὸν A, οὕτως ὁ ΕΘ πρὸς τοὺς A, BI, Δ. 


Κείσϑω γὰρ τῷ μὲν ΒΓ ἴσος ὁ ΖΚ, τῷ δὲ Δ ἴσος ὁ ΖΔ. nai ἐπεὶ 6 ZK τῷ ΒΓ ἴσος ἐστίν, ὧν 
ὁ ΖΘ τῷ ΒΗ ἴσος ἐστίν, λοιπὸς ἄρα ὁ ΘΚ λοιπῷ τῷ HT ἐστιν ἴσος. καὶ ἐπεί ἐστιν ὡς ὁ ΕΖ 
πρὸς τὸν Δ, οὕτως ὁ Δ πρὸς τὸν BI’ καὶ 6 BI πρὸς τὸν A, ἴσος δὲ ὁ μὲν Δ τῷ ZA, ὁ δὲ BI 
τῷ ΖΚ, ὁ δὲ A τῷ ΖΘ, ἔστιν ἄρα ὡς ὁ ΕΖ πρὸς τὸν ZA, οὕτως ὁ ΛΖ πρὸς τὸν ΖΚ χαὶ ὁ ΖΚ 
πρὸς τὸν ΖΘ. διελόντι, ὡς ὁ ΕΛ πρὸς τὸν ΛΖ, οὕτως ὁ ΛΚ πρὸς τὸν ΖΚ χαὶ ὁ ΚΘ πρὸς τὸν 
ΖΘ. ἔστιν ἄρα καὶ ὡς εἷς τῶν ἡγουμένων πρὸς ἕνα τῶν ἑπομένων, οὕτως ἅπαντες οἱ ἡγούμενοι 
πρὸς ἅπαντας τοὺς ἑπομένους: ἔστιν ἄρα ὡς ὁ ΚΘ πρὸς τὸν ΖΘ, οὕτως οἱ EA, ΛΚ, ΚΘ πρὸς 
τοὺς ΛΖ, ZK, ΘΖ. ἴσος δὲ ὁ μὲν ΚΘ τῷ ΤῊ, ὁ δὲ ZO τῷ A, οἱ δὲ ΛΖ, ΖΚ, ΘΖ τοὶς A, 
BI, A’ ἔστιν ἄρα ὡς ὁ ΤῊ πρὸς τὸν A, οὕτως ὁ ΕΘ πρὸς τοὺς A, BI, A. ἔστιν ἄρα ὡς ἣ 
τοῦ δευτέρου ὑπεροχὴ πρὸς τὸν πρῶτον, οὕτως ἣ τοῦ ἐσχάτου ὑπεροχὴ πρὸς τοὺς πρὸ ἑαυτοῦ 
πάντας: ὅπερ ἔδει δεῖξαι. 


676 


ELEMENTS BOOK 9 


Proposition 35 148 


E LK H F 


+++ 


If there is any multitude whatsoever of continually proportional numbers, and (numbers) equal 
to the first are subtracted from (both) the second and the last, then as the excess of the second 
(number is) to the first, so the excess of the last will be to (the sum of) all those (numbers) before 
it. 


Let A, BC, D, EF be any multitude whatsoever of continuously proportional numbers, beginning 
from the least A. And let BG and ΕΗ, each equal to A, have been subtracted from BC and EF 
(respectively). I say that as GC is to A, so FH is to A, BC, D. 


For let ΕΚ be made equal to BC, and FL to D. And since ΕΚ is equal to BC, of which FH is 
equal to BG, the remainder HK is thus equal to the remainder GC. And since as EF is to D, 
so D (is) to BC, and BC to A [Prop. 7.13], and D (is) equal to FL, and BC to ΕΚ, and A to 
FH, thus as EF is to FL, so LF (is) to ΕΚ, and F'K to FH. By separation, as ΕἾ, (is) to LF, 
so LK (is) to ΕΚ, and KH to FH [Props. 7.11, 7.13]. And thus as one of the leading (numbers) 
is to one of the following, so all of the leading (numbers are) to all of the following [Prop. 7.12]. 
Thus, as KH isto FH, so EL, LK, KH (are) to LF, ΕΚ, HF. And KH (is) equal to CG, and 
FH to A,and LF, ΕΚ, HF to D, BC, A. Thus, as CG is to A, so EH (is) to D, BC, A. Thus, as 
the excess of the second (number) is to the first, so the excess of the last (is) to (the sum of) all 
those (numbers) before it. (Which is) the very thing it was required to show. 


M8This proposition allows us to sum a geometric series of the form a, ar, ar”, ar®,---ar"—!. According to Euclid, 


the sum S,, satisfies (ar — a)/a = (ar” — a)/S,,. Hence, 5, = a(r” — 1)/(r -- 1). 
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Ἐὰν ἀπὸ μονάδος ὁποσοιοῦν ἀριϑμοὶ ἑξῆς ἐχκτεϑῶσιν ἐν τῇ διπλασίονι ἀναλογίᾳ, ἕως οὗ ὁ 
σύμπας συντεϑεὶς πρῶτος γένηται, καὶ ὁ σύμπας ἐπὶ τὸν ἔσχατον πολλαπλασιασϑεὶς ποιῇ τινα, 
ὁ γενόμενος τέλειος ἔσται. 


"And γὰρ μονάδος ἐκκείσθωσαν ὁσοιδηποτοῦν ἀριϑμοὶ ἐν τῇ διπλασίονι ἀναλογία, ἕως οὗ ὁ 
σύμπας συντεϑεὶς πρῶτος γένηται, οἱ A, Β, V, Δ, καὶ τῷ σύμπαντι ἴσος ἔστω ὁ Ἐ,, καὶ ὁ E τὸν 
Δ πολλαπλασιάσας τὸν ΖΗ ποιείτω. λέγω, ὅτι ὁ ΖΗ τέλειός ἐστιν. 


Ὅσσοι γάρ εἰσιν οἱ A, Β, 1, Δ τῷ πλήϑει, τοσοῦτοι ἀπὸ τοῦ E εἰλήφϑωσαν ἐν τῇ διπλασίονι 
ἀναλογίᾳ οἱ E, ΘΚ, A, Μ’ δι᾽ ἴσου ἄρα ἐστὶν ὡς ὁ A πρὸς τὸν Δ, οὕτως ὁ E πρὸς τὸν Μ. ὁ 
ἄρα ἐκ τῶν B, Δ ἴσος ἐστὶ τῷ ἐκ τῶν A, Μ. καί ἐστιν ὁ ἐκ τῶν E, Δ ὁ ΖΗ: καὶ ὁ éx τῶν A, 
Μ ἄρα ἐστὶν ὁ ZH. 6 A ἄρα τὸν Μ πολλαπλασιάσας τὸν ZH πεποίηκεν: ὁ Μ ἄρα τὸν ZH 
μετρεῖ κατὰ τὰς ἐν τῷ A μονάδας. nal ἐστι δυὰς ὁ Δ΄ διπλάσιος ἄρα ἐστὶν ὁ ΖΗ τοῦ M. εἰσὶ δὲ 
nat οἱ Μ, A, ΘΚ, E ἑξῆς διπλάσιοι ἀλλήλων: οἱ E, ΘΚ, A, Μ, ΖΗ ἄρα ἑξῆς ἀνάλογόν εἰσιν 
ἐν τῇ διπλασίονι ἀναλογίᾳ. ἀφῃρήσθω δὴ ἀπὸ τοῦ δευτέρου τοῦ OK χαὶ τοῦ ἐσχάτου τοῦ ΖΗ 
τῷ πρώτῳ τῷ E ἴσος ἑκάτερος τῶν ON, ΖΕ: ἔστιν ἄρα ὡς ἣ τοῦ δευτέρου ἀριϑμοῦ ὑπεροχὴ 
πρὸς τὸν πρῶτον, οὕτως ἣ τοῦ ἐσχάτου ἑπεροχὴ πρὸς τοὺς πρὸ ἑαυτοῦ πάντας. ἔστιν ἄρα ὡς 
ὁ NK πρὸς τὸν E, οὕτως ὁ EH πρὸς τοὺς Μ, A, ΚΘ, E. καί ἐστιν 6 NK ἴσος τῷ E> καὶ ὁ 
ΞΗ ἄρα ἴσος ἐστὶ τοῖς Μ, A, ΘΚ, E. ἔστι δὲ καὶ ὁ ΖΞ τῷ Ε ἴσος, ὁ δὲ E τοῖς A, B, 1᾽, Δ καὶ 
τῇ μονάδι. ὅλος ἄρα ὁ ΖΗ ἴσος ἐστὶ τοῖς te E, ΘΚ, A, M καὶ τοῖς A, B, 1, Δ καὶ τῇ μονάδι: 
καὶ μετρεῖται ὑπ᾽ αὐτῶν. λέγω, ὅτι καὶ ὁ ΖΗ ὑπ᾽ οὐδενὸς ἄλλου μετρηϑήσεται παρὲξ τῶν A, 
B, 1}, A, E, ΘΚ, A, Μ χαὶ τῆς μονάδος. εἰ γὰρ δυνατόν, μετρείτω τις τὸν ΖΗ ὁ O, uai ὁ O 
μηδενὶ τῶν A, B, 1,, A, E, ΘΚ, A, Μ ἔστω ὁ αὐτός. καὶ ὁσάκις ὁ Ο τὸν ΖΗ μετρεῖ, τοσαῦται 
μονάδες ἔστωσαν ἐν τῷ Π’ ὁ II ἄρα τὸν O πολλαπλασιάσας τὸν ΖΗ πεποίηκεν. ἀλλὰ μὴν καὶ 
ὁ E τὸν Δ πολλαπλασιάσας τὸν ΖΗ πεποίηκεν: ἔστιν ἄρα ὡς ὁ E πρὸς τὸν IT, ὁ Ο πρὸς τὸν Δ. 
καὶ ἐπεὶ ἀπὸ μονάδος ἑξῆς ἀνάλογόν εἰσιν οἱ A, Β, T, Δ, ὁ Δ ἄρα ὑπ᾽ οὐδενὸς ἄλλου ἀριϑμοῦ 
μετρηϑήσεται παρὲξ τῶν A, B, I. καὶ ὑπόκειται ὁ Ο οὐδενὶ τῶν A, B, Τ᾽ ὁ αὐτός: οὐκ ἄρα 
μετρήσει ὁ Ο τὸν Δ. ἀλλ᾽ ὡς ὁ O πρὸς τὸν Δ, ὁ E πρὸς τὸν Π’ οὐδὲ ὁ E ἄρα τὸν IT μετρεῖ. 
nat ἐστιν ὁ E πρῶτος: πᾶς δὲ πρῶτος ἀριϑμὸς πρὸς ἅπαντα, ὃν μὴ μετρεῖ, πρῶτός [ἐστιν]. οἱ E, 
Π ἄρα πρῶτοι πρὸς ἀλλήλους εἰσίν. οἱ δὲ πρῶτοι καὶ ἐλάχιστοι, οἱ δὲ ἐλάχιστοι μετροῦσι τοὺς 


ἂρ να 


τὸν αὐτὸν λόγον ἔχοντας ἰσάκις ὅ τε ἡγόμενος τὸν ἡγούμενον ual ὁ ἑπόμενος τὸν ἑπόμενον᾽ 
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Proposition 36:1» 


If any multitude whatsoever of numbers is set out continuously in a double proportion, (starting) 
from a unit, until the whole sum added together becomes prime, and the sum multiplied into the 
last (number) makes some (number), then the (number so) created will be perfect. 


For let any multitude of numbers, A, B, C, D, be set out (continuouly) in a double proportion, 
until the whole sum added together is made prime. And let FE be equal to the sum. And let FE 
make FG (by) multiplying D. I say that F'G is a perfect (number). 


For as many as is the multitude of A, B, C’, D, let so many (numbers), ΚΕ, HK, L, M, have been 
taken in a double proportion, (starting) from EF. Thus, via equality, as A is to D, so E (is) to 
M [Prop. 7.14]. Thus, the (number created) from (multiplying) Κ᾽, D is equal to the (number 
created) from (multiplying) A, M. And FG is the (number created) from (multiplying) EF, D. 
Thus, ΕῸ is also the (number created) from (multiplying) A, WM [Prop. 7.19]. Thus, A has made 
FG (by) multiplying Μ. Thus, measures ΕῸ according to the units in A. And A is a dyad. 
Thus, F'G is double Μ. And M, L, HK, E are also continuously double one another. Thus, F, 
HK, L, M, FG are continuously proportional in a double proportion. So let HN and FO, each 
equal to the first (umber) Κ᾽, have been subtracted from the second (number) HK and the last 
FG (respectively). Thus, as the excess of the second number is to the first, so the excess of the 
last (is) to (the sum of) all those (numbers) before it [Prop. 9.35]. Thus, as NK is to Ε, soOG 
(is) to M, L, KH, E. And NK is equal to E. And thus OG is equal to M, L, HK, E. And 
FO is also equal to Κ᾽, and FE to A, B, C, D, and a unit. Thus, the whole of FG is equal to E, 
HK, L, M, and A, B, C, D, and a unit. And it is measured by them. I also say that F'G will be 
measured by no other (numbers) except A, B, C, D, E, HK, L, M, and a unit. For, if possible, 
let some (number) P measure FG, and let P not be the same as any of A, B, C, D, E, HK, L, 
M. And as many times as P measures F'G, so many units let there be in Q. Thus, Q has made 
FG (by) multiplying P. But, in fact, E has also made FG (by) multiplying D. Thus, as E is to Q, 
so P (is) to D [Prop. 7.19]. And since A, B, C’, D are continually proportional, (starting) from a 
unit, D will thus not be measured by any other numbers except A, B, C' [Prop. 9.13]. And P was 
assumed not (to be) the same as any of A, B, C. Thus, P does not measure D. But, as P (is) to 


149This proposition demonstrates that perfect numbers take the form 2”~!(2" — 1) provided 2” — 1 is a prime 
number. The ancient Greeks knew of four perfect numbers: 6, 28, 496, and 8128, which correspond to n = 2, 3, 5, 
and 7, respectively. 
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nat ἐστιν ὡς ὁ E πρὸς τὸν II, ὁ Ο πρὸς τὸν A. ἰσάκις ἄρα ὁ E τὸν O μετρεῖ καὶ ὁ IIT τὸν A. ὁ 
δὲ Δ ὑπ᾽ οὐδενὸς ἄλλου μετρεῖται παρὲξ τῶν A, B, T° 6 Π ἄρα ἑνὶ τῶν A, Β, Τ᾽ ἐστιν ὁ αὐτός. 
ἔστω τῷ Β ὁ αὐτός. χαὶ ὅσοι εἰσὶν οἱ B, TP, Δ τῷ πλήϑει τοσοῦτοι εἰλήφϑωσαν ἀπὸ τοῦ E οἱ E, 
OK, A. καί εἰσιν οἱ E, OK, A τοῖς Β, T, Δ ἐν τῷ αὐτῷ λόγω: δι᾽ ἴσου ἄρα ἐστὶν ὡς ὁ Β πρὸς 
τὸν Δ, ὁ E πρὸς τὸν A. ὁ ἄρα ἐκ τῶν Β, A ἴσος ἐστὶ τῷ ἐκ τῶν Δ, Ε" ἀλλ᾽ ὁ ἐκ τῶν Δ, E ἴσος 
ἐστὶ τῷ ἐκ τῶν II, Ο’ καὶ ὁ ἐκ τῶν ΠῚ, Ο ἄρα ἴσος ἐστὶ τῷ ἐκ τῶν B, A. ἔστιν ἄρα ὡς 6 Π πρὸς 
τὸν B, ὁ A πρὸς τὸν Ο. καί ἐστιν ὁ ΠῚ τῷ Β ὁ αὐτός: καὶ 6 A ἄρα τῳ O ἐστιν ὁ αὐτός: ὅπερ 
ἀδύνατον: ὁ γὰρ O ὑπόκειται μηδενὶ τῶν ἐκκειμένων ὁ αὐτός: οὐκ ἄρα τὸν ΖΗ μετρήσει τις 
ἀριϑμὸς παρὲξ τῶν A, B, Τ᾿, A, E, ΘΚ, A, M χαὶ τῆς μονάδος. καὶ ἐδείχη ὁ ΖΗ τοῖς A, B, VT, 
A, E, ΘΚ, A, M χαὶ τῇ μονάδι ἴσος. τέλειος δὲ ἀριϑμός ἐστιν ὁ τοῖς ἑαυτοῦ μέρεσιν ἴσος Ov" 
τέλειος ἄρα ἐστὶν ὁ ΖΗ: ὅπερ ἔδει δεῖξαι. 
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D, so E (is) to Q. Thus, Ε' does not measure Q either [Def. 7.20]. And EF is a prime (number). 
And every prime number [is] prime to every (number) which it does not measure [Prop. 7.29]. 
Thus, & and Q are prime to one another. And (numbers) prime (to one another are) also the 
least (of those numbers having the same ratio as them) [Prop. 7.21], and the least (numbers) 
measure those (numbers) having the same ratio as them an equal number of times, the leading 
(measuring) the leading, and the following the following [Prop. 7.20]. And as E is to Q, (so) 
P (is) to D. Thus, & measures P the same number of times as Q (measures) D. And D is not 
measured by any other (numbers) except A, B, C. Thus, Q is the same as one of A, B, C. Let 
it be the same as B. And as many as is the multitude of B, C, D, let so many (of the set out 
numbers) have been taken, (starting) from Κ᾽, (namely) E, HK, L. And E, HK, L are in the 
same ratio as B, C, D. Thus, via equality, as B (is) to D, (so) FE (is) to L [Prop. 7.14]. Thus, 
the (number created) from (multiplying) B, L is equal to the (number created) from multiplying 
D, E [Prop. 7.19]. But, the (number created) from (multiplying) D, E is equal to the (number 
created) from (multiplying) Q, P. Thus, the (number created) from (multiplying) Q, P is equal 
to the (number created) from (multiplying) B, L. Thus, as Q is to B, (so) L (is) to P [Prop. 7.19]. 
And Q is the same as B. Thus, L is also the same as P. The very thing (is) impossible. For P was 
assumed not (to be) the same as any of the (numbers) set out. Thus, F'G cannot be measured by 
any number except A, B, C, D, E, HK, L, M, and a unit. And FG was shown (to be) equal to 
(the sum of) A, B, C, D, E, HK, L, M, and a unit. And a perfect number is one which is equal 
to (the sum of) its own parts [Def. 7.22]. Thus, ΕΓ is a perfect (number). (Which is) the very 
thing it was required to show. 
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GREEK-ENGLISH LEXICON 


Abbreviations: act - active; adj - adjective; adv - adverb; conj - conjunction; fut - future; gen 
- genitive; imperat - imperative; ind - indeclinable; indic - indicative; intr - intransitive; mid - 
middle; no - noun; par - particle; part - participle; pass - passive; perf - perfect; pre - preposition; 
pres - present; pro - pronoun; sg - singular; tr - transitive; vb - verb. 


2 > ᾽᾿ 


ἄγω, ἄξω, ἤγαγον, - χα, Hypo, ἤχϑην : vb, lead, draw (a line). 
ἀδύνατος -ον : adj, impossible. 

ἀεὶ : adv, always, for ever. 

αἱρέω, αἱρήσω, ε[ΐ]λον, ἥρηκα, ἥρημαι, Ἡρέϑην : vb, grasp. 
ἀιτέω, αἰτήσω, ἤτησα, ἤτηκα, ἤτημαι, ῃτήϑη : vb, postulate. 
αἴτημα -ατος, τό : πο, postulate. 

ἀκόλουϑος -ov : adj, analogous. 

ἄχρος -α -ov : adj, outermost, end, extreme. 

ἀλλά : conj, but, otherwise. 

ἅμα : adv, at once, at the same time, together. 

ἀμβλυγώνιος -ov : adj, obtuse-angled; τὸ ἀμβλυγώνιον, no, obtuse angle. 
ἀμβλύς -stx -ύ : adj, obtuse. 

ἀμφότερος -α -ov : pro, both (of two). 

ἀναγράφω : vb, describe (a figure); see γράφω. 

ἀναλογία, ἣ : No, proportion, (geometric) progression. 


2 ΄,ἷ 


νάλογος -ον : adj, proportional. 

ἀνάπαλιν : adv, inverse(ly). 

ἀναστρέφω : vb, turn upside down, convert (ratio); see στρέφω. 
ἀναστροφῆ, ἣ : ΠΟ, turning upside down, conversion (of ratio). 
ἀνϑυφαιρέω : vb, take away in turn; see αἱρέω. 

ἄνισος -ov : adj, unequal, uneven. 

ἀντιπάσχω : vb, be reciprocally proportional; see πάσχω. 

ἅπαξ : adv, once. 


ἅπας, ἅπασα, ἅπαν : adj, quite all, the whole. 
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ἄπειρος -ov : adj, infinite. 

ἀπεναντίον : ind, opposite. 

ἀπέχω : vb, be far from, be away from; see ἔχω. 

ἀπλατήῆς -ές : adj, without breadth. 

ἀπόδειξις -εως, ἣ : no, proof. 

ἀπολαμβάνω : vb, take from, subtract from, cut off from; see λαμβάνω. 
ἅπτω, ἅψω, Aba, —, Hupot, — : vb, touch, join, meet. 

ἀπώτερος -x -ov : adj, further off. 

ἄρα : par, thus, as it seems (inferential). 

ἀριϑμός, ὁ : no, number. 

ἀρτιάκις : adv, an even number of times. 

ἄρτιος -α -ον : adj, even, perfect. 

ἄτμητος -ov : adj, uncut. 

ἀτόπος -ov : adj, absurd, paradoxical. 

αὐτόϑεν : adv, immediately, obviously. 

ἀφαίρεω : vb, take from, subtract from, cut off from; see αἱρέω. 

ἁφή, ἣ : ΠΟ, point of contact. 

βαίνω, - βήσομαι, -έβην, BéBynxx, —, — : vb, walk; perf, stand (of angle). 
βάλλω, βαλῶ, ἔβαλον, βέβληκα, βέβλημαι, ἐβλήϑην : vb, throw. 

βάσις -εως, ἣ : no, base (of a triangle). 

γάρ : conj, for (explanatory). 

γίγνομαι, γενήσομαι, ἐγενόμην, γέγονα, γεγένημαι, ---- : vb, happen, become. 
γνώμων -ονος, ἣ : ΠΟ, gnomon. 

γραμμή, ἣ : no, line. 

γράφω, γράψω, ἔγραίψῥρΙα, γέγραφα, γέγραμμαι, ἐραψάμην : vb, draw (a figure). 
γωνία, ἣ : no, angle. 


δεῖ : vb, be necessary; Set, it is necessary; ἔδει, it was necassary; δέον, being necessary. 
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δεῖξις -εως, ἣ : no, proof. 

δείχνῦμι, δείξω, ἔδειξα, δέδειχα, δέδειγμαι, ἐδείχϑην : vb, show, demonstrate. 
δέχομαι, δέξομαι, ἐδεξάμην, ---, δέδεγμαι, ἐδέχϑην : vb, receive, accept. 

δή : conj, so (explanatory). 

δηλαδή : ind, quite clear, manifest. 


δῆλος -ἡ -ov : adj, clear. 


δηλονότι : adv, manifestly. 

διάγω : vb, carry over, draw through, draw across; see ἄγω. 

διαλείπω : vb, leave an interval between, 

διάμετρος -ov : adj, diametrical; ἣ διάμετρος, no, diameter, diagonal. 
διαίρεσις -ews, ἣ : no, division, separation. 

διαιρέω : vb, divide (in two); διαρεϑέντος -ἡ -ov, adj, separated (ratio); see αἱρέω. 
διάστημα -ατος, TO : ΠΟ, radius. 

διαφέρω : vb, differ; see φέρω. 

δίδωμι, δώσω, ἔδωκα, δέδωκα, δέδομαι, ἐδόϑην : vb, give. 
διπλασιάζω : vb, double. 

διπλάσιος -α -ον : adj, double, twofold. 

διπλοῦς -ἢ -οὖν : adj, double. 

δίς : adv, twice. 

δίχα : adv, in two, in half. 

δυάς -άδος, 7 : no, the number two, dyad. 

δύναμαι : vb, be able, be capable. 

δυνατός -ἡ -όν : adj, possible. 

ἑαυτοῦ -ἧς -οὔ : adj, of him/her/it/self, his/her/its/own. 

ἐγγίων -ov : adj, nearer, nearest. 

ἐγγράφω : vb, inscribe; see γράφω. 


εἶδος -εος, τό : no, figure, form, shape. 
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εἴρω,λέγω, ἐρῶερέω, εἶπον, εἴρηκα, εἴρημαι, ἐρρήϑην : vb, say, speak; per pass part, εἰρημένος 
- τον, adj, said, aforementioned. 


ἕχκαστος -Ἡ -OVv : pro, each, every one. 

Enatéoosg -α -ov : pro, each (of two). 

ἐκβάλλω, ἐκβαλῶ, ἐκέβαλον, ἐκβέβίωχκα, ἐχκβέβλημαι, ἐκβληϑήν : vb, produce (a line). 
ἔχχειμαι : vb, be set out, be taken; see κεῖμαι. 

ἐκτίϑημι : vb, set out; see τίϑημι. 

ἐκτός : pre + gen, outside, external. 

éhafoa/tt]wv -ov : adj, less, lesser. 

ἐλλείπω : vb, be less than, fall short of. 

ἐμπίπτω : vb, meet (of lines), fall on; see πίπτω. 

ἐναλλάξ : adv, alternate(ly). 

ἐναρμόζω : vb, insert; perf indic pass 3rd sg, évnopootat. 
ἔννοια, ἣ : no, notion. 

ἐνπίπτω : 566 ἐμπίπτω. 

ἐντός : pre + gen, inside, interior, within, internal. 
ἑξάγωνος -ov : adj, hexagonal; τὸ é€xywvov, no, hexagon. 
ἑξῆς : adv, in order, successively, consecutively. 

ἐπάνω : adv, above. 

émapy, ἣ : no, point of contact. 

ἐπεί : conj, since (causal). 

ἐπειδήπερ : ind, inasmuch as, seeing that. 

ἐπιζεύγνῦμι, ἐπιζεύξω, ἐπέζευξα, ----, ἐπέζευγμαι, ἐπέζεύχϑην : vb, join (by a line). 
ἐπιπέδος -ov : adj, level, flat, plane. 

ἐπισχκέπτομαι : vb, investigate. 

ἐπίσκεψις -εως, ἣ : ΠΟ, inspection, investigation. 


ἐπιτάσσω : vb, put upon, enjoin; τὸ ἐπιταχϑέν, no, the (thing) prescribed; see τάσσω. 
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ἐπιφάνεια, ἣ : no, surface. 

ἔπομαι : vb, follow. 

ἔρχομαι, ἐλεύσομαι, Ἦλϑον, ἐλήλυϑα, ---, — : vb, come, go. 

ἔσχατος -y -ov : adj, outermost, uttermost, last. 

ἐτερόμηχης -ες : adj, oblong; τὸ ἐτερόμηλες, no, rectangle. 

ἕτερος -α -ov : adj, other (of two). 

ἔτι : par, yet, still, besides. 

εὐθύγραμμος -ov : adj, rectilinear; τὸ εὐθύγραμμον, no, rectilinear figure. 


εὐθύς -εἴχ -b : adj, straight; ἣ εὐθεῖα, no, straight-line; ἐπ᾿ εὐϑεῖας, in a straight-line, straight- 
on. 


εὑρίσκω, εὑρήσκω, ηὗρον, εὕρεκα, εὕρημαι, εὑρέϑην : vb, find. 
ἐφάπτω : vb, bind to; mid, touch; 7 ἐφαπτομένη, no, tangent; see ἅπτω; 


ἐφαρμόζω, ἐφαρμόσω, ἐφήρμοσα, ἐφήμοκχκα, ἐφήμοσμαι, ἐφήμόσϑην : vb, coincide; pass, be ap- 
plied. 


ἐφεξῆς : adv, in order, adjacent. 

ἐφίστημι : vb, set, stand, place upon; see ἴστημι. 

ἔχω, ἕξω, ἔσχον, ἔσχηκα, -έσχημαι, ---- : vb, have. 

ἡγέομαι, ἡγήσομαι, ἡγησάμην, ἥγημαι, ---, ἡγήϑην : vb, lead. 
Huw, ἥξω, ----, —, —, — : vb, have come, be present. 
ἡμικύκλιον, τό : no, semi-circle. 

ἥμισυς -erx -v : adj, half. 


ἤπερ = ἤ + περ : conj, than, than indeed. 


tor... : par, surely, either ...or; in fact, either ... or. 

ϑεωρημα -ατος, TO : no, theorem. 

ἰσάχις : adv, the same number of times; ἰσάκις πολλαπλάσια, the same multiples, equal multiples. 
ἰσογώνιος -ov : adj, equiangular. 

ἰσόπλευρος -ov : adj, equilateral. 


ἴσος -y -ov : adj, equal; ἐξ ἴσου, equally, evenly. 
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ἰσοσκελῆς -ές : adj, isosceles. 
ἴστημι, στήσω, ἔστησα, ---, —, ἐσταϑὴν : vb tr, stand (something). 


ἴστημι, στήσω, ἔστην, ἕστηκα, ἕσταμαι, ἐσταϑὴν : vb intr, stand up (oneself); Note: perfect I 
have stood up can be taken to mean present I am standing. 


κάϑετος -ov : adj, perpendicular. 

καϑόλου : adv, on the whole, in general. 

UANELOS = καὶ ἐκεῖνος 

nov = καὶ ἄν : ind, even if, and if. 

χκαταγραφῆ, ἣ : no, diagram, figure. 

χκαταγράφω : vb, describe/draw (a figure); see γράφω. 
γκατακολουϑέω : vb, follow after. 


γχκαταλείπω, καταλείψω, κατέλιπον, καταλέλοιπα, καταλέλειμμαι, κατελείφϑην : vb, leave behind; 
τὰ καταλειπόμενα, NO, remainder. 


γχκατάλληλος -ον : adj, in succession, in corresponding order. 

γχκαταμετρέω : vb, measure (exactly). 

καταντάω : vb, come to, arrive at. 

γατασγχευάζω : vb, furnish, construct. 

γχεῖμαι, UELOOUAL, —, —, —, — : vb, have been placed, lie, be made; see τίϑημι. 
γέντρον, TO : No, center. 

γλάω : vb, break off, inflect. 

γλίσις -εως, 7 : no, inclination, bending. 

κοῖλος -y τον : adj, hollow, concave. 

χκορυφῆ, ἣ : ΠΟ, top, summit, apex; κατὰ κορυφήν, vertically opposite (of angles). 
γχύβος, ὁ : no, cube. 

κύγχλος, ὁ : no, circle. 

χκυρτός -ἡ -όν : adj, convex. 

λαμβάνω, λήψομαι, ἔλαβον, εἴληφα εἴλημμαι, ἐλήφϑην : vb, take. 


λέγω : vb, say; pres pass part, λεγόμενος - -ov, no, so-called; see ἔιρω. 
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λῆψις -ewc, ἣ : no, taking, catching. 
λόγος, ὁ : No, ratio, proportion. 

λοιπός -ἡ -Ov : adj, remaining. 

μέγεϑος -εος, TO : no, Magnitude, size. 
μείζων -ov : adj, greater. 

μέρος -ους, TO : NO, part, direction, side. 
μέσος -y τον : adj, middle, mean. 
μεταλαμβάνω : vb, take up. 

μεταξύ : adv, between. 

μετρέω : vb, measure. 

μέτρον, TO : ΠΟ, Measure. 

μηδέποτε : adv, never. 

μηδέτερος -α -ον : pro, neither (of two). 


μῆχος -εος, τό : no, length. 


μήν : par, truely, indeed. 

μονάς -άδος, ἣ : No, unit, unity. 

μόνος - τον : adj, alone. 

νοέω, —, VONOX, νενόηκα, νενόημαι, ἐνοήϑην : vb, apprehend, conceive. 
οἷος -α τον : pre, such as, of what sort. 

ὅλος -y -ov : adj, whole. 

ὁμογενής -ές : adj, of the same kind. 

ὅμοιος -α -ov : adj, similar. 

ὁμοιότης -ητος, ἣ : no similarity. 

ὁμοίως : adv, similarly. 

ὁμόλογος -ov : adj, corresponding, homologous. 
ὁμώνυμος -ov : adj, having the same name. 


ὀξυγώνιος -ov : adj, acute-angled; τὸ ὀξυγώνιον, no, acute angle. 
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᾿ς 


ὀξύς -εἴα -b : adj, acute. 
ὁποιοσοῦν = ὁποῖος -α -ον + οὖν : adj, of whatever kind, any kind whatsoever. 
ὁπόσος -Ἢ τον : pro, aS Many, as many as. 


ὁποσοσδηποτοῦν = ὁπόσος - -ον + δή + ποτέ + οὖν : adj, of whatever number, any number 
whatsoever. 


ὁποσοσοῦν = ὁπόσος -ἡ -ον + ody : adj, of whatever number, any number whatsoever. 
ὁπότερος -α -ον : pro, either (of two), which (of two). 

ὀρϑογώνιον, τό : no, rectangle, right-angle. 

ὀρϑός -ἡ -όν : adj, straight, right-angled; πρὸς ὀρϑὰς γωνίας, at right-angles. 
ὄρος, ὁ : no, boundary, definition, term (of a ratio). 

ὁσαδηποτοῦν = ὅσα + S74 + ποτέ + οὖν : ind, any number whatsoever. 
ὁσάχις : ind, as many times as, as often as. 

ὁσαπλάσιος -ον : pro, aS Many times as. 

ὅσος -Ἡ τον : pro, as many as. 

ὅσπερ, ἥπερ, ὅπερ : pro, the very man who, the very thing which. 

ὅστις, ἥτις, ὅ τι : pro, anyone who, anything which. 

ὅταν : adv, when, whenever. 

ὁτιοῦν : ind, whatsoever. 

οὐδείς, οὐδεμία, οὐδέν : pro, not one, nothing. 

οὐϑέν : ind, nothing. 

οὖν : adv, therefore, in fact. 

οὕτως : adv, thusly, in this case. 

παραβάλλω : vb, apply (a figure); see βάλλω. 

παραλλάσσω, παραλλάξω, ---, παρήλλαχαι, ----, — : vb, miss, fall awry. 


παραλληλόγραμμος -ον : adj, bounded by parallel lines; τὸ παραλληλόγραμμον, no, parallelo- 
gram. 


παράλληλος -ov : adj, parallel; τὸ παράλληλον, no, parallel, parallel-line. 


παραπλήρωμα -ατος, TO : ΠΟ, complement (of a parallelogram). 
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παρέπ : prep + gen, except. 

παρεμπίπτω : vb, insert; see πίπτω. 

πάσχω, πείσομαι, ἔπαϑον, πέπονϑα, ---, — : vb, suffer. 
πεντάγωνος -ον : adj, pentagonal; τὸ πεντάγωνον, no, pentagon. 
πεντεκαιδεκάγωνον, τό : πο, fifteen-sided figure. 

πεπερασμένος -ἢ -ον : adj, finite, limited; see περαίνω. 
περαίνω, περανῶ, ἐπέρανα, ---, πεπέρανμαι, ἐπερανάνϑην : vb, bring to end, finish, complete. 
πέρας -ατος, τό : ΠΟ, end, extremity. 

περατόω, --- —, —, —, — : vb, bring to an end. 

περιγράφω : vb, circumscribe; see γράφω. 

περιέχω : vb, encompass, surround, contain, comprise; see ἔχω. 
περισσάκις : adv, an odd number of times. 

περισσός -y -όν : adj, odd. 

περιφέρεια, 7 : no, circumference. 

πηλικότης -ητος, ἣ : No, Magnitude, size. 

πίπτω, πεσοῦμαι, ἔπεσον, πέπτωχα, ----, — : Vb, fall. 

πλάτος -εος, τό : πο, breadth, width. 

πλείων -ον : adj, more, several. 

πλευρά, ἣ : ΠΟ, 5146. 

πλῆϑος -εος, τὸ : ΠΟ, great number, multitude, number. 

πλὴν : adv & prep + gen, more than. 

ποιός -& -ὄν : adj, of a certain nature, kind, quality, type. 
πολλαπλασιάζω : vb, multiply. 

πολλαπλασιασμός, ὁ : πο, multiplication. 

πολλαπλάσιον, TO : πο, multiple. 

πολύγωνος -ον : adj, polygonal; τό πολύγωνον, no, polygon. 


πολύπλευρος -ον : adj, multilateral. 
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πόρισμα -ατος, τό : ΠΟ, corollary. 
ποτέ : ind, at some time. 


προερέω : vb, say beforehand; perf pass part, προειρημένος -ἡ -ov, adj, aforementioned; see 
stow. 


προσαναπληρόωῳ : vb, fill up, complete. 

προσαναγράφω : vb, complete (tracing of); see γράφω. 
προσεχκβάλλω : vb, produce (a line); see ἐκβάλλω. 

προσευρίσχω : vb, find besides, find; see εὑρίσκω. 

πρόσγειμαι : vb, be laid on, have been added to; see χεῖμαι. 
προσπίπτω : vb, fall on, fall toward, meet; see πίπτω. 
προστάσσω : vb, prescribe, enjoin; τὸ τροσταχϑέν, no, the thing prescribed; see τάσσω. 
προστίϑημι : vb, add; see τίϑημι. 

πρότερος -α -ov : adj, first (comparative). 

προτίϑημι : vb, assign; see τίϑημι. 

πρῶτος -a -ov : adj, first, prime. 

ῥὁομβοειδήῆς -ές : adj, rhomboidal; τὸ ῥομβοειδές, no, romboid. 
ὁόμβος, ὁ no, rhombus. 

σημεῖον, TO : πο, point. 

σκαληνός -ἡἢ -όν : adj, scalene. 

στερεός -ά -dv : adj, solid. 

στοιχεῖον, TO : no, element. 

στρέφω, -στρέψω, ἔστρεψφα, ---, ἐσταμμαι, ἐστάφην : Vb, turn. 


σύγχειμαι : vb, lie together, be the sum of, be composed; συγκείμενος - -ον, adj, composed 
(ratio), compounded; see κεῖμαι. 


συμβαίνω : vb, come to pass, happen, follow; see βαίνω. 
συμβάλλω : vb, throw together, meet; see βάλλω. 
σύμπας -αντος, ὁ : ΠΟ, sum, whole. 


συμπίπτω : vb, meet together (of lines); see πίπτω. 
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συμπληρόω : vb, complete (a figure), fill in. 

συνάγω : vb, conclude, infer; see ἄγω. 

συναμφότεροι -αἰ -α : adj, both together; ὁ συναμφότερος, no, sum (of two things). 

ovvagny, 7 : no, point of junction. 

σύνδυο, Ol, αἱ, τά : no, two together, in pairs. 

ovvexyns -ές : adj, continuous; κατὰ τὸ συνεχές, continuously. 

σύνϑεσις -εως, ἣ : ΠΟ, putting together, composition. 

σύνϑετος -ov : adj, composite. 

ovu[vliotnut : vb, construct (a figure), set up together; perf imperat pass 3rd sg, συνεστάτω; see 
ἴστημι. 

συντίϑημι : vb, put together, add together, compound (ratio); see τίϑημι. 

σχέσις -εως, ἣ : ΠΟ, state, condition. 

σχῆμα -ατος, τό : πο, figure. 

τάξις -εως, ἣ : ΠΟ, arrangement, order. 


ταράσσω, ταράξω, ---, —, τετάραγμαι, ἐταράχϑην : VD, stir, trouble, disturbe; τεταραγμένος -7 
- ov, adj, disturbed, perturbed. 


τάσσω, THEW, ἔταξα, TETHYA, τέταγμαι, ἐτάχϑην : vb, arrange, draw up. 
τέλειος -α -ov : adj, perfect. 

τέμνω, τεμνῶ, ἔτεμον, -τέτμηκα, τέτμημαι, ἐτμήϑην : Vb, cut; pres/fut indic act 3rd sg, τέμει. 
τετράγωνος -ov : adj, square; τὸ τετράγωνον, no, square. 

τετράχις : adv, four times. 

τετραπλάσιος -α -ον : adj, quadruple. 

τετράπλευρος -ov : adj, quadrilateral. 

τίϑημι, ϑήσω, ἔϑηκα, τέϑηκα, κεῖμαι, ἐτέϑην : vb, place, put. 

τμῆμα -ατος, τό : ΠΟ, part cut off, piece, segment. 

τοίνυν : par, accordingly. 

τοιοῦτος -αύτη -οὔτο : pro, such as this. 


τομεύς -έως, ὁ : no, sector (of circle). 
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TOUY, ἣ : no, cutting, stump, piece. 

τόπος, ὁ : ΠΟ, place, space. 

τοσαυτάκις : adv, so many times. 

τοσαυταπλάσιος -α -OV : pro, SO Many times. 

τοσοῦτος -αύτη -οὔτο : pro, SO Many. 

τουτέστι = τοῦτ᾽ ἔστι : par, that is to say. 

τραπέζιον, TO : ΠΟ, trapezium. 

τρίγωνος -ov : adj, triangular; τὸ τρίγωνον, no, triangle. 
τριπλάσιος -α -ov : adj, triple, threefold. 

τρίπλευρος -ov : adj, trilateral. 

τριπλ-όος -ἢ τον : adj, triple. 

τυγχάνω, τεύξομαι, ἔτυχον, τετύχηκα, τέτευγμαι, ἐτεύχϑην : Vb, hit, happen to be at (a place). 
ὑπάρχω : vb, begin, be, exist; see ἄρχω. 

ὑπεξαίρεσις -εως, ἣ : no, removal. 

ὑπερβάλλω : vb, overshoot, exceed; see βάλλω. 

brepoyN, ἣ : ΠΟ, excess. 

ὑπερέχω : vb, exceed; see ἔχω. 

ὑπόχπειμαι : vb, underlie, be assumed (as hypothesis); see κεῖμαι. 
ὑποτείνω, ὑποτενῶ, ὑπέτεινα, ὑποτέτακα, ὑποτέταμαι, ὑπετάϑην : Vb, subtend. 
ὕψος -εος, τό : no, height. 

φανερός -ά -όν : adj, visible, manifest. 

φέρω, οἴσω, ἤνεγκον, ἐνήνοχα, ἐνήνεγμαι, ἠνέχϑην : vb, carry. 
χώριον, τό : no, place, spot, area, figure. 

χωρίς : pre + gen, apart from. 

ὡς : par, as, like, for instance. 

ὡς Etvyev : par, at random. 

ὡσαύτως : adv, in the same manner, just so. 


ὥστε : conj, so that (causal), hence. 
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